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PREFACE. 



The following Treatise is designed to present a system of 
theoretical and practical Algebra. It is intended to be both 
elemoitary and oomprehensiYe, and adapted to the wants of 
beginners, as well as those who are advanced in the stadj. 

In the course of his labors the author has consulted the most 
approved European treatises on the subject, and availed himself 
of whatever he thought might add to the interest and useftdness 
of his work. 

It has been the aim of the author, throughout his investiga- 
tions, to ^ve to it a practical character, that those who study it 
may know how to apply their knowledge to useful purposes. 

The demonstrations connected witi^ the sevend Boots, will 
greatly aid those who wish for a complete and thorou^ knowl- 
edge of Evolution in Arithmetic. 

The method of solving Cubic Equations by completing the 
square, the author believes, will be very use&. Tbla method 
will not apply to all problems ; but, wherever it will apply, it 
not only very much abridges the labor, but the result is perfect 
accuracy, which is not always the feet by the common method 
of approximation. The T^ble of Logarithms at the end of the 
wor^ will be often foxmd convenient and useful. 

The examples, of which a large number have been placed 
under each -Bule, are intended to be neither too numerous nor 
too difficult; and all who may use the work, either by themselves 
or in connection with a class, are advised to solve all the prob- 
lems, in the order in which they are given. No labor on the 
part of the pupil will be productive of more intellectual and 
practical benefit. The answers to several questions have been 
deognedly omitted, that the pupi]^ may try Ms skill as upon an 
original problem. 



IT PRBFAOB. 

One who has a thorough knowledge of Arithmetic, will find 
the stady of Algebra a most pleasing, and, generally, not a 
difficult task. As a mental exercise, it is admirable for its effect 
upon the lo^cal powers of the mind, assisting one to think and 
reason closely and conclusively. As Mr. Locke has remarked, 
in his Essay on the Human Understanding, " Nothing teaches a 
man to reason so well as Mathematics, which should be taught 
to all those who have time and opportunity, not so much to 
make them mathematicians, as to make them reasonable crea- 

BENJAMIN GREENLEAF. 
Bbadvoiud, January 28, 1862. 
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ALGEBRA. 



SECTION I. 
DEsnnrioNS and notations. 

Akticub If Algebiu is the art of compoimg by Bymbok. 

{• In Arithmetic we represent quantities and perform oal- 
cnlations by figures, eaoh of which has a known and definite 
value. 

8« In Algebra we employ tiie letters of the alphabet, and 
other characters, the value of which is either known or un- 
known, according to the conditions of the problems. 

4* Those quantities whose values are given are called known 
quantities ; and those whose values are not given are uvkrwvm 
quantities. 

5t The symbols used to denote known quantities are, gener- 
ally, the first letters of the alphabet in the small or Italic 
character, as a, 3, c, d,y &c. ; and those used to denote unknown 
quantities, the last letters, as w^ x, y, z, 

6* In addition to the above, which are the more common 
symbols, capital letters may be used, as A, J?, C, JD, &c., or 
letters of the Greek alphabet, as a, ^, y, d, s, (, &c. In ex- 
tensive operations, the use of these, or some other suitable 
characters, is sometimes very convenient. 

7« Sometimes quantities afo expressed in Algebra, as in 
Arithmetic, by figures instead of letters. 

8« When a quantity is doubled or trebled, or multiplied any 
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number of times, the number of multiplications is usually ex- 
pressed by a numerical figure or figures. Thus, let a denote a 
certain quantity, and 2a will denote twice the same quantity, 3a 
three times the same quantity, &c. 

9. The figures or letters prefixed to any symbol, and denoting 
the number of times tlie quantily represented by the symbol is 
taken, are called the coeffiderU. Thus, in 4a, 7^, and ^ax, the 
coefficients are 4, 7, and 4a. 

lOt A quantity which has no figure prefixed to it is considered 
as having a unit for its coefficient. Thus, a is the same as la. 

lit Quantities represented by the same symbol or letters, and 
of the same power, are called like quantities ; and those repre- 
sented by different symbols or letters, or by the same letter of 
different powers, unlike quantities. Thus, 8a, 4a, and 5a, are 
like quantities ; and 3a, 43, and 5c, unlike quantities. In like 
manner, 3a3, 4a3, and 6a3, are like quantities; and 8a3, 4ac 
bdc, and %mn, are unlike quantities. 

12. Besides the symbols and figures used to denote quantity 
there are certain signs, which are used to express the different 
relations between quantities, and the operations to which these 
quantities are subjected. These signs are the same as are often 
employed in Arithmetic, but, in Algebra, they are indis- 
pensable. 

13. The sign =: is that of eqwdity^ and denotes that the two 
quantities between which it is placed are equal to each other. 
Thus, a=2i signifies that a is equal to 23. 

14. The sign -f- is called pluSy and signifies addition. Thus, 
a-\-b signifies that a is to be added to b, 

15t The sign — is called miToiSy and signifies subtraction. 
Thus a—b signifies that b is to be subtracted from a. 

16« Sometimes both the signs -f- and — occur before the 
same quantity, as a±x^ in which case they signify that the 
quantity may be either added or subtracted, or that it is doubt- 
ful which operation is to be performed. 

17« The sign X signifies multiplication. Thus, aXb denotes 
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that a is to be mnltipliod by h; and aX^X^X^^* ^^ ^^ quan- 
tities a, 3, c, and (2, are to be multiplied together. This sign is 
read ifUo, Thus, aX^ is to be read, a into 3. Sometimes a 
single point is substituted for X- ^^ a*^ signifies that a is 
multiplied by h, 

18; The sign -?- signifies division. Thus, a-7-3 signifies that 
a is to be diyided by h. 

19« Division is also represented by placing the divisor under 
the dividend, in the form of a fraction. Thus, - signifies that a 

is to be divided by h ; and — -y, that a—h is to be divided by 

20i The sign ^, standing between two quantities, denotes 
that the one before it is greater than the one after it. Thus, 
a'^b signifies that the quantity a is greater thaib the quantity b. 

21, On the other hand, the sign <^ denotes that the quantity 
before it is less than the one after it. Thus, 3<a signifies that 
b is less than a, 

22. The sign . • . signifies therefore. Thus, a=:5 . • . 3a=15, 
is read, a is equal to 5, therefore 3a is equal to 15. 

23« The signs : : : : denote proportion. Thus, aib \\ ci d 
is to be read, as a is to 3, so is c to (£ ; and the signs, placed in 
their order, indicate that a has the same ratio to b that c has 
to d. 

24. The sign /^, called the radical sign, signifies the square 
root of the quantity which follows it ; or, that the root of the 
quantity is to be extracted. Thus, y\/a denotes that the square 
root of a is to be extracted. 

25. By placing a figure above the sign, thus, /^, it is made 
the radical sign of any root whatever. Thus, A/ a signifies the 
cube root of a; /i/a, the fourth root of a; ^a, the fifln root; 
ya, the wth root, &c. 

26. The power of a quantity is denoted by a figure placed 
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above it at the ri^^t. Thus, c^ signifies tbe seoond power of a ; 
cf the third power of a; a^ the fourth power, &o. 

27* In operating with unknown quantities, it is frequently 
necessary to express the root of a certain power of a quantity ; 
as, for instance, the 4th root of the 3d power of a. In this 
case, a fraction is to be used; the numerator denoting the 
power to which the quantity is to be raised, and the denomi- 
nator the root of the power. Thus, a^ denotes the cube root of 

the second power of a ; d^, the fourth root of the sisth power 
of b. By inverting the fraction, and writing it before the 

radical sign, we may represent the same. Thus, ^a, J^h, 

=a* hi. 

28« When a quantity is represented by a single letter or 
numeral, or several letters, placed one after another without the 
sign + or — between them, it is called a smpU quantity. 
Thus, a, 3c, cde^ 8a3, are simple quantities. 

29« When a number of ample quantities are connected by 
the signs •\- or — , the result is a compound quantity. Thus, 
a-^-b^ be^cd^ Aa-\-hcd — a;, are compound quantities. 

30* A term is a single letter or numeral, or several letters or 
numerals, which are not separated by the sign + or — . Thus, 
in the compound quantity a^-^i a ai^d b are the terms. So in 
zy — y+^> ^> y ^^^ ^> *re the terms. 

31 • When two or more members of a compound quantity are 
to be subjected to the same operation, in which they are to be 
regarded as one whole, they are connected by a line drawn over 
them, called a vinculum, or by enclosing them in a parenthesis. 
Thus, when we are to multiply a+^+c by any number, as 3, 
we write a+*+cX3, or (a+^+<^)X3, or, more simply, 3(a+ 
*-4-i/. So 5+yXy+^. or {x-\-y) (y+z) signifies that x-{-y is 
to be regarded as a whole, and multiplied by y-\-z, taken also as 
a whole ; whereas, if the line or parenthesis were not employed, 
a-\-by,^ would denote that b only is to be multiplied by 3, and 
the result would be a-|-33. 
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82i When two or more quantities are multiplied together, 
each quantity is called a factor. Thus in a3, a and h are called 
&ctors; so, in cde, c, d and e, are seyerally called fiictors. 

S3« A composite nnmber is one which is produced by the 
multiplication of two or more quantities or factors into each 
other. Thus, the quantity o^ is a composite one, the fiictors 
of which are a, b, and c. 

3I« Quantities, which have the sign -|- before them, either 
expressed or implied, are called positive or (iffirmative quantities. 
Thus -f-a, -{-£, or a, 3, are positiye or affirmative, the sign 4- 
beii^ always implied before a quantity which has no express 
sign prefixed. 

85» Quantities, which have the sign — prefixed are called 
negative quantities. Thus, —a, —3, —3, are negative quan- 
tities. 

36« Where the signs are all positive or all negative, they are 
called like signs. 

37« When some of the signs are positive and others negative, 
they are said to be unlike. 

38. When a quantity consists of one term it is called a 
numomiai, as a, ahy Szy, being the same as a simple quantity. 

39« When a quantity consists of two terms it is called a 
binomial. Thus a-\-b, z-^-y, are called binomial quantities, and 
a— 5 a residtud binomial. 

40« When a quantity consists of three terms it is called a 
trinomial. Thus, a+b+c, and x-^y+z, are trinomiab. 

41. When a quantity consists of any number of terms greater 
than three it is called a polynomial. Thus, a'-\-b-\'C+d, and 
ttH"^+y+^> are polynomials. 

42« The power of a quantity is its square, cube, biquadrate, 
&c., called, also, its second, third, fourth power, &o. ; as a\ a^ 
a*, &c. 

43. The index or exponent of a quantity is the number which 
denotes its power or root. 
2 
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Thus, — 1 is the index or exponent of or* ; 2 is the index 

X 1 I 

of fl*; i, of a», or /J a 9 and m and -, of a** and a\ 

n 

I4« When a quantity appears without any index or exponent, 
it is always understood to have for it unity, or 1. 

Thus, a is the same as a^, 2x is the same as 2:2;^ ; the 1 in 
such cases being usually omitted. 

45« A rtxtioTud gniantity is that which can be .expressed in 
finite terms, or without any radical sign or fractional index ; as 

a, or -5-, or ba\ &c. 
o 

46f An irrational quantity is that which has no exact 

root, or which can (mly be expressed by means of the 

radical sign, or a fractional index; as a/ a, or 2^, >4^» or 

a', &c. 

I7« A square or cube number, &c., is that which has an 

exact square or cube root, &c. 

9 8 

Thus, 4 and j^^ are square numbers ; and 64 and ^^ are 

cube numbers, &c. 

48. A measure or divisor of any quantity is that which is 
contained in it some exact number of times, without a re- 
mainder. 

Thus, 3 is the measure or divisor of 6, 7a is a measure of 
35a, and 9a3 of 27^232. 

49t Commensurable numbers or quantities are such as have a 
common measure or divisor, or that can be each divided by the 
same quantity without a remainder. 

Thus, 6 and 8, 2^/2 and 3^2, ba^b and 7a% are com- 
mensurable quantities ; the common divisors being 2, v^2, and 
a'3. 

50t A prime number is that which has no exact divisor, 
except itself and unity; as 1, 2, 3, 5, 7, 11, 13, 17, &c. ; and 
the intervening numbers, 4, 6, 8, 9, 10, 12, 14, and 16, are com- 
posite numbers. 
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51, Two or more numbers are said to be ificommeftsuraiU^ or 
pfime to each other, when they haye no common diyisor except 
unity ; as, 2 and 3, 5 and 7, 17 and 19, &o. 

52« One quantity is called the multiple of another, when the 
former contains the latter a certain number of times without a 
remainder. 

Thus, 15a is a multiple of 5a, and 6a of 3a. 

53t The reciprocal of any quantity is unity divided by that 
quantity. 

The reciprocal of any fraction is that firaction inyerted. 

Thus, the reciprocal of a oi ^ is -; the reciprocal of ^ is 

-, and the reciprocal of -^ is — j-t* 
a a — a+b 

54« A series is a rank or succession of quantities, which 
usually proceed according to some certain law ; as l+^a+i^ 

PBACTIOAL EXAMPLES. 

55« In calculating, the numerical values of the following 
Algebraic Expressions, let a=s6, d=5, c=:4, (2=1, and 6=0. 

1. fl2_j.2fl5—c+(i:=36+60— 4+1=93. 

2. 2(^— 30^^3+0^=432— 540+64=— 44. 

3. a'X(a+*)—2a*c=36xll— 240=156. 

4. 2aA/3^==^+A/2^H^'=12Xl+8=20. 

5. 3aA/2ac+c«, or 3a(2ac+c')*=18V64=144. 

6. V(2fl^-V6«c+O=Va2-A/144)=V60. 

7. V(«'^+43'-5Vc^)= V (180+100-10)=a/270. 

8. V(«^'+233— 5a/^)=a/(150+250— 10)=V390. 
2a+3c Uc _24 80 _24 80_ 

6^+3^+v^p"-'6"+v64- -"r+T- ^^^--^^' 

10 2a3-5c /3a-|^y 40 irSEI?-.!? t (4_ 
^''- 43-10(i^V5a-12(2/ 10^Aj30-12""10^>j9 

4|. 
11. 2fl?+3*c-5=:127. 
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12.. 5<^4— 10««»+27e=-600, 

13. 7a»+(i-e)X(i— «)=268. 

14. ^xd-^-=pr^^<f^^^^ 

C tL 

15. 3Vc+2aV(2a+4-i)=54. 

16. flV (fl«-[-g)-[-3^( aa— y)=^ 696. 

17. 3a«3+V(c'-V2ac+c«)— 3€=:542. 
23+c V5H-3VC-M , 



SECTION II. 

ADDITION. 



Akt. 56« Addition in Algebra is the connecting together of 
Beveral quantities by their appropriate signs. 

57« The operation consists in collecting into one term all the 
like quantities, and so arrangiDg the seyeral terms, thus obtained, 
as by signs to indicate the proper sum of all the quantities, both 
like and unlike. 

58« Addition in Algebra embraces three cases. 
I. When the quantities are alike, and their signs alike also ; 
as, a, 3a ; or, —3, —43. 

n. When the quantities are alike, and their signs unlike ; as, 
33, -53. 

in. When the quantities are unlike, some having like and 
others unlike signs ; as, 3a, 43, —4a;. 

Oasb I. 

59« When the quantities are alike, and their signs alike. 

BuiB. Add together the coefficients heUmgmg to the like 
quantities^ and place their sum before the common letter 
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or letters, vdtk the common sign prefixed; and the resuUvnS he 
the mm required, 

ThnB, let it be required to add together 3a3, lab^ 8a5, the 
operation will be as follows : — 

9ab 
lab 

18^. 

The reason of this rule is obyions; for, sinee ah, whatever be 
its yalue, must represent the same quantity in every instance, 
it is evident that 3 times, 7 times, and 8 times the same qnan- 
tiiy, will make 18 times the same. 

In like manner, let it be required to add'together — 7&, —53, 
and —63. 

-73 
-53 
-63 



-183. 



BXAMPLBS. 

(1) (2) (8) (4) (5) 



8a 


U 


—Sax 


^ 


8a- 


- V 


4a 


hh 




xi 


4a- 


-3j^ 


6a 


U 


— ax 


8z3/» 


6a- 


- »• 


a 


ih 


— Hax 


Imt 


a- 


-<lnt 


ha 


h 
24A - 


—lax 


2x21* 


5a- 
19a- 


- V 


19a 


-nax 


-W 


(6) 


(7) 


(8) 


(9) 




(10) 


1x 


14dbe 


5y 


— Aamn 




5A+ X 


4x 


Uttbe 


y 


— 3ot» 




A-l-2r 


llx 


babe 


y 


— Titm 




2H-4a; 


9x 


4abc 


3y 


— limn 




A+ X 


X 


abc 


% 


— mn 




7M-6* 



2* 
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11. Add 7a, 11a, a, 4a, 6a, and 3a together. Ans. 82a. 

12. Add 4h, 6A, A, A, llA, and 7h togeilier. An$. 80A. 

13. Add together (3a»— 3), (7a'— 43), and (a«— i). 

iln*. 11a'— 63. 

14. What is the sun of Wa\ Wa^ V^^'i Wa', and 
2Va'? ^w. 17 Va'*- 

15. Add together Sa/o+J, 6A/a+J, Vo+J, and 12/s/a+i. 

Ans. 22Va+5. 

Oasb II. 

60« When the qoantities are alike, and have unlike si^is. 

Bulb. Add aU the affirmatioe coejficients into one nem, and 
those that are negative into another ; then ntbtract the less of 
these results from the greater, and prefix the sign of the greater 
to the difference, annexing the common letter or letters. 



Required the sum of +7ax, — 4aa:, 


— 3aa:, +17aa:, — oz, and 


-\-ax. lax 




- 4ax 




- 3aa; 




17aj; 




— az 




ax 





17aa;. 

We find the sum of the plus quantities to be 25aa;, and the 
sum of the negative quantities — Sax; and the di£ference be- 
tween those coefficients is 17, which we prefix to ax; thus, 
17aa:. 

The reason of this Bule is obvious, when we consider that 
two eqwd quantities, the one with a positive and the other with 
a negative sign, exactly cancel each other, so that their sum is 
nothing. Of course, then, when two like quantities of opposite 
signs are not equal, the difference between them must be the 
proper sum, which will be positive or negative according to the 
affirmative or negative character of the lflj*ger quantity. 
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ON. 


1 










(1) 


(2) 


(8) 


(4) 


(5) 


7a 


- 6m 


4az 


18n 


7a— mp'' 


- 8a 


m 


-8CE 


n 


o+emp* 


a 


— ll»t 


oz 


— 20» 


-11a- dmf 


- 5a 


5nt 


-7ax 


6» 


So+llmp' 


11a 


— m 


ax 


8» 


— 9a— 7»»p' 


a 


20m 


12az 
8az 


— n 


18a— ISmp* 


Via 


OfTt 


7a 


14a- dwp' 


(6) 


(7) 


(8) 


(9) 


(10) 


6y 


4^71 


—Say 


— 4p« 


Sxy — m^ 


- ^y 


fnn 


7a» 


pn 


^+ m^ 


4y 


^mn 


-4ry 


pn 


— llaiy— ISwi*? 


-lly 


18m» 


- zy 


-llpn 


— 4xy+ 9m'p 


9y 


7mn 


9xtf 


7pn 


— 8xy— 3m»p 


-% 


OIFM 


-Bxy 


pn 


12a;y+12»i«p 
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11. Add 4+a% 6— a^a;, S+ftr'a:, 15— 6rfx, 8+a'a:, and 
6+7a»a: together. ilnj. 37+9a«a:. 

12. Add 14az— 6y, lax-^-yy bax-^ly, ddu:— lly, and 
800:4- 3y together. il^t^. ^Sax — 20y. 

13. Add 3o-.43+6c, 7a+lW— 3c, 8fl+3-7c, and a-lli 
+16c together. -An*. 19a— 3^11c. 

14. Add 16a:«-52^-16, 3a:«4-4y»-5, a;3+3y"-37, a:»-y» 
+7, 6a*+72^— 11, and 2a:»— 3jr*— 21 together. 

Am. 29a:«+52^— 83. 

15. Add 5a— 3, 3^+3c, 4a— 5c, 5a— 5i— c, 7a— 6c, and 
lla4-4ft— 7c together. Am. 32a+3— 16c. 

Gasbhi. 

n. When the quantities are unlike, some haying like and 
oihers unlike signs. 

It is evident that unlike quantities cannot be united into one ; 
or otherwise added than by means of their signs. 
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Thus, for example, if a be supposed to represent 20, and b 
12, then the sum of a and b can be neither twice 20 nor twice 
12, but it must be 207{-12=32, that is, a+b. 

62« Hence, to add unlike quantities, we haye the following 

Bttle. Collect all the like quantities together y as in Case U., 
ajid write down those that are unlike^ one after another ^ with 
their proper sigm. 

63t When several quantities are to be added together, it is 
immaterial in what order they are written. 

Thus, a+3— c, a— c-j-3, '-C'-{-^-\-bf are equivalent expres- 
sions. ~~ 

BXAMPIiES. 



(1) 

Sax 
4mn 

7xy 


(2) 
7 a+7m 

6 a—7x 
Axy — bm 
Zx +8ay 


9ax+4mii—6i^+7xtf. 

(3) (4) 
93py 14ax- 2z» 

— 7xV 5aa?+ Sxy 
Saxy 8^ — 4az 

-4ay» 3x» +26 


13«+12iry+2OT— 4a;. 

(5) 
4aa;_lE0+3a;4 
Sa" +8ffl,r+9a? 
7a:y-4a:i+9« 
^a;-40 — 6z» 



6, Add together a-\'X and y— c. Ans, a — c-(-a:-j-y. 

7. Add 3a+i— 10, c—d—a, -4c+2a— 33— 7, and 4a:«+5 
-18m together. Ans. 4a— 23— 12— 3c— (i:+4ar*— 18m. 

(J. Add laSi^, 8V«+2a, h^f^-^Jx, and — 9a+7A/a: to- 
gether. il?w. 14\/a:. 

9. Add 4mn-)-3a3 — 4c, 3a; — 4ab'{'2mnf and 3m' — 4p to- 
gether. Ans. 6 mw— a3— 4c4-3a:+3m'— 4p. 

10. Find the sum of 3a''4-2a3+43', 5a'— 8a3+3', — a«+6a3 
-3«, 18a«-20a3-193», and 14a«-3a3+203». 

iln«. 39a»— 24a3+63«. 
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11. Find tiifi sum of 4a:«— 5a»— 5aa:»+6«»a?, W+Saf-{Aaa* 
+2£fy:^l73?+l9ax'-lda% 13aa:»-27a«x+18a», 8A-20fl» 
+12a:3, and 31<a:-23:»— 31flar»— 7a:». ilw.-7a:»— tf». 

64, Coeffiaients, whether figures or letters, that are common 
to several terms, may be connected with them by a paren- 
thesis. 



Add 



(12) 


(13) 


d amX'{'2dy 


hy-\-4mz 


2cx—My 


my+Zdx 


dax+by 


4ny—97nx 



{am-\-2c+Sa)z+{b—d)y. {h+m+4n)y+{Sd—^)x. 

14. Add 4az—&my, Sdx-^-lny, and Imx-^-hny, together. 

Am. {4a+dd+im)z-{^{7n'-'m)y. 

15. Add Shz-^bz, Amz-^nx^ and bai-^ApXy together. 

Ans. (3A4-4»i+5fl)z+(»— 6— ^)ar. 



SECTION III. 

SUBTRACTION. 

Abt. S5, Subtraction is the taking of one quantity from 
another, or the method of finding the difierence between any two 
quantities or sets of quantities of the same kiud. 

M« If it be required to subtract 10—7 frcmi 12, we might 
first subtract 7 &om 10=3, and take the 3 &om 12=9 ; or 
we might take the 10 &om 12, and the remaiader 2 must neces- 
sarily be increased by 7 to produce the correct result. 

If from a we wish to subtract c— ef, we first subtract c, and it 
gives a—c. This quantity, since we have taken d too much 
from a, is too email by d. Therefore d must be added, thus. 
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67* If a simple quantity is to be taken from another simple 
quantity, it is only necessary to write them one after the other; 
thus, if 8 is to be taken from 15, it may be expressed thus, 
16-8=7. 

If it were required to subtract b from a, it should be written 
thus, a — b ; but if we were to subtract a—b from c-f-^, it is 
evident that if only a were to be taken, it would be written 
thus, c-^-d — a. But this evidently gives a result too small ; for 
a was to be lessened by b before the subtraction. Therefore, as 
the remainder is too small by &, we must add b to the remainder, 
which will give c+i— a-j"^ * ^^^ i* makes no difference in the 
result whether the minuend be increased or the subtrahend 
lessened. 

Subtract 7—4 from 13. Taking 7 from 13 leaves 6; but 6 
is too small, for the 7 should have been lessened by 4, and we 
must either subtract the 4 from the 7 before the operation, or 
add it to the remainder ; and» if added to the remainder, the 
expression will be thus, 6-j-4=:10. 

68« We therefore see the propriety of the following 

Bulb. Change the signs of aUthe quantUies to be si^tracted, 
and proceed as in Addition. 

SIMPLE QUANTITIES. 

(1) (2) (3) (4) (5) (6) 

From+7a -16a; +17d —29^ +155 —6c 
Take +2a — 5a: +8^ -IS^' + 7* — c 

+5^ -11a: + 9d -Ug + Sb -5c 

The above questions are performed as in Arithmetic, the 
minuend being the larger number, and having the same sign as 
the subtrahend. 



(7) 


(8) (9) 


(10) 


(11) (12) 


(13) 


From— 8a 


+ 7x +18y 


-8* 


-7e + Sd 


— 6A 


Take -15a 


+lix +20y 


-7J 


-15c +lld 


-8A 



^ la - 7a: - 2y +U + Sc -^ Sd +2h 
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In these examples the minuend is taken from the subtrahend, 
and all the signs in the subtrahend are changed. 

(14) (15) (16) (17) (18) (19) (20) 
From +27a — 63 —7c +8^ +11A — Sz - 7y 
Take —13a +183 - c -9^ -15A +17a: -15y 

+40a —243 —6c 17^ +26A —22a: + 8y 

In these examples we change, mentally^ all the signs in the 
subtrahend, and then proceed as in addition. These questions 
may all be proved, as in Arithmetic, by adding the remaindar to 
the subtrahend. 

OOMFOUNI) QUANTITIXS. 

69« The same role must be observed in subtracting compound 
quantities as in simple quantities ; that is, all the signs of the 
quantities to be subtracted must be changed, the signs + to — , 
and the signs — to + ; we then proceed as in addition. 

(1) OPERATION. 

From a3+ ci— ax — 7 a3+ cd— ax— 7 

Take 4^3— 3af+4flx— 15 — 4a3+3crf— 4fla:+15 

— 3a3+4crf— 5aa;+ 8 

70* It is a better way for the pupil to conceive the signs in 
the subtrahend changed, but to let them remain without alter- 
ation, otherwise it might be difficult to correct errors that might 
arise in the operation. 

(2) (3) 

From 7a:-j-5y-^3a— 6A 7a3c— lla:+5y— 48 

Take a-7y+5a+lU lla3c+ 3a:+7y+100 

6a;+12y-8a-17A — 4fl3c-14a;-2y-148 

(4) (5) 

From 14A— 4e+ 9y +a: 9a:— 5a3c— 6A— 51 

Take — 3A-7z+41y— 17ar 19a:-7a3c— 8A+ 1 

17A+3;j-32y4-18a: -10a:+2a3c+2A— 52 
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(«) (7) 

Prom 3a:y-fl» — W— f^ 7i«— fl»i;i4- 7j^+8;i* 

Take — xy-i^ -|.7#-.l(y a»+<^i^— lly^— A* 

(8) (9) 

Prom 5V«i*— 3^ +7<^— 1 8a^+ y'+ a/7A+ 5 

Take 3V«^+ y" — 6fl^+7 ix'—Sj^— a/7A— 6 

10. Prom 3a— 5H-6A— rf take a+b—ld. 

Ans. 2a— 6^4-64+6(2. 

11. Prom 3Le«— 3^+a3 Uke 17i»+5y'-4ai+7. 

ilw. 14z»— 8^+5ai— 7. 

12. Prom 6f+lU^9d take — 8/+73— 15i2. 

Ans. 8/+73+6rf. 

13. Prom llo— 7M-<? take a+1b—2c+ll. 

Ans. 10a-143+4c— 11. 

14. Prom i»»+3^ take -.4m«^6n»+7Lr. 

-Aw. 5»t*+9n'— 71a;. 

15. Prom 31a— 15ar— 7 take 2a— 25ar+j^. 

Ans. 2aa+10«— ^— 7. 

16. Prom db&^T^ take — 6a3c"+3a:y»— 7A. 

iln«. 7a^— 4a:^+7A. 

17. Prom llc^-5 take 5c*«— 5+47ar. 

Am. 6c4'— 47a;. 

18. Prom m7^+At take — 7OTn'+48a;— y". 

Am. 8»m'+A*— 48a;+j^. 

19. Prom 47a3A— 37+963/« take 7a3A. 

iiw. 40a3A— 37+96y'. 

20. Take 1^'^-\-hm from 8aY+17. 

Ans. a;V — Am+17. 

21. Take 5*»— 3c+59«i from lli«. 

Ans. 6i«+3c— 59m. 

22. Take 6a— 3i— 5c from 6a+33— 5g+1. 

Am, 6^+1. 
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23. Take 41a?+7f+abc fix>m m\ 

Ans, «?— 4Lc*— 7^"— ofc. 

24. Take a^ firom — 17aj»+14y-.a+3. 

iln*. -.18a:«+14y-a+3. 

25. Take o^d from a+b. Ans. +2^. 

26. From 9xz take xz— 7A— 5m»+7. 

ilTM. 8arz+7A+5m»— 7. 

27. From llA»i+8?i' take ai^—y*. 

Ans. llhm+M^a^+y\ 

28. From a-^b take a— 3, and a—b, and — a-f-^. 

29. From a— 3--c take — a+^c and a— ^-f-c 

il«». tf— 3— 3c. 
71. When similar qoantitieB that are to be enbtraoted have 
literal coefficients, the operation may be performed by placing 
the coefficients wii^ their proper signs within a parenthesis, and 
then subjoining the comm<m quantity ; thus, 

From ay — h From ar'-|-g^ 

Take dy—c Take ba^—kf 

(a-d)y+c^h {a-b)7^+(g+h)f. 

72« If a set of quantities enclosed in a parenthesis is com- 
bined with others by means of the sign +1 ^^ parenthesis can 
have no effect upon the result, and may, therefore, be retained 
or not, at pleasure. 

Thus, a+{b+c) is evidently equivalent to a+b+c; for it 
can make no difference whether b and c be first added together, 
and their sum then be added to a, or the sum of the three quan- 
tities, a, b, c, be taken at once. 

Again, a:— y+(i— 2:) will amount to the same thing as x—y 
+b — z; for it is immaterial whether b — zhe added to x—y 
at once, or b be added to it first, and from the result z be 
subtracted. 

The subtraction of a polynomial may be indicated without 
performing the operation, by inclosing the quantity to be sub- 
tracted in a parenthesis, and prefixing the sign — . 
3 
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If we wish to subtract 7a—bx+6y from 11a— 2a;+8y, it 
may be indicated thus (11a— 2a;H-8y)— (7a— 5a:+6y). 

And la—Bb+c+g—pj taken from lOo, leaves 10a— (7a— 3A 
f-c+5' — p) 9 being equivalent to Ba-^Bb — c — g+p. 

If, therefore, a quantity enclosed in a parenthesis be com- 
omed with another by means of the sign — , the rule laid down 
in Art. 68 shows that the signs of the terms of this quantity 
must be changed whenever the parenthesis is removed. 

Thus, a'-(b+c) is equivalent to a—b-^c; because it can 
be of no importance whether b be first subtracted from a, and c 
then be taken from the remainder, or the sum of b aad c be 
subtracted from a at once. 

Consequently, a parenthesis, with a negative sign preceding it, 
may be introduced into any compound algebraical expression, 
provided the signs of all the symbol? comprised in it be 
changed. 

Thus, a — X — b+y is equivalent to a — X'^(b — y), or a — {x+ 
b-^y), or a+y— (i+a:), or y— (a:+3— a). 

Similar considerations will enable us to dispense with the use 
of parentheses, without altering the values of the expressions in 
which they are found, when one or more such psurentheses are 
included within another. 

Thus, a — [b — {c-\-d)] is manifestly equivalent to a — [b — c 
— d], which is also equivalent to a — b+c+d. 

Also, a— {a+3— [a+3— c— (a— 3+c)] |=a— |a+i— [a+^ 
—c—a+b^c] }=a— {a+i— [2^— 2c] }=a— {a+i— 23+2c} 
=a-r. { a— ^ +2c } =a— a+ ^— 2c==3— 2c. 

EXAMPLES FOB PBAOTIOE. 

1. What is the value of the expression (1— 2a;+3a;')-f (3+ 
22:-ar')? Ans. 4t+2a^. 

2. Eeduce to its simple jibrm the expression 5a — 4^+8c4- 
(_-3a+25-c). Am. 2a—2b+2c. 

3. What is the value of the expression (a— i— c)+(3+c— rf) 
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4. Exhibit a-r-(3--c)+d— (a— c)+c— («— 3) in its Bimplert 
form. Am. — a+i+8c. 

5. From ^a^+f) take [(a:«+2a;y+y«>— (2xy— a:"— y')]. 

Ans. a'+y'. 

6. From 6a:»+2y«—(ai;«+y«) take 2af +4^^— (42:«— 2^). 

il?M. 5a:* — 4y*. 

73* Algebra differs &om Arithmetic in the use of negative 
qnantities. In Algebra, every quantity is either positive or 
negative, according as it is affected with the sign plus or minus ; 
and, as we have observed above, whenever a quantity has not 
either of these signs prefixed, the sign + is understood, and 
the quantity is said to be positive. Thus 5, or +5, is positive; 
but — 5 is negative. Positive quantities are also called affirm- 
atives. Some mathematicians, in treating this subject, have 
involved it in much perplexity, and, in our opinion, in absurd- 
ities, by considering — 5, or — a, as quantities less than nothing ; 
much to the injury, if not to the disgrace, of the science. But 
the student is to observe that — 5 denotes just the same number 
and quantity as +^1 but with the additional considerations, 
that the former is to be su^tractedj while the latter is to be 



The simplest illustration of positive* and negative quantities 
may be derived from a merchant's credits and debts. Five 
dollars is the same sum, whether it be due to him, or he owe 
it to another ; but, in one case it may be considered as positive 
$5, for it is an addition to his property ; and in the other as ' 
negative $5, for it is subtracted from his property. And, if 
the sum of his debts exceeds the sum of his credits by $1000, 
the state of his affairs may be represented by — $1000 ; and, 
undoubtedly, he is worse than if he had nothing, and owed 
nothing. In such a case, indeed, the nian is often said, in mer- 
cantUe language^ to be minus one thousand dollars. Whereas, 
if the Slim of his credits exceeds the sum of his debts by $1000, 
the state of his affairs may justly be represented by +$1000. 
These opposite signs, then, without at all affecting the absolute 
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magnitude of the quantities to which thej ave prefixed, intimate 
the additi<mal ooiudderation that those quantities are in contrary 
circumstances. 



SECTION IV. 

MULTIPLICATION. 

Art. 74i Multiplication is the repeating of a quantity as 
many times as there are units in another; it is virtually iiie 
same in Algebra as in Arithmetic. 

75t The multiplicand and multiplier may be considered as 
factors; and, in all operations, either may be taken for the 
other. 

Thus, if 6 be multiplied by 7, or a by 3, the result is the 
same as if 7 be multiplied by 6, or h by a. 

76« When several letters are written after one another, it 
implies that they are all multiplied together. 

Thus, ahcd is the same as aX^X^X^; ^Qcl it is immaterial 
in what order they stand ; for aJbcd^ cdc^, and bdcaf are synony- 
mous terms. 

77i Multiplication is conunonly divided into three cases. 

I. When the multiplicand and multiplier are simple quan- 
tities. 

n. When the multiplicand is a compound quantity, and the 
multiplier is a siniple one. 

ni. When both the multiplicand and multiplier are com- 
pound quantities. 

Oasb I. 

78* When the multiplicand and multiplier are simple quan- 
tities. 
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BiTLE. Midtiply the coefficients of both terms together, and 
to the product annex the letters in both factors^ remembering 
that the product of like signs is plm^ and of-urdike signs is 
minus. That is, plus ( + ) mvUipLied by plus (+), and mmus 
(—) multiplied by minus (— ), give phis (+)/ «w^ T^ (+) 
multiplied by mirms ( — ), and minus (— ) multiplied by plus 
(+)> g^^^ minus ( — ). 

ILLirSTBATION. 

79, 1. If a plus quantity is multiplied by a plus quantity, 
the result will be a plus quantity. Thus, 

K +a is mi^tiplied by +i, it is evident that +a is to be 
repeated as many times as there are units in +^; that is, b 
times a=-|-a3. 

2. If a minus quantity is multiplied by a plus quantity, or a 
plus quantity by a minus quantity, the result will be a minus 
quantity. Thus, 

If — c is to be multiplied by +rf, it is evident that — c must 
be repeated as many times as there are units in d ; that is, 
d times — cs=^cd. The result will be the same if +c is mul- 
tiplied by —d. 

Si. If a minus quantity be multiplied by a minus quantity, 
the result will be a plus quantity. 

To illustrate this, let a—b be multiplied by c-^d. 

The product of a — b by c is ac — be; but it is evident that 
this product is as mdny times too large as there are units in d. 
Therefore the product of a — b by d=:ad — bd, must be subtracted 
from ac—bcj thus {ac—bc)^{ad—bd)=ac—bc—ad+bd; but 
+bd is the product of — b and — d ; therefore a minus quantity 
multiplied by a minus is a plus quantity, Q.E.B. 

80* That the product of two minus quantities produces a 
plus, may be illustrated by the following diagram : 

Let ABCB be a right-angled parallelogram. Let JH be 

parallel to AB, and EG parallel to AB> G^ien the figure will 

contain four right-angled parallelograms, JFGB, AJFE, EBHF, 

and FHCG, Let AB, which is equal to JH^i^^a, and EB or its 

3* 
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J ^ 

D 



equal FH=b; then AS, or its equal /F, will be ssa— 6. Also 
let AD^Cf and AJszdy then JD or 
jRtsc — d. Now, to find the con- 
tents of JFGDi we must multiply the 
adjacent sides of the parallelogram 
together, which are JD and JF. 
But J2)=c— rf, and JF^s^a—b; there- 
fore the contents of the parallelogram 
will be (a— i)X(c — d)=^ac—ad — hc-^-hd. 

But ac is the contents of the figure ABCDy for it is the pro- 
duct of the adjacent sides AB and AD, And this exceeds the 
contents of the figure JFGD by the three par^elograms AJFE, 
EBHF, and FHCG. But ad is the contents of the figure 
ABHJy for the side AB=a^ and AJ:=ssd, and these are the 
adjacent sides of the parallelogram. And be is the contents of 
the figure EBCG; for EB=b, and AD or J?C=c, and there- 
fore bc=:EBCG, for it is the product of the adjacent sides EB 
and BC. But the parallelograms ABHJ and EBCG both in- 
clude the parallelogram EBHF; whereas it should be included 
by only one of them. It must, therefore, be returned. The 
contents of this figure EBHF=bd; for FH=b, and HB=zd, 
and their product is bd. And as BF has been taken twice from 
the figure, it is restored by' considering bd a plus quantity, thus 
+bd, Q.E.D. 



EXAMPLES. 

1. Multiply 4m by 8n. 

2. Multiply Sab by —bed. 

3. Multiply Smw by 4xy. 

4. Multiply 7pg by y. 

5. Multiply —ISadefhj Qmnp, 

6. Multiply 7hp by 4ft^2:. 

7. Multiply 19ab by — a;yz. 

8. Multiply 7an by — 2a?fc 

9. Multiply baad by 3aaa. 



iln^. 12mn, 

Ans. —Ibabcd. 

Am. d2m7ixy, 

Ans. 7pgy. 

Ans. —7Sadef7rmp. 

Ans. 2Shptuz, 

Ans. —Idabzyz. 

Ans. — 14aann. 

A?is. IbaaaacM. 
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10. Multiply — 4ary by —xxyy, 

11. Multiply — lldc by —Sdee. 

12. Multiply 9nm by 2wimn. 

13. Multiply 17a3c by ^Sabc. 

14. Multiply llxyyy by — yy. 

15. Multiply -^dmrnm by — «7in. 

16. Multiply pqt by ^f. 

81* When the same letter is repeated in the product, for the 
sake of brevity one letter only need be written, with a figure 
placed after and aboye it, denoting the number of times the 
letter is taken as a factor. 

This figure is called the exponerU or power of the letter, and 
it shows how many times the letter is used bs a &otor. Thus, 

82t If two or more letters of the same kind, haying expo- 
nents, are to be multiplied together, we write the letter, and 
place over it the sum of the exponents. Thus, the product of a* 
by c^zsz(wjay^ajcL=z(i(Maxis=^(:i^, Hence the following 

KuLE. AM the exponents of the same letter, and place their 
sum over the product of the letter mtdtiplied by the coefficients. 

17. Multiply 4m* by 3«i*. 

4x 3 X^'X^'=12m*+»=12m». 

18. Multiply —5^3 by —M. Ans. 20n\ 

19. Multiply — 3a"» by 3a^ Ans. — 9a*». 

20. Multiply 2af» by 4a;". Ans. Saf^\ 

21. Multiply Sa'b^ by 5a'b. Ans. lbc^b\ 

22. Multiply ab"" by c^b. Ans. a*b\ 

23. Multiply c^b^'c by a^'bd. Ans. cf^cd. 

24. Multiply 7a*c^ by a*cm. Ans. 7aYm. 

25. Multiply 9a«*V by ---a^l^cx^ Ans. ^9a'^'cx'\ 

26. Multiply 15wV by 3mn. Ans. 4bm^n^. 

27. Multiply Sa"*" by 2a^b\ Ans. 6a*»i»+^ 

28. Multiply ixTy^ by — a;"^"^"- -^^- —4af^^^^ 



29. Multiply 17aV by iaaoc. 


Ans. 68a'c« 


30, Multiply ^ar+" by — 4a^. 


^«», -12*^. 


81. Multiply Ta" by 3a-». 


il^. 21. 


82. Multiply lln" by -5n'. 


iln«. —56m', 


88, Multiply 4a' by -3a-». 


^»w, -12a', 


34. Multiply 7m" by 3m', 


Am. 21m^ 


85, Multiply 6ai« by «^5-^. 


il»w, ea**-*. 


86. Multiply a-" by er*. 


ifcw. «-". 


37. Multiply XT' by aT. 


iljM. I. 


88, Multiply m' by m-'. 


il»W. I. 



Cash II. 

8S« When the multiplicand is a compoimd quantity, and the 
multiplier is a simple quantity. 

Rule. Multiply emh term of the Tmdtiplkand separately by 
tJi£ rmdtipLier, and prefix the proper sign to each term of the 
product, 

EXAMPLES. 

s. (1) (2) (3) (4) 

Multiply 3a+5a; 7m— 4n 3^— 4c bx+7b 

Bj 4m 3a be dm 

12aw+20ww:. 21aw— 12a7i. 163e--20cc. \bmX'\-2\hm 

(5) (6) (7) (8) 

4a;'*— Soar* 4w'+2?i ^%c—d ahc+m'' 

Sx ^m^ bad!" 



12a^—^a3?. l^^+6m^n. 4:0€^bcd^—bad^. 4a'bcm+4am'"^\ 
9. Multiply 5a«a:-7y+4a;3_333 ^^ ^^^ 

Ans. 20a^xf--2Saf+lQaa^j/'—12abY. 

10. Multiply 7aW+4fl7»^-6y by 4fl»ml 

Am. 28a^^W+16aW-24a^mV 

11. Multiply 4a«i»— 6a'c+c« by -ba\ 

Ans. -20a*3'+30a^c-5aV. 
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12. Multiply — 0^— ar»— 14»t-^by — om. 

Cabb m. 

84* When both the multiplioasd aud multiplier are com- 
pound quantities. 

Bulb. MuUipLy each term of the muUipUcand by each term 
of the 7/adtiplier, remembermg that the product of Wee signs is 
-|-» and the product qfurdike signs is -^ ; then add together aU 
the products. 

Note. Terms irldoh are alike shonld be placed imder one another. 

WXAMPT.TO. 



(1) 

Multiply 8a+4b 
By 2a+ b 


my 


(2) 

2» — y 

23?+2xy 
■ —xy--i 


6a'+llaJ+4y. 

(3) 
7ax—4y-{-Qm 


2x'+xy-^ 






29c^-lQay'+14axy- 

(4) (5) 
2a*+y Sa+4m 
a?-\-y 2a— 2m 




my-\-12my. 

(6) 
Sa-2i 
2a-bb 


+2a^+^ —Qam- 


6a»-4flJ 

-ibai+ioy. 


23*+B3?yi-y'. 6a''+2am- 


-8»^. 


6a»-19aJ+10J». 
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(7) 



8A« When positive and negative tenns balanoe each other in 
the product, they should be cancelled. 



(8) 


(9) 


a'+ax+a^ 


l-X+3»-3? 


a— a: 


1+X 



— a'x— eKr*— a:" +*— a:'+^— ** 

^ ^ i ^ 

86* The continued product of &otors is often expressed in 
one line. 

10. (1+i) (1+x*) (l-a:+2:»-a:=)=l-a:". . 

11. (a+2a:) (a-ar) (a+4a:)=a'+3a^a:-10aa:»-.24a:'. 

12. Eeqnired the continued product of 3a— a:, 2a+4a;, and 
4a— 2a;. Ans. 2M+2^z^ma3^'^%a?. 

13. Multiply Za?--2zy—f by 2a;— 4y. 

ilwj. 6a;3— 16a;V+6a;y'+4^. 

14. Multiply ar'+2a;+l by ar^— 2a;+3. 

Ans. a;*+4a;+3. 

15. Multiply a-^-b-^c by a^b'^-c. 

Ans. a«-i»+2ic-c'. 

16. Multiply 3a— 25 by — 2a+43. 

Ans. -6fl'+16fl3-8*». 

17. Multiply 5(^-3a3+43' by 6a-53. 

Am. 30a'-43a'^*+89a3'-205l 

18. Multiply a^+ah+b^ by a-5. il?w. 0*-^. 
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19. Multiply a^'-x'^ by a'''^x\ Ans. a'— 2tf*a:*+a:». 

20. Multiply 2a^—Sxy+^ by Sa?+dxy^5. 

Ans. -ez*— Sz'y+Sar*— 9aY+83ay— 30. 

21. Multiply bd'—iax+Ss^ by 2a«— Soar— 4a:». 

Ans. 10a*-23«':c-2aV+7aa:»-12a^. 

22. Multiply 2a»— 8az+4r» by 5a'— 6aar— 2a:«. 

ilw. 10a*-27a'x+a4aV-18ai;»-a^. 

23. Multiply aS-8a«+3a-l by a«-2a+l. 

• Ans. a»-6a*+10a'-10a»+5a-l. 

24. Multiply a»— a" by 2a— a". 

25. Multiply a*— o'ar-l-a'a:*— oar'+a:* by a+ar. 

Ans. if +7*. 

MUI/nPLIOATION BY DETAOHED OOSmOIKNTS. 

87» The coefficients of the polynomialB should be arranged 
according to the successive powers of the letters, increasing or 
decreasing by a common difference; and, when this common 
difference is wanting, its place should be supplied by zero. 

The following examples will illustrate the aboye : 

1 Multiply a'+2a+l by a'— 2a+l. 

1+2+1 
1-2+1 

1+2+1 
_2-4-2 

+1+2+1 



1+0-2+0+1. 



In adding the coefficients of the partial products, we peroeiye 
that the second and fourth places are a zero : but the letters 
must be written with their powers regularly ascending from left 
to right ; and, where zero is the coefficient, the yalue of the 
quantity is nothing. Thus, tf*+Oa'— 2a'+0a+l=tf*— 2a'+l, 
because zero is the coefficient of the secend and fourth terms. 
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2- Miihq>ly:^-a*byz»+x. 
1+0--1 
1+0+1 
l+O-l 

+1+0-1 
14.0+0+0—1. 
Wiiii tiie letters and tb^ powers added, it will be 

i'+(b»+ftc»+Oj^-a:»=i'-«'. 
The second* third, and fourth terms are of no value. 

3. Multiply 3tf»-4flfi»+6i'by 2a«— 4i^. 

8+0-4+6 
2+0-4 

6+0— 8+12 

-12- 0+16-24 

6+0—20+12+16-24. 
We now annex the letters with their proper powers, decreas- 
ing by a constant common difference, thus : 

6fl»+0rf»d-20e^^+12e^y4.16a5*-24y=. 
6ei»-20ff^^+12^^'+16a5*-24ZP. 

4. Multiply 2a«— 3ai^+5^ by 2fl«-6i^. 

2+0- 3+ 5 
2+0- 5 

4+0- 6+10 

-10- 0+15-25 

4+0-16+10+15-25. 
AfliTing the letters with their powers, we have, 

4a»+0tf*^-16a'i«+10fl'3'+15a3*— 25^= 
4a'-16a»^«+10a«53+15fl5^-25y. 

5. Multiply 6a»— a^+a by 2a*+a'. 

Ans. 10a^+6ii»— 6<i^— o'+tf*. 

6. Multiply 3a:»— 2a:-2 by a;«-3. 

Ans. 3ar*— lla:»— 23;»+6fl:+6. 



DIVISION. 87 

7. Multiply f+y-B by ^-y. 

8. Multiply o^+a^+a^+a^+x+l by a:— 1. 

9. Multiply a«-.2a3+4y by «»+2fl3+4^. 

10. Multiply 3a*+8fl?i+3e^3«+3a^+8i* by 7a-7*. 

Jlw. 2W-2iy. 

11. Multiply a?+3!?y+xi/^+^ by a:— y. Ans. a:*— ^. 



SECTION V. 

DIVISION. 

AsT. 88ff Division is tiie converse of Mnltiplioation, and is 
performed like tiiat of nmnbers. Its object is to find how 
many times one quantity is contained in another; or to find 
what quantity, multiplied by a given quantity, will produce 
another given quantity. 

The product of like signs, as in the rule of Multiplication, 
produces +» <uid unlike signs — . 

Cass I. 

89» When the divisor and dividend are both simple quan- 
tities. 

If abc be divided by a, the quotient will be be ; because a 
multiplied by be will produce abc. 

If 4abc be divided by 2a, the quotient will be 2bc; because 2a 
multiplied by 23c will produce 4abc. 

If 9bx be divided by 3a:, the quotient is 33 ; for Zb multiplied 
by 3a: is 93a;. 

From the above illustration we derive the following 

RxjLB. Write the dividend over the divifor, in the manner of 
4 
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a fracticm, and reduce it to its simplest form by cancieOkn^ the 
Utters and figures that are ammon to all the terms. 

Or, divide the coefficiefU of the dxindend by the toejfident of 
the divisoTf and carved the Utters common to the divisor and 
dividend. 



EXAMPUBS. 



I Divide 6a3 by 2fl. 



^=33 ; or, 6a3-e-2a=:8i. 
Za 

2. Divide 12abcxy by ibx. 

. .—^^sszSacy; or, 12abcxy-7'4bxz=:2acy. 

3. Divide mnop by op. Ans. mn. 

4. Divide 7abm by am. Ans. lb. 

5. Divide lAxyz by Ix. Ans. 2yz. 

6. Divide lOabcd by bbcd. 

7. Divide 9mnx by 3a:. 

8. Divide 17 ab by ab. 

9. Divide 4:9^st by 7qt. 

10. Divide 2Qhmno by 47w. 

90* Powers and roots of the same quantity are divided by 
subtracting the index of the divisor from that of the dividend. 
Thus, if we wish to divide €^ by a*, we subtract the index 8 
firom the index 5, and set the remainder 2 over the a ; thus, a?. 
This process is evident from the fact that a^=zaaaaaj and a' 
ssioaa, and aaaaa divided by aaa gives aa=:aK 

11. Divide ia'b' by 2ab^. 

^^=z2a'b\^ or, 4a»^*4-2a^'=2a»y. 
zab^ 

12. Divide 7a' by a". Ans. 7a\ 

13. Divide ^'b^cd by Bab. Ans. 2o^bcd. 

14. Divide Try by ry. -Aw. Try. 

15. Divide 60py by 80y. Ans. 2f^. 

16. Divide 12ar^2^ by Aea^. Ans. 3y«. 
IT. Divide ^^r'stW by 485fV. iiw. 2rV. 



Divisioir. 


1 


18. Divide ITo'^cy' by 17. 


Ans, c^v^. 


19. Divide a* by a*. 


Ans» ai. 


Case H. 





91 • When the divisor is a simple quantity, and the dividend 
a compound one, we adopt the following 

KuLE. Divide each term of the dividend by the divisor ^ as in 
Art. 89. Or, we may write the divisor under the dividend^ in 
the form of a fraction^ arvd then caned equal quantities when 
fawnd in the divisor and in each' term of the dividend* 

EXAMPLES. 

1. Divide d(^b+6a*c-'12ab by 3a. 



2a)9a^+Qa*c—12ab 

3a'i+2a'c— U. Ans. 
We find that 8a is a factor in each temi of the dividend ; 
we therefore write the other fiuitors under their respective 
quantities. 

2. Divide 8a»fc+16aP^-4tfc' by 4a«c. 

Ans. 2ab+4€?b'-€. 

3. Divide 9a?3c-3a«3+18fl?^c by Bab. 

Ans. 3a*c — a-{'^^c. 

4. Divide 20a*bc+lbabdJ^'-10a'be by bob. 

Ans. 4a'c+3^— 2fl«. 

5. Divide Ibz'f+SOx^y' by a^. Ans. 

6. Divide 7ax*y2^'-'14:zyz+21x]/^ by 7xy. Ans. 

7. Divide p^mq'\'2J^m'-p*mc by p^. Ans. 

8. Divide ^axz—Sfz+z^ by z. Ans. 

9. Divide 12ar«— 8a«i+16a^a:— lOar'y by 2a'. 

Ans. 6a-*— 4i+8aa;—5<rV. 

Case m. 
92f When the divisor and dividend are both compound quan- 
tities. 
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BuuL Write down the quantities in the tame manner as in 
the division of numbers in Arithmetic^ arranging the terms of 
each quantity so that the highest powers cfane of the letters may 
^tand before the next lower. 

Divide the first term of the dividend by the first term of the 
divisor, and set the result in the quotient, with its proper sign. 

Multiply the whole divisor by the term thus found; and, having 
subtracted the result from the dividend, bring down as many 
terms to the remainder as are requisite for the next operation^ 
which perform as before ; and so proceed, as in Arithmetic, till 
the work is finished. 

1. Divide a^+2ab+V^ by a+b. 

a^+2ab+v{^^'T'' 
* \a+b quotient. 

«'+ ab . 

ab+!^ 
ab+b^ 

2. Divide cf-^-bah-^-baa^+a? by a+x. 



4a^+baa^ 
^x-^-Aaa^ 



aa^+7? 
aa^+a?. 
8. Divide cf-^Aa^V'-^lW by a^^2ah+W. 

2t^b+lW 
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It may bo verified that (^'\-2ab-{-4l^ is the true quotient, by 
multiplying it by the diyisor. It should also be obseryed, that 
in every stage of the proceeding, the terms inyolyiog the highest 
powers of a haye been placed first on the left, 

4. Kyide ix^—da^'s^+dc^z—a' by 2a:»— Sox-fo?. 



93. If the diyisor be not exactly contained ia the dividend, 
the quantity that remains after the division is finished must be 
placed over the divisor at the right of th^ quotient, in the form 
of a fraction. 

5. Divide a*— z' by a-\-x. 



< 



2a? 



(f+a^z 
—-a^z—az^ 



94, The operation of division may be considered as ter 
ndnated when the highest power of the letter, in the first or 
leading term of the remainder, is less than the first term of the 
divisor. * 

The division of quantities may also be sometimes carried on 
ad infinxtwnty like a decimal fraction; in which case a few of 
the leading terms of the quotient will, generally, be sufficient to 
4# 
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indicate the rest, without its being necessary to continue Hie 
operation. 

6. Divide a by a+x. 




a-^-x 

a" 

—a; 

a 






4 
^t4 






3? 


a:" 



7. Divide a by a— x. 

X 3^ Q^ X^ 7? 

8. Let a'— 2a3;+a:^ be divided by a—x. Ans. a-^x. 

9. Divide a^-Sa'^+Sai'-^^ by a--3. 

10. Divide 8a8-4a'^3-6fly+3^' by 2a-3. 

11. Divide 33'+3a5«-4a«3-4a» by a+*. 

12. Let 2aV— 5aar+2 be divided by 2aa:— 1. 

Am* aa— 2. 

13. Divide 2W-2W« by 7a-73. 

Ans. 3tf*+3fl»3+8aV+8fly+33*. 

14. Divide a;*-2/*+22^2«-;t* by a;a+y«-2«. 
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15. Divide 1+a by 1— a. 

Ans. l+2a+2fl»+a^+2a*+, &o. 

16. Diyide 8a:»— 15^+23yz— 2ay--8:cz— 6z» by 2a:— %+z. 

Ans. 4z+5y— 6z. 

17. Diyide 6a;*-96 by ar-6. 

Ans. 23^+4z'+Sx+m 

18. Divide (f+afif'+a^b^+tiV+b* by tf*+a»3+a«i^+aA» 
4-3^ Am. a^^afb-^-c^V'^aP+b^ 

DIVISION BT DJBTACHBD OOETFIOBSNIS. 

95, As the pnpil has seen in Art. 87 that the operation of 
many questions in Multiplication is facilitated by using de* 
tached coefficients, he will readily perceive that the same prin- 
ciple will apply to Division. 

The terms of the divisor and dividend are to be arranged 
according to the power of the letters, and zero must be inserted 
for the terms that are wanting. 

The first literal term of the quotient is obtained by dividing 
the first letter of the dividend by the first letter of the divisor ; 
and the letters belonging to the other terms are written in the 
same order, as they are found in the divisor and dividend. 

EZAUFLBS. 

1. Divide (^+3a«^+3a^+3« by a+b. 

1 t Q i Q i -i/" -^^^ coefficients of the divisor. 
+ + + VT+2+i coefficients of the quotient 
1+1 

2+3 

2+2 



1+1 
1+1. 

o^-^asso^, first literal term of the quotient. The others will 
therefore be a3+3S and these terms annexed to the coefficients 
will be (^+2ah+l^. 
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2. Divide «*— ^ by a:"— y*. 

1+0+0+0-1(^5 
1+0-1 

1+0-1 
1+0-1. 



x*-^a?^=:3^^ first literal part The other regular parts are 
xy-\-'i^, ELaTing prefixed the coefficients, it will be x^-^-^^ocy 
+y^ ; but, as the coefficient of the second term is zero, the 
term has no yalue. The correct answer will therefore be a^+^. 
3. Divide ftr*— 48 by 3ar— 6. 

8-6 

6 
6-12 



12 

12-24 

24-48 

24-48. 

a^-^a;=s2^, first literal part. The succeeding terms will, there- 
fore, be a:"+a:+2". Hence the true quotient will be, a:'+22"+ 

4a;+8. 

4. Divide 1— a" by 1+a. 

Arts, l—fl+a'— «'+«*—«'+«'— a^ 

5. Divide Sy'+Sa:^— 4a;^y— 4a:' by a:+y. Am, 3^— 4a:'. 

6. Divide fl*-3a»3-8rf'3'+18fl*»-85* by a'+2a5-2^. 

iln*. a'— 6a3+43'. 

7. Divide nf—bm*n+107yfrj?-^107rM+bmn*—n^ by w'— 
2mn+n'. il?w. m'— 3»i'7i+3»in'— w', 

8. Divide a'^"+a''+*^**-*— a"^*3*^"*— 3*^" by a'^^+3"^^ 
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QUESTIONS TO EZXBGISB THE lOSEGOINO BULES. 

1. Wliat is the sum of the fofiowing quantities : 12a4-5c-{- 
17^+13*, Sa+12b+lbd+Scy llc+lba+23b+l0d, and 4^^+ 
3a+20^+18c? A7U. 38a+683+42c+46rf. 

2. Add together 5a+33— 4c, 2a—bb+Qc+2d, a'-4b^2e 
+3e, and 7a4-43— 3c— 6e. Ans. 15a-23— 8c+2rf— 3^. 

3. Find the sum of 3a«+2ai+4«*, 5^— 8ai+63«, ^ia^^bah 
— 3^ 18a«— 20a3-193«, \^^Zab+2W, and — 36a«+24fl3- 
103^ ilTW. 

4. Bequired the sum of 5a»*— ITo^^c— 163V+5, -4a'3+ 
8fl'5c-10^c*-4, -3a'3-3a'^+20W— 3, and 2^b+\2^bc\' 
6^'c*+2. ilTW. 

5. Add the following quantities : a-\-h-\<-\-di a-f 34-c — 2d^ 
a+h—^c+d, a— 33+c+(Z, — a+3+c-frf, and a— i— 2c— 2rf. 

6. Multiply ««+2a:+l by a*— 2a:+3. il?w, a;*+42;4-3. 

7. Multiply 1— a:+a:»— a:» by 1+x. -Am. 1— a:*. 

8. Multiply I-2a:4.3a?-4aJ»+5af*-6a:»+7a:'-8a;' by 1+ 

9. What is the continued product of a+3, a— 3, a^+fl3+y, 
and a»— flH-^ ? -^^- «*— **• 

10. Multiply a:»+3aa:»+3a»a:+a» by a:*— 3a2*+3fl«a:— a». 

ilTW. a:«-3aV+3aV— a'. 

11. Multiply a^^^h^"^ by a'H-i^.^M-i. 

12. Divide af-'of by a:— a. Ans, af*4-«3:'+fl^+«^^+^*' 

13. Divide a:*— 9a;»— 6a:y— ^ by a:*+3a?4-y. 

Ans. a? — 3a:— y. 

14. Divide a;*— 4a:»+6a^— 4a;4-l by a:^— 2a:+l, and a:*— 
%^+lMx--'lM by a;»+2aa:— 3fl?, and find the difference of 
their quotients. Ans, 2a;— 2aa;— l+Sir*. 

15. Divide a^^lQaV+Misf by a— 2a. 

Ans. a:«+2aa^4.4a«a:»-8a»a:«-16a*a;-32a^. 
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SECTION VI. 

FRACTIONS. 

Art. 96t Algebraio Fractions are similar to Tulgar frac- 
tions in Arithmetic ; thej express a part, or parts, of a quantity 
or a unit. 

97 • Thej consist of two parts, the numerator and denom- 
inator, the former being written above the line, and the latter 
below it ; and these, when taken together, are the terms of the 
Action. 

A8t The denominator shows into how many parts the quantity 
or unit is divided ; and the numerator, how many of these parts 
are represented by the fraction. 

99, A proper fr actum' la one whose numerator is less than its 
denominator; as, 

a^-b 7 

lOOi An improper Jraction is one whose numerator is equal 
to or greater than its denominator ; as, 

a b+c 7 

101 • A mixed quantity is a whole number or quantity, with a 
fraction annexed, with the sign either plus or minus ; as, 

a . m , a ^ —• 

r+Vf or -—a:, or y+-., or a?—-, or 7f . 
If n en 

102. A compound fraction is a fraction of a fraction; as, 
|of|ofJ;or,JoffofA. 

lOS. A complex fraction is a fraction haying a fraction in its 
numerator or denominator, or in both: as, 
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4 


a a 


4 


7 


b c—d 


H' 


n* 


?« n • 




12 


d p 
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104. The value of a fraction depends on the latio which the 
numerator bears to the denominator. 

105i The value of a fraction is not changed by mullipljing or 
dividing both numerator and denominator by the same quantity. 

106* The greatest common measure of two or more quantities 
is the largest quantity that will divide all of them without a 
remainder. 

107t The least common multiple of two or more quantities is 
the least quantity that can be divided by them all without a 
remainder. 

108. A fraction is in its lowest tenns when no quantity, ex- 
cepting a unit, will divide both of its terms. 

109i Quantities are said to be prime to one another when 
their greatest common measure is a unit. 

llOi Prime factors of quantities are those Actors which caa 
be divided by no quantity but themselves or a unit; thus, the 
prime factors of 35 are 7 and 5. 

lilt A composite quantity is that produced by multiplying 
two or more quantities together. 

112* A fraction is, in value, equal to the number of times the 
numerator contains the denominator. 

113t A fraction is increased in value either by multiplying its 
numerator or dividing its denominator. * 

114t A fraction is diminished in value either by dividing its 
numerator or multiplying its denominator. 
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G18B I. 

115« To find the greatest conmion measure or diviBor %,£ the 
temiB of a firaction. 

Bulb. Arrange the two quantiHes accordifig to the order of 
their powers^ and divide that which is of the highest dimengions 
by the other ^ having first cancelled any factor that may be con^ 
tained in aU the terms of tie divisor^ without being common to 
those of the dividend. 

Divide this divisor by the remainder^ simplified as before^ and 
so on for each successive remamder^ and its preceding divisor^ 
ttU nothing remains; and the hut divisor,will be the greatest 
common measure or divi^ required. 

If any of the divisors, in the course of the operatum, become 
negative^ they may have their signs changed, or be taken affirm^ 
atvody, without altering the truth of the result; and, if the first 
term of a divisor should not be exactly contained in the first term 
of the dividend, the several terms of the latter may be multiplied 
by any number, quantity, or factor, tJuU vnJl render the division 
complete. 

1. Find the greatest common measure or divisor of - j^,^ . 

cx-{-a?)c?C'-\Hi?x 
c-\-x) fl?c-}-a^a;(a' 
c^c-\-c?x. 

As a; is foimd in both terms of the divisor, we divide those 
terms by z before the operation. 

The greatest common measure of both terms we perceive is 
c-^'X; that is, it will divide them both without a remainder. 
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2. Required the greatest factor of ^ . 

—2^-2^*1:) 

^ We cancel 2&r in both terms of the second diyisor, as it is 
common to both. 

As x-^-b is the last divisor, it is the greatest fiMitor or com- 
mon measure of the quantities proposed. 

3. Required the greatest common diyisor of So^— 2a— 1, and 

3^_2a-l)4a'-2^-3a+l{4a 
3 



12a'--6a«— 9a+3 
12a'-8a'-4a 



2a«-5a+3)3^-2a~l 
2 



6a«— 4a— 2(3 
&r»— 16a+9 



11a— 11 

a-l)2fl?— 5a+3(2a— 8 
'2a'-2a 



— 3a+3 
-3a4-3. 

As 11 is common to both terms of the third diyisor, it is 
cancelled ; therefore a— 1 is tiie greatest conunon factor of both 
quantities. 

4. What is the greatest conmion diyisor of z"— o^, and 
ar^— £^? Am. z-^a. 

5 
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5. YfhMi is ike gretttesi oonmion fiictor of a:* — 1, and az+a ? 

Am. a:+l. 

6. Required the greatest common &6tor oft^—z\ and y^— 
^— yz"+a:*. Ans. ^--^. 

7. Beqnired the greatest common measure of i^—t^x+aa^ 
—a*, and a*— x*. Ans. a*— a^+oa:'— a:^. 

8. Required the greatest common &ctor of 0*— o^, and €^+ 

Oasx n. 

116* To reSuoe fractions to thmr lowest tenns. 

Bulb. Dhide the terms of the fractian by the prime factors 
common to both. 

Or^ divide both terms of the fraction by their greatest common 
divisor. 

I17« That fractions after reducUon have the same yalae as 
before, is evident from the fact that their numerators retain 
the same ratio to their denominators; for equi-multiples and 
8ub*multiples of any two numbers have the same ratio to each 
other as the numbers themselves. 

Letters or numbers common to all the quantities in each term 
of the finiotion may be cancelled. 

EXAMPLES. 

1. Reduce ^-97^ to its lowest terms. 

Dcrba 

4abc _ 2abX^ __ 2c . 

In this operation we find 2ab to be the largest &ctor in both 

2c 
terms ; it, therefore, may be cancelled, and the answer is 5—3. 

2. Reduce , ^ to its lowest terms. 

admny 

aibxy bx . 

admny dmii 
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In this question we find a and y common to both tenns; and, 
they being cancelled, the result is 



3. Keduce — %^ to its lowest tenns. ' Am. — . 

mnojrqx px 



a'hc 



c 



4. Eeduce ^-^r^ to its lowest tenns. Ans. -=-, 

b<tb^ ^ bb 

5. Reduce ^ft — to its lowest teims. Am, j-=-. 

4£ta? 1 

6. Eeduce ^^ , to its lowest terms. Am. ^— . 

7. Reduce ^^j- to its lowest terms. Am. ^r. 

own 66 

Q ^ , 56^V ^ .^ , ^ ^ / 14OT2r* 

8. Reduce ^^- «, to its lowest terms. Am. ^^ % 

9. Reduce ^s^r-^ *o i*s lowest terms. ifcw. j-^. 

x^^b^x 
10. Reduce , . .- — t-r to its lowest terms. 

In performing this question, we first find the greatest common 
measure of the two terms of the fraction, which is z-{'b ; we 
then divide both terms by it. Thus, 

as^ — b^x a^ — bx 



'+'). 



x'+2bx+b'''^ x+b ' 



Am. 



3a— 2a: 
^^- 3M=2i- 

a^—x* 

12. Reduce -j — % to its lowest terms. ■. 1 

a*-x* Ans. ^^ 

13. It is required to reduce -j — ^ to its lowest terms. 

Ans. ^+g'+^. 
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Oasx m. 

118i To redace a mixed quantity to the fonn of a firaction. 

Bulb. Multiply the integral part by the denominator of the 
fractional part ; to this product annex the numerator of the 
fraction, prefixing to it the sign of the fraction ; under the whoU 
tffrite the denominator of the fraction, 

SXAJUPLEB. 

7X5+3 38 ^ 
1. Reduce 7| to a fractional form. — r-i— =-r-. Ans. 



7f to a fractional form. — g — =-g-. 

fraction. 
aXe+b _ae+b j^ 



2. Reduce a+- to tbe form of a fraction 
* e 



8. Ghaiige a+ to a fraction. 



m m * ' 



4. Change a— ^i^ to the form of a fraction. 



g^g— m-{-n ae — m — n - 

^""1 '. e 



6. Reduce x to the form of a fraction. 



ma 3 

6. Change a-^ — "^ — to the form of a fraction. 



xy,m-~a—b mx — a+b . 

m 

L. 

anr\-1^ — cd 



Ans. 

n 

7. Reduce 7a? i-^ to the form of a fraction. 

56a:— 4n''— 5a 
Ans. g • 
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8. Beduce 15a ^ to the fonn of a fraetion. 

Ans, . • 

Am 

9. Bedace 7a— 3 3 — to the fonn of a fraction. 

4n 

. 28a7t— 4&n — le+m 

Ans, 3 ' — . 

4n 

a'— 5w' 

10. Change Hot— 4«+h— 30-5 *o the form of a fraction. 

. 33gra^— 22m?t^l2OT?t+3» ^+fl^ 
3ot-27i« • 

11. Kednce ^^b^~^—±— to the fonn of a fraction. 

- . 16a;^+10ay»~24a:»y^-152^-dP— g» 
^^- 2x-3y» • 

Cabb IV. 

119« To repres^t a fraction in the fonn of a whole or mixed 
quantity. * 

Bulb. Divide the numerator by the denominator for the inte- 
gral part , and write the reTnmnder^ ifcmy, aoer the denojijpinatoT 
for the fracAicnfujil part ; annex this to the integral part, and U 
toUl represent the quantity required, 

EXAMPLES. 

27 
1. Change -^ to a mixed qnantity. 

o 



88 
2. Change tt to a whole number. 



^=27-^8=:3f, Ans. 



j?=884-ll=8. Am. 



8. Change — ^^— to a mixed qnantity. 



ax-^c? ■ e^ 

■ — =3:ax+a^ -5-a:=aH — . Ans. 

X X 



5* 
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4. Ohaoge — r~- fo a luized quantity. 

a^— fl* *- — - c? . 

— = — s=sa& — a'-T-©=sa — -r. Ans. 
o o 

5. Change — ■ to its equivalent mixed quantity. 

Ans, c? — 0x4-3^ r— . 

6. Change j~^ to a whole number. -Atw. a"-— zy+^. 

7. Change ^ to a whole number. Ans. a^'+^+y** 



8. Find a mixed quantity equivalent to 



ca^—x 



Ans. 7? — , 
a 



Casb V. 

ISOt To reduce a complex fraction to a simile one. 

Bulb. If the numerator or derummuUorj or both, be whole or 
mixed quantities, reduce them to improper fractions. Then 
rrndtiply the denommator of the lower fraction into the numerator 
of the upper for a new numerator and the deTumdnator of the 
upper fraction into the numerator cf the lower for a new 
deTumdruitor ; or, invert the dewmxnator of the complex fraction 
when reduced, and place it in a line with the Tvumerator; then 
multiply the two numerators together for a new numerator , and 
the ttw denominators together for anew derunninator. 

All fractions in this proposition must be reduced to this form, 

a 3 

c 4 

2* or 5, before they can be solved by the above rule. Now, 

b 5 

every fraction denotes a division of the numerator by the 
denominator, and its value is equal to the quotient obtained by 
such a division. Hence, by the nature of division, we have, 
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a 



By the preceding rules we are enabled to show all the yari- 
ations that can possibly happen in preparing firaetions, and also 
the method of reducing them to their lowest terms. 

TETAMPT.TER . 

1. Reduce | to a simple fraction. |=Jxf =H- -^«»- 

2. Beduce 07 to a simple fraction. 



7 

3. Reduce J to a simple fraction. 

l=:t ^Xf =V=21. Ans. 

4. Reduce ^ to a simple fraction. 

a 
6. Reduce — r- to a simple fraction. 
a a 



6. Reduce to a simple fraction. 

xA — 

y 

a 

y y 
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7. BeduoQ to a siinple fraotioiL 

in 

X 

n 



. h ac+b " 



c c ac+b n acn4-bn . 
-= — == — J— V = ! — . Am. 



m rye — m c vX'-m cnx — c 

X 

n n 

8. Reduce ^ to a simple fraction. Am. \^. 

X 

^~^ ^ 6a— 3a; 

9. Eeduoe — ^ to a simple fraction. Ans. amr' 

^+'3 
n 

^ — 3 Bm—n 

10. Reduce to a simple fraction. Am. — 5— - 

11. Reduce — =3 — to a simple fraction. q Sj; I jg 

Case VL 

121 1 To reduce fractions to a common denominator. 

RuLB. Multiply each numerator into aU the denominators 
except its own for a new numerator ^ and dU the derumiinaiors 
together for a common demmmuxtor. 

Or, find the least common multiple of aU the denominators^ 
and it- tmU be the denominator required. ' Divide the common 
multiple by each of the deTumdnatorSf and multiply the quotients 
by the respective numerators of the fraxtions^ and their products 
win be the numerators required. 

FIBST METHOD. 

1. Reduce ^^ i, and f , to a common denominator. 

5X 8x4=160, numerator for T«^=J| J. 

7X12X4=336, numerator for J =%ii. 

3X12X8=288, numerator for j =?|f. 

12x 8x4=384, common denominator. 
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Equimultiples of the terms of a fraction express iiie same 
value as the fraction itself. The terms of ^ are each multi- 
plied by 8 and 4 Hence ^|f has the same yalue as fy. The 
same may be observed of j^ and f . 

2. Reduce r-, -=, and — , to a common denominator. 
o a n 

aXdXn=adn=zmvaxeTB,ioT of -r=r^. 
/ ban 

c X ^ X'i=^c«=numerator of ^=7-7- • 

a dan 



fnX^Xd=bdms:inxmieThiOT of - =-j-r 

n can 

^X^X^=^^^=oommon denominator. 

SSCOKD METHOD. 

3. Bednce j^ ^, and ^, to a common denominator. 
4)8, 12, 4 



2, 3, 1 ; 4x2x3=24, common denominator. 
24 



8 

12 

4 



3X7=21, numerator for J =|i. 
2X5=10, numerator for if^=^. 
6x1= 6, numerator for J ^^» 



4. Reduce -r-, -^, and 3-, to a common denominator. 
4a; or ox 

•g) 4a?, a:", 8z 

4 )4, X, 8 

1, Xy 2; 2;X4X^X2=8a:', common denominator. 

^ 

a ^ax 



4z 

a? 
8x 



2xXA=:2aa;, numerator to j-s=^. 

8 x»=83, numerator to ^=o-5« 

« ^ 3a 3«a; 

xXoa=sBaXf numerator to s-=o-t- 
oa: oar 



5. Reduce ^, ^, Imd ^» to a common denominator. 

^ns. if, fi» **• 



58 ALaEB&A 

6. Seduce^, ^^ ^, and 7, to a common denominator. 

Ans. 

7. Beduce ^.of 7^ and -^ of 5 to a common denominator. 

Am. 

8. Reduce f of ^ of 17 and j^ of 19 to a common denom- 
inator. • Ans. 

9. Beduce ^ and ^ of —• to a common denominator. 

Ans. T«5Mar, xftSTT- 

10. Beduce — , — , and*-; , to a common denominator. 

y X b—c 

. Sha^Sca^ Abmy'-^cmy axy 
hxy — cxy ' hxy — cxy ' bxy — cxy 

11. Beduce -, ^r, and . to a common denominator. 

z x—2 y 

axy—2ay bxy _ dx^^Sa^^2dx+Qx 
x^— 2a:y' a^y — 2xy' a^y—2xy 

12. Beduce -^, rr, and , to a common denominator. 

X y — ^ lo • 

18<^+183y->36g— 363 d4x—lSax ar'y— 7a:y— 2a;'+14a? 
18a:y-36a: '18a:y-36a:' 18:^-36a: 

•^ 4(1 a d a — b 

13. Beduce = — x, -, -, and =•, to a common denominator. 

o — O X X — 

4aba^—20abx abx'^Sax^'-babx^lbax 



Ans. 



bV'-Bba^-bb^x+lbbx* li'a^--Bbx'-^bb^x+lbbx' 

b^dx—Bbdx^bb^d+lbbd ab^x—Px-'Sabx+Sb^x 



. bV—dbx'-bb^x+lbbz' dV-3*ar*— 6i*a;4-15te* 



14. Beduce x, y, -, and zr. to a common denominator. 

^ X y— 3 



. x'y—Sx^ xi^^Szy ay—Sa 
A.ns. 



xy—Sx * xy—Bx ' xy — 3a;* xy^Zx' 

15. Beduce a, 3, e, d^ and r> to a common denominator. 
b 

ab P be bd a 
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16. Qhange- and ^p to a oommon denominator. 
tn 1 



Ans, 7: — and - 
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17. Change rr and — to a common denominator. 
7^ X 

Ans. =^- and =t-. 
Ibx 15x 

Case VU. 

addition 01 vba0ti0n8. 

123« To add fractional quantities. 

Bulb. Bedtice the fractions to a common den^omhuUorf and 
tprite the sum of the rmmerators over the common denominator 

EXAMPLES. 

1. Add I, -j^, and ^, together. 
Here 7x12x16=1344 ^ 

5x 8x16= 640 > the new numerators. 
llX »X12=1066) 

3040 

— ^=1^. Ans. 
And 8x12x16=1536, the common denominator. 

2. What is the sum of -, -=, and 7 ? 

o a J 

Here aXdXf=odf \ 

cX^Xf=^cbf > the new numerators. 
eXbXd=ebd ) 
And bXdXf=^Mf* ^® common denominator. 

^ ^ adf ^ cbf ^ ebd adf+cbf+ebd . 
Therefore, ^+^+^== M/ ' ^^^ 
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3. Add the foUawing quantities, a — jr- and b -J . 

o c 

3ar* ai— 8a:« , , 2ax bc+2ax 



ab—^Xc=abC'-Sc3^ ) 

? — r-s — , >9 i A > c numerators. 
bc+2axX^=^^c+2abx ) 

bXc ssbc, common denominator. 

abc—^cx^ , b'^c+2abx abc-^^cx^+J^c+^dbx 

—bT-^—bT' = 7^ ='^+^-^ 

2abx—Sca^ . 

L . Ans. 

be 

4. Add together g^, ^, and j^,. 

84flV+86e?mn*+105<Kfe 



Ans, 



5. What is the som off, -^y and ^? Ans. 1^. 

6. What is the snm of |, ^^^1 and ^ ? Am. 2^. 

7. What is the sum of f , f , f , and ^ ? iin; . 2^f 

8. What is the sum of 8}, 8f , and 7f ? iin;/ 20^. 

9. What is the sum of J of 7^, and ^oflZ'i Am, 13^ 

10. What is the sum off of 1, and j. off? Am. ^. 

11. What is the sum of | and -i- ? Am. f ^. 

12. What is the sum off of ^ and f of i? -Atw. if^. 

13. Find the sum of -p- and ^r^. il?w. -^J ^. 

4a 8e 12ae 

14. Find the sum of k, ?, ?• -^«*- "s^- 

4 oi> 

iR T?j*u p^a ,a— 3 . 23a— 21 

15. Fmd the sum of -^ and — r— . Am. — 5^ — ^. 

7 4 iSo 

16. Find the sum of 477i, — ^^, and — ^. 

. 9a+24m+8«+l 
^n,. g . 
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17. What is the sum of — ^^, — i-, and ^r- ? 
6 2 

. 139a— 8 
S 8 ^' ~30— 

a* — y 

19. Add — r, —T— 5, and -^ togetiher. 

J- 3 

20. Add — - to ^ =.. Ans. -^-^ — J___-^. 

2 3 

Cam Vm. 

BDBTIUKnON Of TRAOTIONB. 

123« To subtract one firaotion from another. 

Rttle. Beduce the Jractions to a crnnmon derunnmator^ suth 
tract the numerastor of the tubtrahend from the numerator of the 
minuend^ and write the difference ever the common denam' 
nator. 



1. From ^ take -f^ 
^ 7X11= 
4X 9= 



Here 7X11=77 ) ^^ 

9=36 I ^®^ nmnerators. 

And 9x11=99, the common denominator. 

Whence H— ff=lf ^^' 

2. From % take ^. 
a 

Here aX^==a^ ) ,, 

, , \ the new nnmerators. 

And bXd=hd, the common denominator. 



__ ad be ad^bc . 



6 
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8. From i take ^. 


iim . If. 


4. From % take |. 


ilw. f . 


5. From 7| take 4f 


il7». 8^. 


6. From 6A take f of 5. 


Am. 2§^. 


7. FromSf takef oflTj. 


ilTW. If 


8. From f of 11 A t«^e ii o^ 3^. 


iin*. im- 


9. From f of 18^ take ^ of 7f 


Am. 9/r. 


10. From f of 7 take ^ of 17^. 


Am. 2iJ. 


11. From 3 take ^. 


Am. T^^. 


12. Take f , from ^,. 
a+1 a— 1 


^^- a«-l 


18. From -^ take -=-. • 


. 29a; 
^^- 85- 


1^ n^ 8a-2^^, 2a-4i 
14. From — = — take — s^ — . 
8c 5^ 

15fl5— 6ac- 
ilw. -,- 


-10i^+123c 
1 1 - • 



Ibbc. 

-iK -o . J .1^ j.ir ^12a: ,8x . 69a: 

15. Required the diference of -^ and -= . Am. -k^. 

16. Subtrac't^from^ii^. il7». :^^ 

x-j-y z--y ar— y^ 

17. Subtract a — ^ from 3aH — i-- -^^' 2a+-=. 

a w a 

18. Subtract x ^ — from 7a; 5 — . Am. 6a;+a+^. 

19. From (±i#! take (?=*>'. Am. 4. 

a+b a-'h 

on T?_ ~2" ^ , "T ^ 5fl?+26a3+53« 

20. From ^^ take—. iln,. X-_ J. > 

3 2 
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Casb IX. 

MUI/CIPLICATXON Of V3UCTION8. 

I24i To mixltiply firaotioos together. 

Exile. Multiply the numerators together for a new tvultmT' 
ator^ and the denxmdnators for a new deTWTrnnator, 

When the numerator of ome of the frojctvms and the deTum^ 
motor of the other can he divided by same gtumtity which is 
common to each of them, the quotients may be used instead of the 
fractions themselves. 

Also, when a fraction is to be multiplied by an integer , it is 
the same whether the numerator is multiplied by it or the derurni- 
motor is divided by it. 

If an integer is to be multiplied by a fraction^ or ajraction by 
an integer, the integer may be considered as having unity for its 
denominator. 

A mixed quantity should be reduced to an improper fraction. 

Powers or roots of the same quantity are multiplied together 
by adding their indices. 

BXAMPLE8. 

1. Multiply f by J. iXi=U' ^«*- 

2. Multiply J by-. • jX-=^. Ans. 

3. Multiply ^ by g. -xS=^- ^^' 

^ ^ mn ^ bed mn bed nd 

Note. — The 5, c and m, are cancelled in both &ctor8. 

4. Multiply^ by 2«». ^X-T^m' ^"'' 

5. Multiply a+^ by -. 



a a a n an ' 
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7. Multiply—, by ^^ Ans. ^^. 

8. Multiply T^ by gj^. Ans. gg^. 

9. Multiply g by 3^ ^n*. 21^- 

10. Multiply^ by ^. Ans. ^. 

11. Multiply^ by g. • /-I. 

When the multiplier • and denominator of the fraction are the 
same quantity, they cancel each other. 

12. Mt^ltiply = — by 7mn. Am. Sab. 

13. Multiply^ by lloi. Ans. Qmn. 
^hyxy. . Ans. 4acd. 

16. Multiply ^ by 17 ab. Ans. Zhm. 
16. Multiply 4:7ab by -^. 



14. Multiply by zy, 



Ans. X. 



17. Multiply -^ by — . Ans. 



Ans. i. 



19. Multiply J by J. Am. ^. 
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Casb X. 

BIYISION 01 IKAOnONB. 

125, To divide one fraction by another. 

BiTLE. Multiply the denondruxtor of the dwisor by the rtUmer- 
ator'ofthe dwideTid'for the numerator ^ and the numerator of the 
dwisor by the denomtnator cfthe dividend for the denammatar, 

Or^ invert the divisor, and proceed as in mzdtiplication. 

Or J divide the numerators by each other, and the denominators 
by each other, when this can be done without a remainder. 

Mixed quantities should be changed to improper fractions, 

EXAMPLES. 

LDrnde^by^, 4"^ T=iX 3^=12^=8- ^' 

2. Divide^ by g. 



3a^ bcSa 4d 12ad^.^ . 
2b*4d~2b^bc'^10bc'^bbc' 



o ,.. . , 2a+b . 3a+23 



8a-2i' 
4. Divide-^ by ^. 


^Sa+2b 


9a'-44». • 

. 86a: 9x 


5. Dmde^bySa*. 




62» 2 


6. Divide -J- by -jg. 




. 91»n» 


7. Divide i^ by 11. 




^. f. 


8. Divide — by xy. 

xy ^ ^ 

9. Divide ^+1 by ^ 

6* 




. 3a:+l 
^- 12z' 
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10.1Hvide^by^. Arul \ 

ILDmde^by^. Aru. ^. 
12.D.vxde-3^byg^. il«*. ^ ^g^y ^ > 

12fl*-14a«^-8a«3«+10ai3- 



Am. 
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If we divide €f sacoessiTely by a, the following will be the 
quotients : 

, 3 , , , 1 1 1 1 , 

a\ a', a% a\ 1, -, ^, y ^, &o. 

. By examining the above, we perceive that the exponent of 
each term is one less than the preceding; therefore the division 
might have been expressed thus : 

a*, a", a', a^ a°, ar*, tf^, at*, a*^. 
By comparing the last quotients with the former, we find, 

a*=^; cfz=:(^i a^sssc^; a=a^ ; l=a°; -=0"*; -3=^ '; 

a AT 

a^ a* 

We also perceive that exponential quantities are divided by 
subtracting their indices. 

Hence, if at* be divided by <r^, the quotient will be (r^*= 
ar^ ; or, ar** by ar*^=xr^+''. 

We also infer from the above illustration that 

Again, we see from the above that any quantity which has 
lero for its exponent is equal to 1. 
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We infer, also, that if similar quantities with negatiye ex- 
ponents are divided by subtracting their indices, that saoh 
quantities are multiplied bj adding their indices. 

Thus, flr«Xflr»=flr«, and a'Xflr»=a*-*==a'^=l. 



EXAMPLES. 




1. Divide ar^ by at®. 


-In*, fl-^. 


2. Divide m-^ by wi"*. 


il?u. m'. 


3. Divide a;* by or*. 


Jl«j. a:". 


4. Divide lar^ by ar^. 


Ans. Ix. 


5. Divide ^ by f. 


Am. Sjr*. 


6. Multiply ar^ by TflT®. 


ilTW. 7^. 


7. Multiply 3m by m-*. 


il«*. 3m-*. 


8. Multiply 4ar-* by a:". 


ilTW. 4ar>. 


9. Multiply or' *-« tr" by a* ^» c». 


Afu.ifb (r\ 


10. Divide a^ by a***. 


Am. a^. 


11. Multiply r^ by w"*. 


Am. «"*. 



To free fractions from negative exponents. 

KiTLE. Tramfer the letters which have negative exponents in 
the numerator to the denominator^ and those which have negative 
exponents in the denominator to the numerator, and then change 
the sign of the exponent. 

Note. This role implies the iiiTiltiplymg of all the terms of the numer- 
ator and denominator by the same quantity. Therefore, by Art 121, the 
Ttklue of the fraction is the same. 

EXAMPLES. 

1. Free the fraction -j^:^ — ^ from negative exponents. 

a €' 

Ans. ^ 

2. Free the fraction — .^ ^ from negative exponents. 

Ans. ^ 
xf^p 



S ALGB-BBA. 

3. Free the fraction — 7-L^ fr^ni nogatiye exponents. 

Ans. ^*^+'^\ 

4. Free the fraction ^_^ »_ £ — j from negative exponents. 

5. Free the fraction — ~ from negative exponents, 

6. Free the fraction — ^ -4^-?^ ^®°^ negative exponents. 

73VJ 



SECTION VII. 

BQUATIOKS. 

Abt. 126t The doctrine of equations is that branch of 
Algebra which treats of the method of determining the values 
of unknown quantities by means of their relations to others that 
are known. 

This is effected by making certain algebraic expressions 
equal to each other ; which formula, in that case, is called an 
eqvjoiion, 

127t The terms of an equation are the quantities of which 
it is composed ; and the parts that stand on each side of the 
sign = are called the two members, or sides, of the equation. 

Thus, if a:=a+i, the terms are ar, a, and h ; and the mean- 
ing of the expression is, that some quantity a:, standing on the 
left side of the equation, is equal to the sum of the quantities 
a and &, on the right side. 
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128t A simpU equation is one which oontains only the first 
power of the tinknown quantity ; as, . 

X 

x-^a=10 ; ax-\'bx=:zc ; or, 4x+j=sn ; 

in which equatidn z denotes the unknown quantity, and the 
other letters and the numbers the known quantities. 

129* A compound egpiation is one which contains two or more 
different powers of the unknown quantity ; as, a^'\'ax=id ; or, 

130. A quadratic equation is one in which the highest power 
of the unknown quantity is a square. 

131 « A cjibic equation is one in which the highest power of 
the unknown quantity is a cube ; as, 

a?=Q4: ; or, a? — a3^-\-hx=sc. 

132i The root of an e€[uation is such a quantity as, being sub- 
stituted for the unknown quantity, will make both ades of the 
equation vanish, or become equal to each other. 

133* The number of roots of any equation is indicated by the 
index of the highest power of the unknown quantity; hence a 
nmpU equation has one root^ a quadratic two, cuhic three, &o, 

134t Identical equations are those which have the tonus of 
tiie equation the same. 

135* Numerical equations are those which contain numbers 
only in connection with the unknown quantities; as, 
ar»+7a;+5=100. 

136« IMerdL equations are those in which numbers are r^re- 
sented by letters ; thus, 

m^-^-px+apssr. 

137* To reduce an equation is to discover the value of the 
unknown quantity in it. 

lS8i The process of reducing equations depends upon the 
following simple principles or axioms ; 
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1. If to equal quantities we add the same, or equal quantities, 
the sums will be equal. 

2. If from equal quantities we subtract the same, or equal 
quantities, the remainders will l^e equal. 

3. If we multiply equal quantities by the same quantity, the 
products will be equal 

4. If we divide equal quantities by the same quantiiy, the 
quotients will be equal. 

5. If we extract the same roots of equal quantities, those 
roots will be equal. 

6. If we raise equal quantities to the same powers, those 
powers will be equal. 

139i The known and unknown terms of an equation may be 
combined in various ways. 

1. By addition ; as, ar+7==16, or x+a=b. 

2. By subtraction; as, ar— 9=19, or x^a=b. 

3. By multiplication; as, 7a:=84, or ax=c, 

X X 

4. By division; as, 7=12, or -z=d. 

4 a 

5. By a combination of two or more of these rules ; as, 
— -j-17=3a:— 5; or, -rr— |-w=c2:— w. 

I. 

140* To find the value of the unknown quantity, when com- 
bined with a known quantity, by iaddition or subtraction. 

1. Let a:-|-7=16 ; and it is required to find the value of x. 

Now, as x+7 is equal to 16, it is evident, from' the second 
axiom, that, if from each of these equal quantities we subtract 
the same quantity, the two remainders will be equal. We 
therefore subtract 7 from each member of the equation. 

Thus, ar+7_-7=i6-7. 

As the plus 7 and minus 7 in the first member of the equa- 
tion cancel each other, the equation will be 
x=16-7=9. 



KQtTATIONB. 71 

Therefore the yalue of a; is 9 ; bnt, in the operation, we have 
only transposed the plus 7 from the first member of the equation 
to the second, and changed it to a minus. 

2. Again, let z — 5=12 ; it. is required to find the value 
ofaf. 

Now, by the first axiom, we find, if equals be added to equals, 
their sums will be equal ; we therefore add 5 to each member 
of the equation, and we have 

a:— 5+5=12+5. 
In the first member of the equation, we haye —5 and +5 ;- and, 
as i^ej will cancel each other, the equation will stand 
a:=12+5=17. 

There^J^e, the value of a: is 17. 

All that we virtually have done in the above operation has 
been to transpose the minus 5, in the first member of the equa- 
tion, to the second, and to change it to plus. 

From the foregoing examples and illustrations, we deduce 
the foUo^ving 

EuLE. When a quantiiy is transposed from one member oj 
the equation to the other, its sign must be changed, 

3. Given a:+15— 6=86— 8 to find the value of a:. 
By transposing, a:=86— 8— 15+5, 

By uniting, a:=68. 

4. Given a:— 29+3=100— 19+3 to find the value of a:. 
By transposing, a:=100— 19+3+29— 3. 

By uniting, a;=110. 

5. Given a:+12— 3=7— 4 to find the value of a:. 
By transposing, a:=7— 4— 12+3. 

By uniting, a:= — 6. 

6. Given a:— 5— 4=24+7 to find the value of a:. 

Ans, a;=40. 

n. 

141 When the known and unknown quantities are combined 
by multiplication. 
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7. What is the value of a; in the equation 5a;-|-18s=58 ? 
By tnmsposition, 5a:==58— 18, 

By reduction, 5a;ss40. 

By division, r=8. 

We say that if 5 times z is equal to 40, it is evident that ^ 
of 5 times x^ that is, a;, is equal to 8. 

112« Hence, if the unknown quantity in any equation be 
multiplied by any number or quantity, in order to find its value, 
we divide the sum of all the quantities, after being reduced, by 
the coefficient of the unknown quantity » 

8. What is the value of a; in the following equation, 

7a:-28=46+10 ? 

By transposition, 7a:=:46+10+28. 
By reduction, 7a:=84. 

By division, a:=12. 

9. Given 4a:— 5=71+8 to find x. Ans. 21. 

10. Given 6a:— 17— 7=0 to find x. Ans. 4. 

11. Given 5a:+28+8=6 to find x. Ans. —6. 

12. Given 7a:— 17+3=100 to find x. Ans. 16f 

13. Given 23a:— 96+1=0 to find x. Ans. ^. 

14. Given 17a;— 7— 5— 8=4 to find a:. Ans. 1^. 

15. Given 9a:=7+8+10 to find x. Ans. 2J. 

16. Given 7a:— 10=5a:+14 to find x. Ans. 12. 

III. 

113« To reduce an equation when the known and unknown 
quantities are combined by division. 

X 

17. Given t=8 to find the value of a:. 

4 

Multiplying both terms by 4, we have a;s=32. 
Therefore, if both terms of an equation be multiplied by any 
number, their products, by axiom third, are equal. 
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144t If a fraction be multiplied by its denominator, the 
prodnct is the nxunerator, and the denominator disappears. 

18. Given -=-=9 to find the value of a:. 



Multiplying by 6, 3z=45. 

Dividing by 3, x=lb 

ox 

19. Given -t-=c to find the value of x. 

Multiplying by d, axs^cd. 

Dividing by a, a::=— . 

20. Given -+-— :r=:l7 to find the value of ar. 

2 o O 

Multiplying by 2, :c+^-.^=34. 

l&r 

Multiplying by 3, ar+4r-i^=102. 

Multiplying by 5, 15a:+20a:— 18a;=510. 

Uniting the terms, 173;=: 510. 

Dividing by 17, x=30. 

145« Hence an equation may be cleared of factions by 
multiplying each term of the equation by the several denom- 
inators. 

•c^ ^^ ^O'* O* 

21. Given --r+s 5 — t7j==9 *<> ^^ the value of a:. 

4 ' o 8 12 

The least common multiple of the denominators 4, 6, 8, and 
12, is 24 ; and, multiplying each member of the equation by 
this number, we obtain 

18a:+20a:— 9a:— 2a:=:216. 
Uniting the toims, 27xs216. 

Dividing by 27, a:s=s8. 

116« Hence an equation may be cleared of fractions by mul- 
tiplying each torm of the equation by the least common multiple 
of the denominators. 

7 
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22. A boy being asked bow many cents be had, replied, tbat 
if be had f and f as many, in addition to what be now bad, be 
should have 62. Beqnired the nnmber he had. 

Let X represent the number. 

Then, ^^+a:=62. 

By multiplying all the terms of the equation by the least 

common multiple of the denominators, 4 and 6, which is 12, we 

have 

9a:+10a;+122:=744. 

Collecting the x'a, 81a:=744. 

Diyiding by 31, x=s 24. Am, 

YEBmOATION. 

?><?!+£><21+24=62. 
18+20+24=62. 

28. Given -^115+3=6 to find x. 
4 

Multiplying by 4, 15-a;+12==24. 

Transposing, 15+12 — 24=a:. 

Changing terms, a;=15+12~24. 

Beducing, 2=3. 

24. Given 5^11^-^=13 to find x. 

Multiplying by 3, 6a:-4-?^=39. 

Multiplying by 2, 10a;— 8— ar+9=78. 

Transposing, lOar— 3a:=:78+8— 9. 
Collecting terms, 7a:s=77. 

Dividing by 7, a;=:ll. Ans. 

25. Given srsb to find x, 

a 

Multiplying by a, wm?— n=aai. 

Transposing, iwarsso^+w. 

Dividing by m, a:= — ^t_, Jifrts. 
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IV. 

147* Combining the foregoipg rules and illustrations, we 
deduce the following 

General Enle for solying all Simple Equations which contain 
only one unknown term : 

1. Clear the equation of fractions. 

2. Trampose all the terms corUaiming the unknoum quantity 
to one side of the equationy and aQ the renudning terms to the 
other sidey and reduce each memher to its most svmfpUform. 

3. Divide each memher of the equation by the coefficient of the 
UTiJcncvjn term. 

19 Sa: 

26. Given 2a:— -r=-j-+4 to find x. 

4 4 

Multiplying by 4, 8a:-.19=3z+16. 

Transposing, 8a:— ar==16+19. 
Collecting, 5a;=35. 

Dividing by 5, a:= 7. 

27. Given = — r — to find a:. 

a 

Multiplying by a, 1— te = — ^ — . 

Multiplying by 3, Zi- Wr=a— flftr. 

Transposing, c?X'—Vz=ia'^h. 

Dividing by a»-3^, a:=|=^=^. 

28. Given ^+-^ — ^^=^ to ^^ ^• 

hx dx bdx X 

Multiplying by hdx, ad+bc— (a— c) =:bdhx'-bd. 

Omitting the parenthesis, ad+bc—a-^^^Bbdhx-^bd. 

Changing and transposing, bdhxsszad-^^bc-^bd — a-^c. 

TV -J- v t^i. ^ ad+bc+bd^a+c 
Dividing by bdhy ar= ttt -• 
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II80 If the tenns of the equation contain both simple and 
compound denominators, it will, generallj, be found conyenieni 
to divest it of the simple denominators at first, and afterwards 
of those which are compound. 

29. Given -^+_^=.-^ to find x. 
Multiplying by 9, ftg+7+ ^^+y =to+12. 

Transposing, 5^t]^==6a;+12-fe-7=5. 

Multiplying by 6a;+8, 63a:+117=30a:+15. 

Transposing, 63a:— 80a:=-15— 117. 
Reducing, 83a;=:— 102. 

Dividing, a:^— 8^. 

QA /!• 2a:+8i 18a:-2 , x 7x x+U . - , 
80. Given -^p. j^-_+g=j^--^ to find x. 

Multiplying all the terms by 36, it being the least common 
multiple of 9, 8, 12, and 36, we have 

8:r+84-^^^=g+12:r=21z-^-16. 

Reducing terms, . "17^1182'' 

Multiplying by 17a:— 32, 850^— 1600=468a:— 72. 
Reducing terms, 382a;s=:1528. 

Dividing by 882, a:=4. Ans. 

XZAHFX1E8. 

1. Given 6a:+22— 2a:=81 to find a?. Ans. a:=:3. 

2. Given 4— 19a;aasl4— 21a; to find ar. Ans. a:=5. 

3. Given 24a:— 12=240— 12a: to find x. Ans. a:=7. 

4. Given 15a:+7a:— 10=sl2a:+90 to find x. Ans. a:=10. 

5. Given 7a:+2a;=12a:— 36 to find x. Ans. a:=12. 
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6. aiyen ISz— 3z— 2a;=:63 to find z. Am. 2rs9. 

7. Giyen a?44+T=87 to find x. Am. a:=60. 

4 ' 5 

8. Giyen a:— 1+13==|-|-40 to find ar. Am. a:=108. 

9. Giyen 1+^=^+22 to find a:. Am.' ar=120. 

10. Given a:~+20=|+|+26 to find x. Am. a:=:56. 

11. Given 3a:+-j +15=|+41 to find x. Am. a:=8. 

12. Given x i-=8 to find x. Am. zs=2& 

o 

iQ rt: oi I 3x— 11 6a:— 5 , 97— 7a: ^ ^ . 

13. Given 21 H — yg — = — g — | — to find x. 

Ans. a;=s9. 

^ 5 2x 4 

14. Given x-\ — jr — =12 ^ — to find x. Am. a;=5. 

15. Given 17z-^-?^=20x-^-5 to find x. 

Am. ar:=2. 

16. Given 9a:-^+=^=12a;-^^^ to find x. 

Am. xzss7. 

17. Given «+5+|+f 4.?=2a:+17 to find x. 

2 o 4 5 

Am. a:=60. 

18. Given -==3+c to find a:. -4;n*. x=sj-j~. 

19. Given 8a;— 40=0 to find x. Am. x=zb. 

20. Given a-| — =i+c-| — to find ap. Am. x= - 



a: a; a—b—c 

^- --. 3a:— 3 , . 20— a; 6a;— 8 , 4ar— 4 ^ . , ^, 
21. Given x ^ 1-4= — 5 = — | g — to find the 

value of a;. Am. x=6. 

7* 
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mm ^ X 

22. Given <ui^+bx^:m3^4-nx to find x. Am. a:=s . 

a — tn 

23. Given ax-\'mz=:bX'\-n to find a:. il?w. a;=-— ^. 

24. Given -= =m— c to find a:. uln*. a?=:-^ — ~. 

25. Given =15a:+?i to find x. Am. x=z- 3l — . 

a m Im — loam 

26. Given — ; Il-s=ra— ^ to find x. 

b c 

. 4ab—ac+abC'^i^c 

Am, ar= r-^ . 

3— c 

uX d 

27. Given \-de=Sx — to find x, 

h'-c e 






oQ n. *: 4r— a,2a;+2a , 2a;4-2a^ ^ , 

28. Given bx = — \ — =wi+n ■ — to find x. 

'*"'• "^ 114c_8c+43 • 

„ _. 6a;4-18 .^ ll-8a; , ._ 18-z 21-2a: 

29. Given -g 4f ^ 5^-48—^^ jg- 

to find the value of x. Am. a;==:10. 

30. Qiyea ^+|^=!^ to find the value oix. 

9 oar— 12 18 

Am. a:=6. 



SECTION VIII. 

PBOBLBMS. 

1. A gentleman stated that his age waa twioe that of his old- 
est son, and that the sum of their ages was 72 years. Beqnired 
^e age of eaoL 
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Let X = the age of the son. 

Then 2z =s the age of the gentleman. 

Therefore, ar+2ar=72, the age of botL 

Or, 3a:=72. 

DiYiding, ar=24, the age of the son. 

2z=48, the age of the gentleman. 
Proof, 24+48=72. , 

2. What number is that, to which if f of it -be added, the 
8amwiQbe99? 

Let X = the number. 

4x 
Then, ^+a;=99. 

Clearing of fractions, 4a:+7a;=693. 
Collecting the terms, llar=693. 
Dividing, x=i 63, the nnmber. 

3. A's and B's estates are valued at $3240, but B's is only j 
the value of A's. What is the property of each ? 

Let X = A's estate. 

«. 7a; ^ 

Then, -g- = B's estate. 

7x 
Therefore, a:+-5-==3240. 

o 

Clearing of fractions, 8a:+7a:=25920. 

Or, 15a;=25920. 

Dividing, a:=1728, A.'s estate. 

^^^-=1512, B.'s estate. 

4. K f of a certain number be added to ^ of it, the sum will 
be 98. Bequired the number. 

Let X ssih/d number. 

Then, T+l=^^- 

Clearing effractions, 4ar+ar=588. 
Or, 7a;=588. 

Dividing, ^ a:s= 84. Ans. 
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5. A certain gentlemaii divided Iub property, eonsistiiig of 
$5300, among his foor sons. A, B, C, and D. He gave $350 
more to B than A; he gave $400 more than B; but he gave 
D twice as much as he gave A and B. How much did each 
son receive ? 

Let z = A's share. 

Then 2:+350 = B's share. 

And a:+ 350+400 ' = C's share. 

And 2(2a:+350)=4a;+700= D's share. 

Therefore, a:+2:+350 +a;-|-350 +400+4a:+ 700=5300 

Reducing, 7a:+1800==5300. 

Transposing, 7a:=5300— -ISOO. 

Reducing, 72;=3500. 

Dividing, a;= 500, A's share. 

500+350= 850, B's share. 

850 +400=1250, C's share. 

2(500+850)=2700, D's share. 

Verification, 500+850+1250+2700=5800. 

6. Divide $70 among James, John, and Charles ; give John 
twice as much as James, and give Charles twice as much as 
John. 

Let X = the sum ^ven to James. 
Then 22: = the sum given toTTohn. 
And 4x = the sum given to Charles. 
Then, by the conditions of the question, 

a:+2ar+4a:=70. 
Or, 7a:=70. 

Dividing, 2;=10, the sum given James. 

22:=20, the sum given John. 

4a;=:40, the sum ^ven Charles. 
Verification, 10+20+40=70. 

7. Two men found a purse containing $144, and it was agreed 
that B should have $30 more than A. How many dollars did 
each receive ? 
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Let 2P =s the sum A reoeiyed. 
Then x+BO =s= the sum B received. 
Therefore, a:+a:+30=144. 
Or, 2a:+30=144. 

Transposiog, 2z^=:144:--20. 

Or, 2x=zlU. 

Dividing, a;= 57, the sum A received. 

0:4-30= 87, the sum B received. 
Verification, 57+87=144. 

8. My horse and chaise are worth $336, but the chaise ib 
worth five times as much as the horse. What is the value of 



Let X z= the value of the horse. 
Then bx =s the value of the chaise. 
And, 3;+5a;=336. 

Or, 6a:=336. 

Dividing, x= 56 = value of the horse. 

52:=280 = value of the diaise. 
Proof, 56+280=336. 

9. What number is that whose third part exceeds its fifth 
by 12? 

Let x = the number required. 

_ X 

Then its third part will be ^. 

o 

X 

And its fifdi part, ?. 

Therefore, |— ^=12. 

Multiplying all the terms by 15, we have, 

5ar— 3a:=180. 
Or, 2a;=180. 

Dividing, xssi 90, the number required. 

10. John Smith's oldest daughter is 15 years old, and his 
youngest daughter is 11 ; he has $1728, which he wishes to 
^ve Hiem. How shall he divide this sum, that each may de- 
posit her share in a bank which pays 6 per cent, simple interest, 
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80 that both shall have an equal sum when they are 21 years 
old? 

Let X = ike stun the youngest receives. 

And, 1728 — x = the sum the oldest receives. 

Then,ar+a:X.06XlO=1728— a:+(1728— a:X.06x6). 

Or, a:+.6a:=1728— a:+622.08— .36a:. 

Transposing, 2.96ar=2350.08. 

Dividing, a:=$793ff , the youngest receives. 

$1728— $793ff =$934^, the oldest receives. 

Let the pupil prove this question. 

11. A man being asked the value of his horse and saddle, 
replied that his horse was worth $114 more than his saddle, and 
that $ the value of the horse was 7 times the value of his 
saddle. What was the value of each ? 

Let X = the value of the saddle. 
And a:-}-114 = the value of the horse. 
Then, f (a;+114)=7a;. 
Or, 2a:+228=21a; 

Transposing, 19a;=228. 
Dividing, a;=$12, value of the saddle. 

$12+$114=:$126, value of the horse. 

12. A can reap a field in 7 days, B can reap it in 5 days. 
In what time can they both reap it together ? 

Let a; = the days they would reap it together. 

A would reap f of it in a day, and B would reap -J of it in a 

1 1 12 
day ; therefore in one day both together would reap ^-hc ==oh 

of it. 

But, by the conditions, the field was to be reaped in x days. 

12 
Therefore, ^ : 1 : : 1 day : x days. 

12a: 
Multiplying extremes, -h^ == 1« 

Multiplying by 85, 12a:=35. 

Dividing, x=s 2^ days. Ans. 

13. I have two carriages ; the value of one is five times tiliat 
of the other, and the value of my horse is equal to both of my 
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carriages. The worth of them all is $300. What is the value 
of eaoh? 
Ans. First carriage $25, second carriage $125, horse $150. 

14. A gentleman being asked his age, replied that his was 
twice that of his wife, and that his wife was three times as old 
as his daughter, and that the sum of their ages was 120 years. 
Keqnired the age of each. 

/ Gentleman's age, 72 years. 

Ans. I His wife's age, 36 years. 

( His dan^ter's age, 12 years. 

15. A man met 4 beggars, to whom he gaye 77 cents. To 
the first he gave twice as many as to the second; to the third, 
as many as he gave to the first and second ; and to the fourth, 
as many as he gaye to the first and third. What sum did he 
giye each ? 

Am. First 14 cents, second 7, third 21, fourth 35. 

16. A drover has a lot of oxen and cows, for which he gave 
$1428. For the oxen he gave $55 each, and for the cows $32 
each, and he had twice as many cows as oxen. Eequired the 
number of eacL Ans. 12 oxen, 24 cows. 

17. A gentleman, at his decease, lefb an estate of $1872 for 
his wife, three sons, and two dau^ters. His wife was to receive 
three times as much as either of her daughters, and his sons to 
receive each one half as much as one of the dau^ters. Be- 
qi^ed the sum each received. 

Any. Wife $864, daughters $288 each, sons $144 each. 

18. A boy bought apples, oranges, and pears ; he gave two 
cents a-piece for the apples, three cents for the oranges, and 
four cents for the pears. He had twice as many oranges as 
apples, and three times as many pears as oranges. 9he sum he 
expended was $2.24. How many did he buy of each kind ? 

Ans. 7 apples, 14 oranges, 42 pears. 

19 Let 85 be divided into two such parts that one of them 
shall be four times as large as the other. Ajis. 17 and 68. 
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20. Divide $100 among A, B, and 0, so iJiai A may have 
$20 more than B, and B $10 more than 0. 

Am. A $50, B $30, and $20. 

21. A prize of $1000 is to be divided between A and B, so 
that their shares may be in the proportion of 7 to 8 ; required 
the share of each. Ans. A's share $466$, and B's $533^. 

22. What number is that whose 3d part exceeds its 5th part 
by6f? Am. 48. 

23. A kborer agreed to serve for 36 days on these condi- 
tions; that for eveiy day he worked he was to receive $1.25, 
but for every day he was absent he was to forfeit $0.50. At 
the end of the time he received $17. It is required to find 
how many days he labored, and how many days he was absent. 

Am. He labored 20 days, and was absent 16 days. 

24. Out of a cask of wine, which had leaked away ^,13 
gallons were drawn, and i^en being gauged it was found to be 
half fiilL How many gallons did the cask contain ? 

Am, 78 gallons. 

25. Divide 80 into two such parts that $ of the one shall 
exceed | of the other by 6}. Am. 18 and 12. 

26. What two numbers are those whose difFerence is 3, and 
the difference of whose squares is 51 ? • Am. 10 and 7. 

27. Three men, A, B, and C, trade in company ; A put in a 
certain sum, B put in twice as much as A, and put in three 
times as much as both, and they gain $864. What is each 
man's share of the gain ? 

. Am. A's $72, B's $144, C's $648. 

28. Jamns and William have between them 44 apples, and 
James says to William, if you will give me 12 of your apples, 
your number will then be only f of mine. William replied, if 
you will give me 12 of yours, your number will then be only f 
of mine. Required the number of each. 

Am. James had 24 apples, and William 20. 
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29. Let 112 be divided into two saoh numbers thftt the 
greater shall be to the less aa 9 to 7. Ans. 63 and 49. 

80. Let 19 be divided into two such parts that three times 
the greater shall be equal to four times the less. Eequired 
those Jiumbers. Ans, lOf and 8f . 

31. There are two numbers whose sum is 24, and if 7 be 
added to the larger, and 4 to the less, their ratio will be as 4 to 
3. Eequired those numbers. Ans. 13 and 11. 

32. The difference of two numbers is 4, and 7 times the 
larger number is equal to 11 times the less. Eequired those 
numbers. Ans. 11 and 7. 

33. A merchant has two kinds of grain, one at $2.50 per 
bushel, and the other at $2 per bushel. He wishes to make 
a mixture of 80 bushels, that shall be worth $2.10 per bushel. 
How many bushels of each sort must he use ? 

Am. 16 bushels at $2.50, and 64 at $2. 

34. A man having lost ^ of his money, found he had $96 
left. Eequired the sum he had at first. Ans. $128. 

35. J. Jones found a certain sum of money, which was equal 
to i of what he possessed ; but having spent $40, the remainder 
was ^ of the sum he found. Eequired the simi he at first 
possessed. Ans. $36^. 

36. In my school f of my pupils study grammar, § of the 
remainder read, 10 spell, and the remainder, which is f of the 
number that read, study navigation. Eequired the liumber of 
pupils in the school:* Ans, 70 pupils. 

37. A gentleman lent a certain sum of money for 3 years at 
5 per cent, compound interest ; that is, at the end of each year 
he added ^ to the sum due. At the close of the third year he 
lost $15.25, but then there renoLained due to him $2300. Ee- 
quired the sum lent. Ans. $2000. 

38. A spendthrift spent -J of the fortune left him by his 
father, and he Ihen earned $124. Soon after he lost in specu- 
lation f of his property, after which he gained $274. His 

8 
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property was now valued at ^, wanting $86, of Ms ori^nal 
estate.^ Wliat was the sum left him by his &iher ? 

Am. $1720. 

89. A asked B how mnch money he had. He replied, if I 
had 5 times the sum I now possess I could lend you $60, and 
then \ of the remainder would be equal to i the dollars I now 
have. Required the sum which B had. Ans, $24. 

40. A gentleman left an estate of $1862 for his three sons. 
He gave his youngest $133 less than his second son, and to his 
oldest son he gave as much as to the other two. How much 
did each receive ? 

Ans. Youngest son $399, second $532, oldest $931. 

41. A, B and C, found a purse of money, and it was mutu- 
ally agreed that A should receive $15 less than one-half, and 
that B should have $13 more than one quarter, and that G 
should have the remainder, which was $27. How many dollars 
did the purse contain ? Ans. $100. 

42. Lent my good friend S. Jenkins a certain sum of money, 
at 6 per cent., which he kept imtil the interest was f of the 
principal. The sum then due was $500. Required the sum 
lent. Ans. $350. 

43. A certain man added to his estate ^ its value, and then 
lost $760. But he afterwards gained $600. His property then 
amounted to $2000. What was the value of his estate at first ? 

Ans. $1728. 

44. James said to John, I have 40 shillings more than you. 
Yes, replied the other, and ^ of yours is equal to ^ of mine. 
Required the number of shillings that each had. 

Ans. James 72 shillings, and John 32. 

45. A merchant bou^t a number of barrels of flour, and 
having sold half the number and 4 barrels more to A, and f of 
the remainder wanting 4 barrels to B, he had 20 barrels re- 
maining. Required the number the merchant bought. 

Ans. 136 barrels. 



P&OBLEMS. OT 

46. What number- is that from wMch, if 7 be sobtiacted, ^ 
of the remainder will be 5 ? Ans, 37. 

47. It is required to divide 44 into two such nmnbers that f 
of one of them shall be 6 more than f of the other. 

Am. 24 and 20. 

48. It is required to divide the number 43 into two such 
parts that one of them shall be 3 times as much above 20 as the 
other wants of 17. Eequired the numbers. 

Ans. 29 and 14. 

49. John Jones can reap a certain field in 10 days, but, with 
the help of his oldest son, he can do it in 8 days. How long 
would it require his son to perform the labor himself? 

Ans. 40 days. 

50. A engaged to reap a field for 90 shillings, and he eould 
perform the labor in 9 days ; but he took in B as a partner, and 
they supposed it would require 5 days for both to perform the 
labor, but they finished it in 4 days. How much, in justice, 
must A pay to B ? Ans. 50 shillings. 

51. I have two horses, and a saddle worih $30. Now, the 
saddle and first horse are worth f the second horse, but the 
saddle and second horse are worth three times the first horse. 
Required the value of each. 

Ans. First horse $60, second horse $150. 

52. A gentleman let f of his money at 5 per cent., and the 
remainder at 6 per cent., and his interest amounted to $180. 
What were the sums lent ? 

Ans. $1200 at 5 per cent., $2000 at 6 per cent. 

63. A can do a piece of work in 12 days, B can do the same 
work in 10 days, and C can perform it in 8 days. How long 
would it require A and B to do it ; how long A and C ; how 
long B and C ; and how long A, B and 0, to perform the labor ? 

Ans. A and B 5^ days, A and C 4| days, B and C 4^ 
days, A, B and 0, 3^^ days. 
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^ 54. Lent $780, at 6 per oeat., for 6 yean. What principal 
will amount to the sum in 4 yeilurs, at. 10 per oent ? 

Am. $724.2i8|. 

55. Lent my neighbor Jenkins $270 for 4 years, at 6 per 
oent.; some time afterwards, I borrowed of him $500, at 8 per 
dent. How long shall I keep it, to balance the favor ? 

Am, l^^yearB. 

56. A fox is pursned by a greyhotmd, and is 60 of her own 
leaps before him. l^e fox makes 9 leaps while the greyhound 
makea but 6 ; but the latter in 3 leaps goes as far as the former 
In 7. How many leaps does the greyhound make before he 
catches the fox ? 

Am. The greyhound makes 72 leaps, and the fox 108. 

57. A gentleman gave in charity $46 ; a part thereof in equal 
portions to five poor men, and the rest in equal portions to 7 
poor women. Now, a man and a woman had between them $8. 
What was given to the men, and what to the women ? 

Am, The men received $25, and the women $21. 

58. A man has two farms, and his stock is worth $183. Now, 
the stock and his first farm is worth once and two-sevenths the 
value of the second farm, but the stock and the second farm is 
worth once and five-eighths the value of the first fann. What is 
the value of each farm ? 

Am. First farm, $384; second farm, $441. 

* 59. A certain clock has an hour hand, a minute hand, and a 
second hand, all turning on the same centre. At 12 o'clock 
all the hands are together, and point at 12. How long will it 
be before the second hand will be between the other two hands, 
and at equal distances from each? Also, before the minute 
hand will be equally distant between the other two hands? 
Also, before the hour hand wiU be equally distant between the 
other two hands ? 

Am. 60^^ seconds, 61f|^ seconds, 59|f seconds. 
60. What number is that, the treble of which, increased by 
12, shall as much exceed 54 as that treble is less than 144 ? 

Am. 31. 
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SECTION IX. 



EQUATIONS OF THE PIBST, DECHUSB, CO^TIASmSQ TWO 
UNKNOWN QUANTITIES. 

AjEiT. 149* When the problem contams two unknown qnantities, 
there must be two independent equations inyolving them ; and 
from them an equation may be deduced, which shall contain 
only one of the unknown quantities. 

The process by which one of ihe unknown quantities is thus 
removed is called elimination; and this may be performed 
in three ways. 

First, by Addition and Subtraction. 

Second, by Comparison. 

Third, by Substitution. 

150* Eludnation bt addition and stjbi&aotion. 



1. (jTiyen i 6a;-J-5t/=67 ) *^ ^ • ^ ^' 

1. By first condition, 3a:— 2y=3 11. 

2. By second " 6a:+5y= 67. 

3. Multiplying 1st by 2, 6a:— 4y= 22. 

4. Multiplying 2d by 1, 6a:+5y= 67. 

5. Subtracting 3d from 4th, %= 45. 

6. Dividing 5 th by 9, y= 5. 

7. Multiplying 1st by 5, 15a:— 10y= 55. 

8. Multiplying 2d by 2, 123:+10y=134. 

9. Adding 7th and 8th, 273:=189. 
10. Dividing 9th by 27, a:= 7. 

VEBmOATIOV. 

8x7—2x5=21-10=11. 
6X7+5x5=42+25=67. 
8* 
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2. Given i 6a:— 8t/=12 S ^ ^^ ^^ y^lne of z and y. 

1. By the first condition, 5a;-}-4y=s 23. 

2. By the second, 6a:— 8y= 12. 

3. Multiplying 1st by 6, 30a;+24y=:138. 

4. Multiplying 2d by 5, 80a:— 15y= 60. 

5. Subtracting 4th from 8d, 39y= 78. 

6. Dividing 5th by 39, y= - 2. 

7. Multiplying 1st by 8, 15a:+12y= 69. 

8. Multiplying 2d by 4, 24a:— 12y= 48. 

9. Adding 7th and 8th, 39a;=117. 
10. Dividing 9th by 39, a:= 3. 

VEBIFIOATION. 

5x3+4x2=15+8=23. 

6x8-3x2=18-6=12. 
8. A says to B, if ^ of my age were added to J of yours, the 
sum would be 19| years. But, says B, if f of mine were sub- 
tracted from { of yours, the remainder would be 18^ years. 
Required the sum of their ages. 

1. By first cpndition, |+ J^= 19f 

2. By the second, T'"T ^ ^^' 
8. Clearing the 1st of fractions, 8a;+10y= 290. 

4. Clearing the 2d, 85a;— 16y= 730. 

5. Multiplying 3d by 35, 105a:+850y=10150. 

6. Multiplying 4th by 8, 105a:— 48y= 2190. 

7. Subtracting 6th from 5th, 898y= 7960. 

8. Dividing 7th by 398, y= 20. 

9. Substituting 20 for y in the 3d, 3a;+200= 290. 

10. Transposing and uniting, 8a;=s 90. 

11. Dividing 10th by 3, z= ^ 30. 

* VBBmOATION. 

30 2X20 

■g-H — g— =6+13J=19f 

7X80 2X20 «fi. R !«. 
-^ g^=26i— 8=18Jt. 
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From the operation of the prepeding examples, we deduce the 
following 

BuLE. Multiply or dioide the given equations hy such nam' 
hers or quantities as vnll make the term thai contains one of the 
wnknaum quantities the same in each of them; then add or 
subtract the two equations thus obtained, and there toill arise a 
new equation imth only one unknown quantity in it, which may 
be resolved by Art. 147. 

151. ELDHNATioir bt coMPixisosr. 

4. Given | _ ^t^ZL-iA \ ^ ^^ ^® values of a; and y. 

1. By the first oondition, 2z-]-%=17. 

2. By the second, 5a;— 2ys=14 

d. Transposition of the 1st, 2xssl7--9y. 

4. Dividing the 8d by 2, x^rlZzi?. 

5. Transposition of the 2d, 5a;ssl44-2^* 

6. Dividing the 5th by 5, ^ ^14-f2y 

As things which are equal to the same are equal to each 



other, we therefore infer that — ^— ^, in the 4th, is equal 
— i—?- in the 6th ; because they are both equal to z. 


7. Therefore, 


17-% 14+2y 
2 " 5 ' 


- 8. Clearing effractions, 


85-15y=r28+4y, 


9. Transposing 8th, 


19y=57. 


10. Dividing 9th by 19, 


y=3. 


11. Substituting 3 for the value 


ofy in 


the first equation, we have, 


2a:==rl7-9. 


12. By reduction, 


2«=8. 


18. Dividing 12th by 2, 


a:=4. 
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TXBinOATIOH. 

2x4+3x3= 8+9=17. 
5x4-2x3=20-6=14. 
Hence the following 

EuLE. Observe which of the unknown quantities is least wr 
vdvedf and find its value in each of the equations, as in 
Art. 148. 

Let the two values tkusftnmd he made equal to each othevy and 
there wHl arise a new equation^ unth only one unknoum quantity 
in it, whose value may be found as in Art 147. 

152. Elimination by btjbstitution. 

5. Two boys playing marbles, the older said to the younger, 
if you had three times as many marbles as yon now possess, 
the sum df yours and mine would be 19. But the younger 
replied, if twice the number of mine were subtracted from four 
times as many as you haye, the number would be 20. Eequired 
the number of marbles that each, possessed. 
Let X represent the marbles of the elder ; 
And y the number of the younger. 

1. Then, by the condition of the question, x+3^3=:19. 

2. And 4a;— 2y=20. 

3. Transposing the 1st, a;s=19— 3^ 

4. Putting the 3d into the 2d, 4(19— 3y)— 2y=20. 

5. Then, 76— 12y— 2y=20. 

6. Transposing and reducing, ^=4. 

7. Putting the value of y into the 1st, a:+12=19. 

8. Transposing and reducing, a:=19 — 12=7. 

Ans, The elder had 7 marbles, and the younger 4. 

TisinoAnoH. 
7+3x4= 7+12=19. 
4X7-2X4=28- 8=20. 

By the aboye method of operation, we deduce the following 
BuLE. Find the value of either of the unknown quantities in 
that equation in which it is least involved ; then substitute this 
value in the place of its equal in the other equation, and there 
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toiU arise a new equation^ with only tme unknaum quantity va 
U ; the valvje of which may be found by Art. 147. 

EXAMPLES. 

6. Given [2ar+4=20 ! ^^^dzaiidy. 

Ans. a:=4; y=3. 

7. Giyen j g^]]^^^ ^j Hequired a: and y. • 

Ans, a:=:5; y=2. 

8. Given j _£^II_q I Required x and y. 

Ans. x=7 ; y=5. 

^- ^^^'^ i 6^2^36 ! I^«T^^^«^d2^- 

Ans. x=sS; y=z2. 

10. Given < oS_, Zl q J Beqpired x and y. 

Ans. ar=5; y=s7. 

Ans. a;=8; ^=12. 

12. Given { ^+^26 ! *° «^ ^ "^ ^ 

Ans. x=2; y=10. 

IS. Given \ ^ Z^J^Zl «n ( ** ^^ ^® ^^® ®^^ ^^ ^' 

Ans. x=l2i y=S. 

14. Given J r o Z! oa [ *^ ^^ *^® ^^^® ^^^ ^^ ^^ 

ilw. a:=2; y=10. 

15. Given | „ _oo II_qa ( *^ ^^ *^® ^^^® ^^* ^^ ^' 

Ans. «=10; y=5. 

!2x+ 3v^= 47 ) 
10 —19 69 ) *^ ^^ *^® ^^^® ^^ ^ ^^ ^' 

ilw*. a;=7; y=ll. 
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17. Given 



18. Given 



19. Given 



20. Given 



21. Given 



22. Given 



23. Given 



24. Given 



2 3 
4^6 



a:+|=37 



t a:+7y=175j 

' 7a; y 
8 9' 

32;+8y=126^ 



to find the value of re and y. 

Am. a;=12; y=18. 

to find the value of x and y. 

Am. a:=35; y=10. 
to find the value of x and y. 



19 



5y_ 



il?E$. a:=:28; ys=21. 

to find the value of x and y. 
Ans. x:=s24:; y=18. 



14a:+:^— 38 

^ V to find the value of a; and y. 

a:+12y=146] 

Am. a;=2; y=12. 

f?_!y=_2o 

7 10 
|+3y=134 



to find the value of 2; and y. 



Am. a;=56; y=40. 

!. ^ , f to find the value of x and y. 
mx+nv=zd ) 



a 6 



a?, y 



c ' <i 



=n 



. bd — nc ad — mc 



to find x and y. 



. a3cw+ac(?n bcdn—abdm 

Am. x=z , r ; y= ttt^ — • 

ad+bc ^ ad+bc 
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25. Given 



-g_+— 8-.-^+27 



to find the value of 
z and y* 



Am. a:=60; y*=40. 



SECTION X. 

ELIMINATION WHEBB THERE ABE THBEE OB MORE UN- 
KNOWN QUANTITIES INVOLVED IN AN EQUAL NUMBEB 
OF EQUATIONS. 

Rule. JBhvd the vcihues of am of the unknown quantities in 
each of the three given equationSt as if aU the others uwrt 
known ; then jnU the first of these vdhies equal to the second, 
and either the first or second equal to the third, and there ivUl 
arise two new equations with ordy two vmknawn quantities in 
them, the values of which may he found as in Art. 147, ana 
thence the mhie of the third. 

Or, the unknown quantities may he ohtained hy multiplying 
each of the three equations hy svjch quantities as wiU make one 
of their terms the same in oR of them; then, having sub' 
tracted any ttoo of these resulting equations from the third, or 
added them together, as the case may require, there wiU remain 
only two equations, which may he resolved hy the former rules. 

Or, we may find the value of one of the unknown quantities in 
that equation in which it is least involved, and theji substitute 
this value for that unhnovm quantity in all the other equations, 
and, proceeding in the same way with these equations, tve obtain 
the other unknown quantities. 



1. Given 



EXAMPLES, 
x+ y+2z=41' 



2+ 3+ 4-^" 



to find the value of x, y and z. 
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4. From the 1st equatioxiy a:=s41— y^Uz. 

6. From the 2d, a:=47— %— z. 

6. From the 3d, a;==20— J^— 1 

o 2 

7. Equal values of x in 4th and 

5th, 41— y— 22r=47— 3y— z. 

8. Value of y in 7th, y=-4^- 

9. Equal values of :i; in 4th and 

' 6th, ' 41-y-.2z=20-^ 

10. Value ofy in 9th, y=63— 



z 



3 2- 

9z 
2"' 



11. Equal values of y.in 8th and 10th, -tf==63— ^. 

^ 2 

12. Beduoing, z=12. 

13. Substituting for z its value in 8th, y=--^ — =9. 

14. Substituting for ^ and z their values 

in 4th, a:=41-9— 24=8. 

2. Given 2 10:.-6j+4z=30 ( *" *"^ **^" ^^" ^^ *' ^^ 

Subtraoting the 2d from twice the Ist, we have, 

4. 14y— 8z=26. 

Subtracting the 2d from 5 times the 3d, 

5. lly-9z=15. 

Subtraoting 14 times the 5th from 11 times the 4th, 

6. 38^=76. 

7. z=2. 

Substituting for z its value in the 5th, 

8. lly-18=15. 

9. y=3. 
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Snbsdtating for y and z their yalnes in the 8d, 

10. 2a:+3— 2=9. 

11. a:==4 

/ 3a:— y— 22:= ^ 

3. Given < 62;+2y4-32r=45 > to find x, y, and z. 

i 42:+3y- z=-31 ) 

Ans. 2=4; y=6; r=s3. 
/ &— 92r--7z=— 36^ 

4. Given ] 122r— y-^dz^z 36 S to find x, y, and z. 

( 6a:— 2y— z= 10 ) 

Ans. a:=4; y=6; 2i=s2. 

5. Given < 4a:— 5y— 3z=— 21 > to find x, y, and z. 

( a:-8y-.4;j=,-37 ) 

ilTW. a;=8; y:=7; zs=6. 
/ a:-fy=30 \ 

6. Given < x+z=2h > to find a;, y\ and z. 

( y+z=15 ) 

Ans. a:=20; y=10; z=5. 

/ 8a:— 4y=24— z \ 

7. Given < 6x+ y= z+84 V to find a:, y, and z. 

( a:+80=3jr+4z) 

^?». afe=12; »t=20; z==8. 



8. Given 



=23 



=12 



=17 



to find Zf y, and z. 



2+3 4" 

3 4+2^ 

^ ■ y .g 

U"*"2 3 

ilw. a:=36; y=24; z=12. 
3a+ a:4.2y— z=22' 



9. Given 



* to find u, a;, y, and z. 



4a:— y+3z=35 
4w+3a:— 2y =19 
L2m +4y+2z=46J 

^7?s. M=4 ; a:=s5 ; y=6 ; z=7. 
9 
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BQUATIONB OF THB VIB8T DBGRBB, OONTAININa 8K7XBAL X7K- 
KNOWN QUANTinEB. 

EXAMPLES. 

1. A says to B and G, give me half of your money, an^ I 
siiaJl have $55. B replies, if you two will give me one third 
of yours, I shall have $50. But G says to A and B, if I had 
one fifth of your money, I should have $50. Eequired the^um 
that each possessed. 

Am: A=$20, B=$30, G=:S40. 

2. A merchant has three kinds of sugar. He can sell 8 lbs. 
of the first quality, 4 lbs. of the second quality, and 2 lbs. of 
the third quality, for 60 cents ; or, he can sell 4 lbs. of the first 
quality, 1 lb. of the second quality, and 5 lbs. of the third 
quality, for 59 cents ; or, he can sell 1 lb. of the first quality, 
10 lbs. of the second quality, and 3 lbs. of the third quality, ' 
for 90 cents. Required the price of each quality. 

Ans. First quality, 8 cents per lb. ; second, 7 cents ; third, 4 
cents. 

3. A gentleman's two horses, with their harness, cost him 
$120. The yalue of the worst horse, with the harness, was 
double that of the best horse ; and the yalue of the best horse, 
with the harness, was triple that of the worst horse. What was 
the value of each ? 

Am. Harness, $50 ; best horse, $40 ; worst, $30. 

4. Find three numbers, so that the first with half the other 
two, the second with one third of the other two, and the third 
with one fourth of the other two, shall each be equal to 34. 

Am. 10, 22, and 26. 

"^ 5. Find a number of three places, of wMch the digits have 
equal differences in their order ; and, if the number be divided 
by half the sum of the di^ts, the quotient will be 41 ; and, if 
396 be added to the number, the digits will be inverted. 

Am. 246. 
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6. A &rmer has a large box, filled with wheat and rye ; seyen 
times the bushels of wheat is equal to four times the bushels of 
rye, wanting 3 bushels ; and the quantity of wheat is to the 
quantity of rye as 3 to 5. Required the bushels of wheat and 
the bushels of rye. 

Am. Wheat 9 bushels, rye 15 bushels. 

7. A says to B, if 7 times my property were added to ^ of 
yours, the sum would be $990. B replied, if 7 times my prop- 
erty were added to ^ of yours, the sum would be $510. Re- 
quired the property of each. Ans. A's, $140 ; B's, $70. 

8. If if of A's age were subtracted j&pm B's age, and 5 
years added to the remainder, the sum would be 6 years ; and 
if &ur years were added to i of B's age, it would be equal to 
^ of A's age. Required their ages. 

Ans. A*s, 98 years ; B's, 15 years. 

9. What fraction is that, if 1 be added to its numerator, its 
value is ^ ; or, if 1 be added to its denominator, its yalue is ^ ? 

Ans. ^. 

10. A says to B, if j^ the difference of our ages were sub- 
tracted from my age, the remamder would be 25 years. B 
replies, if ^ of the sum of our ages were taken from mine, the 
remainder would be -J- of yours. Required their ages. 

Ans. A's, 30 years ; B's, 20 years. 

11. There are two numbers, and if ^ of their difference were 
taken from 4 times their sum, the remainder would be 62 ; but 
the difference of their sum and difference is equal to § of the 
larger number. Required the numbers.' Ans. 12 and 4. 

12. Three men reckoning their money, says the first, if $100 
were added to my money, it would be as much as you both 
possess. Says the second, if $100 were added to my money, I 
should have twice as much as you two have. Says the third 
man, if $100 were added to mine, I should haye three times as 
muph as you both have. How much money had each man ? 

Ans. First, $9^, second, $45-^, third, $63^. 

13. A, B and G, speaking of their ages, A said that the sum 
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of their ages was 90. B replied, that if his age were taken 
from the Bum of the other two, the remainder wonld be 80. 
said, if his age were taken from the other two, the remainder 
wonld be ^ his age. Required their ages. 

Am. A's, 20; B's, 80; C's, 40. 

, 14. There are 4 men, A, B, and D, the value of whose 
estate is $14,000 ; twice A's, three times B's, half of C's, and 
one fiM of D's, is $16,000 ; A's, twice B's, twice G's, and 
two fifths of D's, is $18,000; and half of A's, with one third 
of B's, one fourth of C's, and one fifth of D's, $4000. Be- 
quired the property of each. 

Am. A's, $2000; B's, $3000; C's, $4000; D's, $5000. 

15. Find four numbers, such that the first, together with half 
the. second, maj be 357 ; the second, wilb ^ of the third, equal 
to 476 ; the third, with j- of the fourth, equal to 595 ; and the 
fourth, with ^ of the first, equal to 714. 

Am. First number, 190; second, 334; third, 426; fourth, 676. 

16. If I were to enlarge my field by making it 5 rods longer 
and 4 rods wider, it would contain -240 square rods more than 
it now does ; but, if I were to make its length 4 rods less, and 
its breadth 5 rods less, its contents would be 210 square rods 
less than its present surface. What are its present length, 
breadth, and contents ? 

Am, Length, 30 rods ; breadth, 20 rods ; contents, 600 square 
rods. 

17. A person exchanged 12 bushels of wheat for 8 bushels 
of barley, and £2 16^. ; offering, at the same time, to sell a 
certain quantity of wheat for an equal quantity of barley, and 
£B lbs, in cash, or for £10 in cash. Eequired the prices of the 
wheat and barley per bushel. 

Am, Wheat at 8 shillings, barley at 5 shillings, per bushel. 

18. A &rmer, haying 89 oxen and cows, found, after he had 
sold 4 oxen and 20 cows> he had 7 more oxen than cows. What 
number had he of each at first ? Am. 40 oxen and 49 cows. 

19. A and B driving their turkeys to market, A says to B, 
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giye me 5 of your turkeys, and I shall have as many as you. 
B replies, but gire me 15 of yours, and then yours will be f of 
mine. What number of turkeys had each ? 

Ans. A 45 and B 55 turkeys. 

20. It is required to find two such numbers, that if ^ of the 
first be added to ^ of the second, the sum shall be 25 ; but, if i 
of the second be taken from ^ of the first, the remainder wiU 
be 6. Ans. 48 and 86. 

21. What fraction is that, if 5 be added to its numerator, its 
value is 2, but if 2 be added to its denominator, its value is j^ ? 

Am. f. 

22. B says to 0, if 3 years were taken from your age and 
added to mine, I should be twice as old as you. C replies, if 3 
years were taken from your age and added to mine, our ages 
would be the same. Bequired their ages. 

Ans, B's age 21, G's age 15 years. 

23. It is required to find two numbers, so that § of the first 
added to f of the second shall be 15|, and if | of the second be 
subtracted from j of the first, the remainder shall be 5^^. 

Ans. 10 and 12. 

24. It is required to divide 50 into two such parts that f of 
the larger shall be equal to § of the smaller. 

Ans. 32 and 18. 

25. A gentleman, at the time of his marriage, found that his 
wife's age was to his as 3 to 4; but, after they had been 
married 12 years, her age was to his as 5 to 6. Bequired their 
ages at the time of their marriage. 

Ans. The man's age 24, his wife's 18 years. 

26. A &rmer hired a laborer for ten days, and he agreed to 
pay him 12 shillings for every day he labored, and he was to 
forfeit 8 shillings for every day he was absent, and he received 
at the end of his time 40 shillings. How many days did he 
labor, and how many days was he absent ? 

Am. He labored 6 days, and was absent 4. 
9* 
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27. A gentleman bon§^t a hxxn/d and ohaifle for $208, and 1^ 
of the cost of the ehaise was equal to f the price of the horse. 
What was the price of each? 

Am. Chaise, $112; horse, $96. 

28. A and B engaged in trade, A with 8240, and B with 
896. A lost twice as much as B; and, upon settling their 
accounts, it appeared that A had three times as much remaining 
as B. How much did each lose ? 

Am. A lost 896, and B lost 848. 

29. Two men, A and B, agree to dig a well in 10 days, but, 
haying labored together 4 days, B agreed to finish the job, 
which he did in 16 days. How long would it have required A 
to complete the labor ? Am, 9f days. 

80. A merchant has two kinds of grain, one at 60 cents per 
bushel, and the other at 90 cents per bushel, of which he wishes 
to make a mixture of 40 bushels that may be worth 80 cents 
per bushel. How many bushels of each must he use ? 

Am. l^ bushels of 60 cents, 26f of 90 cents. 

31. A farmer has 30 bushels of oats, at 30 cents per bushel, 
and which he would mix with corn at 70 cents per bushel, and 
barley at 90 cents per bushel, so that the whole mixture may 
consist of 200 bushels, at 80 cents per bushel. How many 
bushels of com, and how many of barley, must he mix with the 
oats ? Am. 10 budiels of com, and 160 of barley. 

32. A drover sold 6 of his oxen and 8 of his cows, and he 
then found he had twice as many oxen as cows. But after he 
had sold 10 more of his oxen, he found he had 2 more oxen 
than cows. How many had he of each at first ? 

Ans. 30 oxen and 20 cows. 

33. Four times the larger of two numbers is equal to six^ 
times the less, and their sum is 15. Eequired the numbers. 

Am. 9 and 6. 

34.' A and B can perform a piece of work in 6 days, A and 
in 8 days, and B and C in 12 days. In what time would each 
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of them perform the work alone, and how long would it take 
them to perform the work together ? 

Ans. A would do the work in 9f days, B in 16 dajB, G in 
48 days, A, B and C together, in 5^ days. 

85. A gentleman left a sum of money to be diyided among 
his four sons, so that the share of the oldest was j- of the shares 
of the other three, the share of the second ^ of the sum of the 
other three, and the share of- the third ^ of the snm of the 
other three; and it was fonnd that the share of the oldest 
exceeded that of the youngest by S14. What was the whole 
sum, and what was the share of each person ? 

Ans. Whole snm, $120 ; oldest son's share, S40 ; second son's, 
S30 ; third son's, $24; youngest son's, $26. 



SECTION XI. 

NBGATIVB QT7ANTITIBS. 

Aat. 153. The student will sometimes find that, on aooount 
of his misconception of the question, he has added a quantity 
which should have been subtracted, or that he has subtracted a 
quantity which should have been added. 

This may be illustrated by the following 

EXAMPLES. 

1. The lengih of a certain field is a, and iia breadth is b; 
how much must be added to its breadth that its contents may 
be m? 

Let a; = the quantity to be added to its breadth. 
Then 5+a:=the breadth. 

And a{b'{'X)z=:my the contents. 

ab-{'axz=m. 

a 

a:= b. 

a 
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2. Let the length of the field be 10 rods, and its breadth 6 
rods ; how many rods must be added to its breadth, that the 
contents of the field may be 80 square rods ? 

Let :e = the quantity to be added to the breadth. Then, by 
the above formula, 

m , 80 
a 



a;=— — i=|5r— 6=2 rods, the qnantiiy to be added. 



VEBIFIOATION. 



10x6+2=80 square rods. 

8. Let the length of the field be 10 rods, the breadth 8 rods ; 
it is required to find what quantity must be added to the breadth 
that the contenia may be 60 square rods. 

By the formula, 

m . 60 Q „ - 
a;=— — ^=:r7r— 8=— 2 rods. 
a 10 

We perceive by the above that it is —2 rods which are to be 
added, and not -f-2 rods; but we add quantities together in 
Algebra by simply writing them one after the other, with their 
respective signs, so that —2 added to -f-8 becomes 8 — 2=6, 
the answer, which is the same as subtracting +2 from -}-8. 
And, in general, adding a minus quantity brings the same result 
as subtracting a plus quantity of equal value, and vice versa, 

VEBIFICATION. 

10 X 8^=60 square rods. Ans. 

4. Suppose the field to be 10 rods long and 8 rods wide, 
it is required to ascertain how much must be subtracted from its 
width that its contents may be 60 square rods. 

To subtract a minus quantity is the same as to add a plus 
quantity. If, therefore, we change the sign of a; in the formula 
first obtained, x will then express how much is to be subtracted. 

Thus, — a:=---*, 

a 

or, zssb =8— ;r7;=2 rods. 

a 10 
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TEBmOASZOB. 



10x8—2=60 square roda. 

5. K the field were 10 rods long and 8 rods wide, how many 
ro^ must be taken &om its width that its contents may be 100 
square rods ? 

By the formula, 

x=b =8 — :r^=— 2 rods. 

a 10 

That is, — 2 is to be subtracted from -}-8 ; or, as we perform 
subtraction in Algebra by changing the sign of the subtrahend, 
and thus annexing it to the minuend, we have 
8— (-2)=8+2=10; 
so that, in general, subtracting a minus quantity is the same as 
adding a plus quantity of equal value. 

6. John Smith, at the time of his marriage, was 50 years 
old, and his wife was 40. When wiH his age be twice that of 
his wife? 

Let a;=the time. 

Then, 60+a:=2x50+i. 

50+a:=80+2a:. 
And, ar==50— 80=— 30 yeais. 

As the answer is — 30 years, it is eyident that he is not runo 
twice as old as his wife, but 30 years ago his age was twice 
hers. 

yEBIFIOA.TION. 



50-30=40—30x2. 
20=20. . 

7. J. Jones is 40 years old, his wife 30, When wiQ they 
both be of the same age ? 
Let a;=the. time. 
Then, 30+a;==40+a;. 

x— a:=40— 30. 
Oa:=10. 
And, x=^ = Qc. 

Hence they can never be of the same age. 
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8. Wliat fraction is saoh, that if 2 be added to its numerator 
its YBlue is ^, or if 2 be added to its denominator its value is ^? 

Ans. =j|. 

9. What fraction is such, that if 7 be added to the numeratoir 

its value is nothing, but if 2 be added to its denominator its 

value is infinite ? - — 7 

Am. -g. 

10. What fraction is such, that, if 4 be added to its numer- 
ator its value is nothing, but if 10 be subtracted from its 
denominator its value is 1 ? 

THB GOITBIERS. 

1. Two couriers set out at the same time from A and 0, and 
travel towards eaeh other imtil they meet. The distance from 
A to is m miles. The first courier travels a miles per hour, 
and the second b miles per hour. How &r from A and will 
they meet ? 

A B p 

Let us suppose them to meet at B. 

And let a; ^ the distance A B. 

And y = the distance B C. 

Then x+y == A = m. 

As the first travels x miles at the rate of a miles per hour, to 
find the time he will travel this distance, we say, 

X 

As a miles : x miles : : 1 hour : - s=: the time the first cou- 

a 

rier will travel the distance A B. 

And, as b miles : y miles : : 1 hour : j- hours ss= the time 

the second courier will travel the distance B C. 

As both couriers set out at the same time, and arrive at the 
same time at G, 

Therefore ~=|. 

a b 

And x=^. 

o 
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If we sabstitate this yalue of :r in the first equation, we 
have 

And iy-{-by=6m. 

Hence y =— tt* 

Substitnting this yalne of y in the equation a;=:-~-, we have 
a oTfi abm am 



'b^a-^-b ab+b^ a+b' 

The values of x and y in the above equation are both posi- 
dve. Therefore, whatever value we may assign to a, 3 and m, 
it will answer the conditions of the question. 

This maj be illustrated by the following question : 

2. Two men, A and B, set out from two places, distant from 
each other 144 miles, and travel towards each other. A goes 
12 miles an hour, and B four miles an hour. How &r must 
each travel before they meet ? 

By the above formulae, 
am 12x144 



"«+*"" 12+4 



= 108 miles, the distance A travels. 



And y = — --=^=$-— -= 36 miles, the distance B travels, 
a+o 12+4 

YimiEICATION. 

108+36=144 miles. 

3. If the couriers were to set out at the same time from A 
and B, and travel towards 0, both going the same direction, the 
first going a miles per hour, and the second b miles per hour, 
and the distance A B being niy how far would each travel before 
they meet, suppose at a point C ? 

E A B C D 

Let z =s the distance A C. 
And y = the distance B C. 
Then ar— y=AC— BC=AB=:w. 
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By p. 
we find 



By peifoiming tbe same operation as in the fint question, 
re find 



irv 

and 2;=^. 
b 

Therefore ^— y=2n. 

And ay^ly=bm. 

Whence «= — 7. 

Snbstitate this last value of y in the former equation, and 
we have 

oy d hTn (zb?n om 

Here it is evident that the values of x and y will not be 
positive, unless a be greater than b ; or, in other words, unless 
the courief which sets out from A travels faster than the one 
that sets out from B, he will never overtake him. 

4. Suppose the first courier to travel 9 miles per hour, and 
the second 6 miles per hour, and the distance A B to be 18 
miles, and it was required to find how far each would travel 
before the one overtook the other. 

Then a=9, i=6, and m=18. 

And, by the first formula, 

x= r=-7v — s-=54 miles, the distance the first courier would 

a — y — o 

travel. 
And, by the second formula, 

y=^j3^=-g3g-=36 miles, the distance the second courier 
would travel. 
We perceive, by the above operation, tiiat the point 0, where 
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the couriers meet, is &4 — 36=18 miles ftrther from A than B 
is, wMch is equal to the distance m, 

5. Again, let a=6, 3=9, and m=lS ; or, suppose the first 
courier sets out &om A and travels 6 miles an hour, and tho 
second sets out at the same time from B and travels in the 
same direction towards C at the rate of 9 miles per hour. What 
distance will each travel before they meet ? 

By the first formula, 

— — =—36 miles, the first travels. 



a— 3 6—9 
By the second formula, 

x= — 7=-^ — pr-=— 54 miles, the second travds. 
a — o — y 

Here the values of x and y are both negative. Now, how shall 
we interpret this result ? What is the meaning of the negative 
sign, in this case ? 

To xmderstand this, we must observe that we began by sup- 
posing the parties to be travelling towards C, and any motion 
in this direction would have been indicated in this example, as 
it has been in the preceding examples, by the sign -{-• But, 
when the sign -{- is taken to indicate motion in one direction, 
the opposite sign — must indicate motion in the opposite direction. 
Hence the minus sign, resulting as above, indicates that the 
parties, in order to meet, must travel, not towards C, as we at 
first supposed, but in the opposite direction, towards F, a point 
36 miles from A, and 54 miles from B, where they will meet 

6. Again, let a=6, 3=6, and m=18; or, we will suppose 
the courier^ both to start at the same time from A and B, and 
both to travel in the same direction towards C, and both trav- 
elling at the same rate or 6 miles per hour, the distance A B 
being 18 miles. What distance will each travel before they 
meet? 

10 
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By the first formtila, ar= — r, or =s-7r» 

•^ a— i a— a 

6X18 108 

^' *=-6::::6"^T- 

By the seoond formula, y= =, or =-7r» 

6x18 108 

As both conriers are travelling in the same direction, and at 
the same rate, it is certain they will never meet, but the dis- 
tance between them will continue the same. 

154* Therefore, the expression -^ or -^^1 ^^ <^7 quantity 

with zero for a denominator, is the symbol for infinity ; for it is 
well known that the value of a fraction depends on the number 
of times the numerator contains the denominator, or the number 
of times the denominator may be taken from the numerator, 
until nothing shall remain. 

It is certain that, if a be greater than b, however small the 
difference, the couriers will eventually meet ; but, if the differ- 
ence between a and b be less than any assignable quantity, then 
z and y may be considered infinite. 

Again, let fl=^, and ot=0. 

^ am aXO 

Then a:= .=-^=- 

a—b 

. , bm bxO 

And y= j=— pr— =;r. 

From the above we infer that x and y are equal to each other. 

Thus, Z=:X. 

This is an identical equaticn, and the values of the unknown 
quantities cannot be known by it. 

And, as m=0, it is evident, that as both couriers start from 
the same point, and travel at the same rate, and in the same 
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direction, they will always be together, and therefore cannot 
meet. 

We say, therefore, that the 9, in this case, is an expression 
of an Indeterminate Quantity, because that x and y may be any 
quantities whatever. 

But it is not true that the expression % is always the sign of 
an indeterminate quantity. 

155, In fractions, when the numerator and denominator have 
a common factor, and which in some cases becomes zero, and 
makes the fraction assume the form of }, but which, without 
that factor, has a definite value, the expression is not inde- 
terminate. 

The following fractions are examples of this kind : 
m{7n? — »*) 
n{m — n) ' 
Now, if m=?i, the value of the quantity is %. 
But, on examination, we perceive that both the numerator 
and denominator have the common &ctor m—n. 

Therefore, by dividing both terms of the expression by m—n, 

it becomes ^ , which, if msssTt, is equal to 2m. 

z— 1 

The value of the expression "ZT' 

if we divide both terms by a;— 1, is 1 ; but, if a;=l, the value 

is*- 

.... m'— «' 
Again, let a:= . 

Then, if ffi=», the value of a:=J, 

But, if we divide both terms by the common &ctor m — n, its 
value is m^-^mn-}^, and then, on the supposition that 972=71, 
its value will be 3m'. 

INDBTEEMINATION. 

156f In investigating the theory of indetemunation, we find 
many curious results and apparent absurdities. 
This will appear evident by investigating the following prob- 
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1. If it be admitted that a=:l and x=l, it may be shown 
that 1 is 2 and 2 is nothing, or any assignable quantity. 
Let a=:r. 

Multiplying both terms of the equation by x, we have 

Subtracting a^ &om both members, 

az — <^=x^ — a\ 

BesolTing both terms into factors, 

a(x— a) =(2:— a) (x-\-a), 
Diyiding by x—a, 

a=x-\-a. 
Substituting a for its value 2;, 

Dividing both terms by a, 

1=1+1=2. 
Again, we have found above that 

3r — a =027 — CT. 

Dividing both terms by the common factor a;— a, we have 

x+a=s . 

a—a 

Now, as X and a by the supposition are each equal to 1, we 

see that 

1+1- ^_j . 

And 2=g. 

Thus it appears that we have clearly proved that 1 is 2, 
and 2 any assignable quantity. Q. E. D. 

The fallacy is this, that if nothing be divided by nothing the 
quotient is any assignable quantity. 

This principle may be further illustrated by considering the 
following identical equation. 

Let 16=16. 

Resolving into terms, 12+4=12+4. 

Transposing, 4—4=12—12. 

Resolving second term into &ctors, 4— 4s=3(4— 4). 

Dividing by 4 — 4, 1=3. 
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Thus it appears that 1 is 3 ; and, in the same maimer, a mdt 
may be proved to be any definite nnmber; 

From various articles in the foregoing section, we infer the 
following : 

1. If zero be multiplied by zero, or &dj assignable quantity, 
the product will be zero; 

2. 'If zero be divided by zero, the quotient may be zero, or 
any assignable quantity. 

3. If zero be divided by any quantity, the quotient will be zero. 

4. If any quantity be divided by zero, the quotient will be 
infinity. 

5. If any quantity be added; to or taken from infinity, the 
result will be infinity. 

6. If zero be muldplied by infinity, the product may be any 
quantiiy. 

7. Xf iiifiniiy be divided by infinity, the quotient may be any 
asfflgnable quantity, 

8. One infinity may be infinitely larger than another. 



SECTION XII. 

Theorem I. 

Abt. l57« If the sum of two numbers or quantities be mul- 
tiplied into itself, the product will be equal to the sum of the 
squares of both terms, plus twice the product of the terms. 

Note. — The theorems in the following section maybe illustrated by 
diagrams, and it would be well for the pupils to draw them. 

When a number or quantity is multiplied into Itself, the product is a 
Mquare* 

EXAMPLES. 

1. Multiply a-f-3 into itself. 
10* 
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yxBinoAXiOH. 
a+b 8+4=12 12 

a+b 8+4=12 12 

a'+ab 64+32 144 

fl5+i« 32+16 

a3+2a5+5« • 64+64+16=144. . 

We perceive, by tbe above operation, that the square* of any 
binomial may be readily obtained. 

2. Multiply da+2b into itself. 

3aX3a+2x3aX2^+2iX2^= 
9a''+12ab+W. 



3. Multiply z+2y into itself. 


Am, 3^+4xy+4if'. 


4. Multiply 8a3+97i into itself. 


Am. 


5. Multiply by+4cz into itself. 


Am, 


6. Multiply 2m+3« into itself. 


Am. 


7. Multiply 7ei+2e into itself. 


Am. 


8. Multiply 2n+Zw into itself 


Am. 


9. Multiply ba^+2b into itself 


Am. 


10. Multiply 1+i into itself 


Am. 


11. Multiply 3+i into itself. 


Am. 


12. Multiply 2+i into itself 


' Am. 


Teusobem n. 





158* If the sum of two numbers or quantities be multiplied 
by their difference, the product wiU be equal to the difference 
of their squares. 



VERIFIOATION. 

a+b 8+4=12 12 



Multiply a+b into a— 3, 

a+b 

a-^-b 8—4= 4 _£ 

a^'+ab 64+32 48 

--fl^-y —32-16 

^ -3" 64 -16=48. 
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Theobem m. 

159t If the difference of two numbers or quantities be mul- 
tiplied into itself, the product will be equal to Hie sum of tiieir 
squares, minus twice their product. 











. Multiply a- 


-h into a- 


-h. 


xtaamKosm. 




a-b 






12— 3= 9 


9 


a-h 






12-3= 9 . 


9 


c?—db 






144-36 


81 


-oH-«» 






-36+9 





oa_2a3+3^. 144-72+9=81. 

2. Multiply 3a—2i into 3a— 2*. Am. 9£^— 12a5+4y. 

3. Multiply fynty—n into 5»i— «. 

4. Multiply 4a3 — x into 4a3 — x. 

5. Multiply 3fl^-3''into 3^^—31 

6. Multiply 3?*—^ into 7^—t^, 

NoTB. — If the square of the difference of two nombers be sobtraoted 
from the square of their sum, the remainder will be equal to fbur times 
their product. 

Thus, (a+i)«-(a-3)«=:(a»+2a*+3^)-(fl?-2a5+i»)=4a3. 

Theokem IY. 
ICOt If twice the product of two quantities be subtracted from 
the sum of their squares, the remainder will be equal to the 
square of their difference. 

(a^+i?)— 2fl3=a«-2aA+^. 
But this expression, by Problem 3d, is the square of their 
difference. 

TEBIFIGA.TI02r. 

Let 9 and 3 be the two numbers. 

Then (9'+3«)-{2x9x3)=(9-3)». 

(81+9)-(54)=36. 

90-54=36. 

36=36. 
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Thxobxm v. 

161 • If there be two quantities, one of wMch is diyided into 
any number of parts, the product of the two quantities will be 
equal to the product of the undivided number into the several 
parts of the divided number. 

Let the two quantities be a and b, and let b be divided into 
three parts, c, d^ and e. 

Then b^c+d+e. 

And ab=zac-{-ad+ae, 

VXBmCAXION. 

Let the two numbers be 12 and 10, and let 10 be divided 
into the parts 6, 8, and 2. 
Then "10=5+3+2. 

And 12X10=12X5+12X3+12X2: 

120=60+86+24. 

120=120. 

Thbobsm VL 

162ff If any quantily be divided mto two parts, the square of 
this quantity will be equal to the sum of the products of this 
quantity into its two parts. 

Let a represent the quantity, and b and c the parts into 
which it is divided. 

Then a^=b'\'C. 

And aXa=^^+<^)« 

a^zssab-{-ac. 

VEBmOAnON. 

Let 12 be divided into two parts, 9 and 8 
Then 12=9+3. 

12x12=12(9+3). 
144=108+36=144. 

TaBOKEM YIL 

163i If any quantity or number be divided into two parts, 
the product of the whole and one of the parts will be equal to 
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tke piodaot of the two parts, plus the square of the aforesaid 
part. 

Let a Represent the whole quantity, and b- and e the parts. 

Then a:=zb+c. 

Multiplying both sides of the equation by b, we hare 

ab=l^+bc. 

TXBinCAXION. 

Let 12 represent the number, and 9 and 8 the parts into 
which it is divided. 
Then 12=9+8. 

Multiplying both parts of the equation by 9, we have 
9xl2=9<9+3). 
108=81+27=108. 

Theorem VIII. 

164« If any quantity be divided into two parts, the square of 
the whole quantity will be equal to the squares of the two parts, 
plus twice their product. 

Let a represent any quantity, and b and c the parts into 
which it is divided. 

Then asszzb-l-c. 

By squaring both sides of the equation, we have 
fl?=3»+2^+c«. 

VEBDnOAnOR. 

Let 9 be divided into two parts, 6 and 8. 
Then 9=6+3, 

By squaring both parts of the equation, we have 
9»==(6+3)«. 
81=36+86+9=81. 

• Theobem IX. 

185* If any number or quantity be divided into two equal 
parts, and into two unequal parts, the square of one of the 
equal parts will be equal to the product of the two unequal 
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parts, plus the square of half this difference of the two unequal 
parts. 

Let a represent one of the equal parts, and b and c the two 
unequal parts. 

Then a=^'. , 

And . 2a=zb+c. 

We now add —43c to both sides of the equation. 
And 4a«-4^=— 43c+3«+2^+c'. 

4a«— 4^= 3«_23c+c*. 



0?— 3c= 



4 



VEBIFICAXIOir. 

Let 12.be divided into two equal parts, 6 and 6; and into 
two unequal parts, 9 and 3. 

Th«n 6'=9x3+^-^Xf^+^. 

And 86=27+H=|i±!. 

86s=s27 4-9=36. 

Theorem X. 

166« If any quantity, 2a, be divided into two equal parts, and 
if any quantity, b, be added to 2a, the product of 2a-)- 3 into 3, 
plus the square of a, will be equal to the square of a-\-b. Then, 
by the proposition, 2a-{'b will be the whole quantity. 

Multiplying by b, we have 

b{2a+b)=::2ab+b\ 
By adding a^ to each member of the equation, we have 

b{2a+b) +(^=a'+2ab+P. 
Therefore b{2a+b)+a'={a+b)\ 
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YSBinoAiioir. 
Let a=10, and b=2. 

Then 2(5xl0+2)+10'=(10+2)» ; 

144 =: 144 

. Thxcrem XI. 

167« If any quantity be diyidbd into two parts, the sqoares of 
this quantity and one of the parts, will be equal to twice the 
product of the whole quantily and that part, plus the square of 
the other part. 

Let the whole quantity be denoted by a, and the parts by ft 
and c. 

Then a=:b-^c. 

And a — c^=b. 

0?— 2ac+c»=ft'. 
a«+c«==2ac+ft^. 

YEBIFIGATION. 

Let 12=8+9. 



Then 12»+9«=2xl2x9+8'. 

And 144+81=216+9. 

225=225. 

TsioKEii xn. 

168t If any quantity be divided into any two parts, fbur 
times the product of the whole quantity into one of the parts, 
plus the square of the other part, will be equal to the square of 
the quantity which consists of the whole and the first-mentioned 
part. 

Let a represent the quantity, and b and c the two parts into 
which it is divided. 

Then a=i+c. 

Multiplying both members of the equation by 4^, we shall 
have 4^X«=43X(*+c). 

4aft=4**+43c. 
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We now add c* to both members. 
Or 4alf+c'=(c+2b)\ 

VERIFICATION. 

Let a=12, and ^=9, and c=:3. 

Then 12=9+3. 



And 4xl2x9+3«=(3+2x9)l 

441 = 441 



Theorem XIII. 



Ifl9t If any qoantily be divided into two equal parts, and also 
into two unequal parts, the sum of the squares of tho two 
unequal parts will be double the square of half the quantity, plus 
twice the square of the quantily which consists of the difference 
between half the quantity and the larger of the unequal parts of 
the quantity. 

Let 2a represent the quantity, and a = one of the equal 
parts, and b = half the difference between the equal and un- 
equal parts. 

Then a-{^b = the larger part. 

And a— 3 = the less part. 

And {a-\-bY-{-(a—by = the sum of their squares. 

But (fl?+2fl3+i«)+(a»-2a^+0=2fl'+23l 

And 2a'-|~2^ == twice the square of half the quantity, plus 
twice the square of half the difference between the equal and 
unequal parts ; that is, the difference between half the quantity 
and the larger of the unequal parts. 

VERnncAnoK. 
Let 10=7+3; 10-^2=5; 7-5=2. 

Then (5+2)'+(5— 2)'=^2X52+2X25: 

And 49+9=50+8. 

58=58. 
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Thbobem XIV. 

170t If any quantitj, /2a, be divided into two equal quantities, 
a and a; and, if any quantity, i^, be added to 2a, the square of 
2a+b, plus the square of b, will be equal to twioe the square of 
a, plus twice the square of a+b. 

Now (2a+i)«+3«=4fl»+4a^+3«+J»=4a«-Hfli+2i^. 
But i^+4ab+2b^=2ii'+2{a+b)\ 

Therefore (2a+bf+l^=2a''+2{a+b)\ 

YEBIFICATIOIf. 

Let a=:10; and 3=4. 

Then (2Xl0+4)«+4»==2(10«)+2(10+4)«. 
And 576+15=200+392. 

Therefore 592=592. 



SECTION XIII. 

INVOLUTION. 

Art. 171* Involulion is the finding of any power of any 
quantity ; or, the method of finding the square, cube, biquadrate, 
Ac, of any given quantity. 

172. A power is the product of any quantity multiplied into 
itself a certain number of times, and the degree of the power is 
denoted by an exponent written over the original quantity. Thus, 
(^ is the third power of a. 

173. The exponent, or index, shows how many times the quan- 
tity has been used as a factor. 

Thus, ax«XaXflfc=«S ^^^ xx^^a^. 

174. When a quantity is written without any index, its index 
18 mufonnly considered a unit. Thus, a=a\ and x=zx\ There- 

11 
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fore, to raise any quantity to any required power, fke pupil will 
see the propriety of tbe following 

RuLi. Multiply the index of the gtumtity by the index of 
the power to whkh it is to be raisedf and the result wiU be the 
power required. 

Or, multiply the quantity into itself as many times, less one, 
as is denoted by the index of the power, and the last product will 
be the answer, 

175« When the sign of any simple quantity is +, all the 
powers of it will be + ; and when the sign is — , all the even 
powers "will be -|-» s^d the odd powers — , as is eyident fi:om 
multiplication. 

EXAMPLES. 

1. What is the fifth power of a? ^Ans. a*. 

2. What is the third power of ax? Ans. aV. 

3. Kequired the square of a^x, Ans. aV. 

4. Kequired the cube of —So". Ans. —27a'. 
6. Kequired the fourth power of -^abV. Ans. a^b'c^, 

2ax^ 4€^x* 

6. Kequired the square of — 5^. Ans, q^ . 

7. Kequired the fifth power of 2a^a:». Ans. 32a'3»V^ 

8. Kequired the sixth power of faV. Ans. ,ft/^"x^. 

9. Kequired the third power of 2flr*. Ans. 8a"*. 

10. Kequired the fourth power of — Sot"*. Ans. Slm"^. 

11. Kequired the wth power of a\ Ans. a"". 

12. Required the fourth power of 2a;". Ans. 16ar*". 

3a'3' 27a*3' 

13. Kequired the third power of -j — j-. Ans. 



4xy'' eiar'y"' 

176« Polynomfkls are inyolved by multiplying the quantity 
by itself as many times, wanting one, as there are units in the 
exponent of the power. 
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14. Let a+b be raised to tlie fifth poirar. 

{a+by=a+b 
a+b 



Ist power. 



a'+ab 




(a+b)'—d'+2ab+^ 
a+b 


2d power. 






a+b 


8d power. 






(a+by=i^+4t^b+Qa'^+4aS>+b* 
a+b 


4fh power. 






(a+J)»=«*'+6a«J+10a»4»+10a»4'+6a4*+y 
iequiied Ibe tiiird power of a— i. 


5tii power. 


(a— i)'=a— J 
a— J 


1st power. 


a?— a* 




(a— i)'=ro»— 2a3+i» 
a-b 


2d power. 


<f—2db-\-al? 





3d 



power. 



15. Beqnired the fifth power of a; — 2^. 

Am. x"— 103?V+40aY— 80«V+80:c^-32y*. 
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16. Required the third power of a— i-j-1. 

Ans. a»— 3(^3+3a«+3a3«-6ai+3a-y+3i'-33+l. 

17. Required the second power of 2a:'— 3a:+4. 

Ans. 4z*-12a:'+25a:«— 24a;+16. 

18. Required the sixth power of z— 2. 

Ans. a:*— 12a;«+603?*-160a:»+240ai«-192a:+64. 

o 2a:V-* 

19. Required the second power of orzid' 

Ans. ^ 



93«-24W+16d«* 

20. Required the fourth power of a*— a". 

Ans. tf*»— 4fl**+"+6a?*^^— 4a"**^+a*". 

21. What is the second power of 2a;'— Sar+J ? 

Ans. 4a:*— 12a:'+lla:«— 3a?-ti. 

22. What is the third power of a+23— /; ? 

Ans. a«+6a'3-3a»c+12fl3'^12a^+3ac«+8i»-12yc+6W 
-c». 

23. What is the fourth power of a+*+c+(f ? 

Ans. a*+4a»3+6a«*'+4fl5«+3*+4a^c+12fl?3c+12flyc+4*'c 
+4a«<f+12fl«M+12ai'(f+43'<f +6aV+12a^' + G^^c^ + 12fl'ai 
+2iahcd +12I^cd + Go'e? + 12a3d» + 63 V + Acu? + 12€u?d + 
12a(r<f +4fl<i*+43c"+12^(f +12^d»+4W'+c*+4c»(i + Gc'dP + 
^kd?+d\ 

24. What is the second power of ar'+2a:'+a:+2 ? 

Ans. a:!*+4a:^+6a:*+8a:»+9a;'+4a:+4. 

25. What is the second power of- — ? Ans. -15—2+3. 

26. What is the third power of ar*— a:— 1 ? 

Ans. a:'— 3a:'+5a:»— 3a;— 1. 

27. What is the third power of a— 3— 2c'— (P ? 

Ans. a'-3a'^3+3a5'-3'-6aV+12a3c'-63V-3a'(P+6aW 
-33«<f +12flc*+12ac'd3+3af — 123c* — Igic'^P- 3W« — 8c? - 
12c*rf^— 6cV— d'. 
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SECTION XIV. 

EVOLUTION, OK THE EXTBAOTION OP BOOTS. 

A&T. 177* Erolution is the reyerse of iavolation, being the 
method of findlDg the roots of any given quantity. It will, 
iherefore, be necessary to trace back the steps of the operation 
in involution. 

Henc^to find any root of a monomial, we adopt the fol- 
lowing 

BiTLB. Extract the required root of the eoefident for the 
coefficient of the answer^ and the root of the quantity subjoined 
for the literal part of the answer. * 

178. If the quantity proposed be a fraction, its root will 
be found by taking the root both of its numerator and denom- 
inator. 

179* The square root, the fourth root, or any other even root 
o^an affirmative quantity, may be either plus or minus. 

Thus, A/cf=:i+a or —a; and >^iJ*=+i, or — ^. But the 
cube root, or any other odd root of a quantity, will have the 
Bame sign as the quantity itself. Thus ^a'rsra ; /^— «*==—«, 
and Ar^^=^a, 

The reason why -^a and —a are each the square root of a?*, 
is obvious; since, by the rule of multiplication, (+a)X(+«) 
and (— a)x(— a) are each equal to a^ 

180t In the case of the cube root, fifth root, &c., of a nega- 
tive quantily , the rule is equally plain ; since, by multiplying, 
we have (— a)X(— a)X(— «)=— fl^. 
It may also be stated here that any even root of a negative 
uantity is unassignable ; or, as it is usually called, imaginary. 
Thus, V— <»' cannot be determined, as there is no quantity, 
either positive or negative, that, when multiplied by itself, will 
produce —a*. 

11* 
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XZAMPLBS. 

1. Find the square root of 9a^. 

Here ^/P?=A/^X^/S'=3X«=3a. Am. 

2. WhsLt is the cube root of Sar* ? 

Here >yB?=>^X/^a:'=2Xa?=2a:. Ans. 

8. It is required to find the square root of — ^. 

4. What is the cube root of — o=-a ? 
Here- |^^,.^X.?^^^2Xgg^^jgg^ ^^^ 



>J27c»" 



z^^Xa^? 3Xc 3c 

5. What is the square root of l^Vl Ans. ^b\ 

6. What is the cube root of --125a:'^ ? Ans. — Sojy*. 

7. What is the fourth root of 81a*3» ? Ans. Bal^. 

« ,™ . , ^«., ^ 32mV^ ^ 2m?i' 

8. What is the fifth root of ^,^ ? -Aw*. -^-• 

243 o 

729a'^" 3a3' 

9. What is the sixth root of .^^^ ? Am. -j-* 

4096 4 

Note. — Fractions shoiild first be redaced to their lowest terms. 

10. Required the square root of ,^^^, Ans. -^. 



SYOLUTION OF POLYNOMIALS. 

181 • To extract the square root. 

Since the square of a+b is c^'\-2ab+l^^ in order to obtain 
the square root of fl?+2fl3+i', we must consider by what pro- 
cess the quantity a+b can be generally derived from it. 

Now, in the first place, we observe that a, the first term of 
the root, is the square root of a', the first term of the square * 
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and, in addition to this, there still remains iab^l^, from which 
^ is to be obtained; but 2ah-^V^ is the same 9A {2a+h)h ; and, 
therefore, h will be determined by dividing the first term of the 
remainder by twice the first term of the root. To complete 
the operation, twice this first term, together with the second, 
mnst be multiplied by the second ; and, after subtraction, there 
is no remainder. 

]82« K the proposed quantity consists of more terms, it is 
evident that we have only to consider a+ft in the place of a, 
and then, by the same process, another term of the root will be 
obtained, and so on ; and hence we have the following 

Genb&al Bulk. Arrange the terms in the tyrder df the mag^ 
rdtudes of the indices of some one quantity. 

Find the square root of the first term^ and subtract its square 
from the proposed quantity. 

Bring down the next two terms, and find the next term of the 
root by dividing this last quantity by tunce the first, and affix it, 
with the proper sign, to the divisor. 

Myltipty this result by the second term of the root, and bring 
down to the remainder as many terms as maJce the number 
equal to that of the next completed divisor ; and thus continue 
the process, till the root, or the requisite approximation to it, be 
obtained. 

See National Asithmjetio, page 243. 

EXAMPUSS. 

1. Find the square root of a:*— Gaj'^+Oy*. 



183* If the terms had been arranged in the reverse order, 
as 9^*— 6a:'^+a:*, the root would have been found by a similar 
process to be 3y^— a:', which differs in its sijgn from the former. 
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The reason of this is, that the square root of a quantity may 
be either positive or negative, agreeably to Art. 179 ; and ia 
the first case we have one sign, in the second the opposite. 

2. Find the square root of 4z*^4a?^^2^+2x+l. 

4aj4_4c9_3a;a+2z+l(2ai«-2:-l. 
4a^ 






4a:8-2z-l)-4ar*+2a;+l 

8. Extract the square root of 16 {a*+l)— 24a(a'*4-l)+41«'- 

Having arranged the terms according to the dimensions of a, 
we have 

l&^-24£i»+41a«-.24a+16(4a«— 8a+4. 
16tf* 



8a»-.3a)-24a»+41a« 
-240*+ 9a« 



8rf»-.6a+4)32a«-24a+16 
32a«-24fl+16 



4. Bequired the square root of 

•4«»— 16a*a:*+16aM+20aVc*-40aMy^c*+25c3r* 

4a«-16a*a:*+16aM+20aVc^-40AVc^+25cyi 
4(^ (2a*-4aM+5y^c2^. 

4a*-4fl*a:*)-16a*;c*+16aM 
— 16aM+16a*:r* 

4a*— 8aM+5yM)20a^yM— 40flMy*c*+26cy* 
20fl^yM— 40aMyM+25cyi 
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6. Extract the square root of o^+a:*. 



t^+x'f. 



a^ X* 3? b3? 



4^ 






4a? 
a?* x"" a? 






a:* g" _ a:^° 
8a*"*"l6a« 64a? 

10 



+a 4a'"'"8a' 128a7 64a» ' 64af» 



5a:» 5a;" ^ 



64a« 128a** 



6. What is the sqtzare ^oot of a;*— 2a:'+3a:«— 2a:4-l ? 

ilw5. ar*— x+l. 

7. What is the sqiiare root of a:"— 2a:^+a:*+2a:3— 2a:»+l ? 

Ans, 3? — ar'+l. 

8. What is the square root of a*+4fl33+10a'^+12ai'+93* ? 

Ans. a«+2a^+3^. 

9. Extract the sqiiare root of a*— 2a^+2a'— a+i. 

Ans. a' — a+i* 

10. What is the sqiiare root of 4aV— 12a'a:'+13aV— ea'a; 
+a«? Ans. 2aa;'— Sa'aj+o*. 

€? 4ab 4^ 

11. What is the sqxiare root of^— gT-+Q o ^ 

a 23 
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XYOLUnON BT UBIiiOHBD OOEfflCIIXNlB. 

1. What is the square root of 4a^— 4a:'+13ai*— 6a:+9 1 

4-4+13-6+9(2-1+3= 
4 23*-.z+d. 

4-.l)-4+13 
-4+1 



4-.2+3)12— 6+9 
12^6+9. 



2. What is the square root of 9a;'— 24a:*+12ir'+16a:»— 16:r 

9+0-24+12+16—16+4(3+0-4+2= 

9 82*+0a:»— 4a:+2= 

6+0-4)+0-24+12+16 82:«-4a:+2. 

-24— 0+16 

. 6+0—8+2)12+ 0-16+4 
12+ 0-16+4. 

3. What is the square root of 4a:'— 4a:*+12a;*+a;»— 6a;+9 ? 

4+0+0—4+12+0+1—6+9(2+0+0-1+3= 
4 2a:*+0a;«+0«"-a:+3= 

4+0+0-l)+0+0-4+12+0+l 23:*-x+3. 
+0+0-4— 0—0+1 

4+0+0-2+3)12+0+0-6+9 
12+0+0—6+9 

The pupil will perceive that the 5th power of a; in the second 
question, and the 3d, 6th and 7th power of x in the third 
question, are wanting; therefore their place in the operation 
must be supplied by zero. 

4. What is the square root of 4a*— 16a'+24a»— 16fl+4 ? 

Am. 2a«— 4a+2. 
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5. What is the square root of 4ar"— 12a:"— 122J»+9a:"4.1&r 
+9? Ans. 2a:*— ar— 3. 

6. What is the square root of l&z^+24a^+^9x*+Q0z+lW ? 

Am. 4ar^+3ar+10. 

7. What is the square root of Qa:"— 12a:*+10ar*— 28a:«+17a:" 
— Sx+ie? Ans. ac*— 2ar«+z— 4. 

2 1 

8. What is the square root of ot'+2wi— 1 1 — 5? 

mm 

Ans. m4-l . 

m 

XZTRAOnON OV THB SQUABB BOOT OT NVMBSBS. 

184fl As numbers are not expressed in the same manner as 
algebraic quantities, it is evident that the same rule for ex- 
tracting the square root of algebraic quantities will not apply 
to extracting the roots of numbers without additional con- 
siderations. But, if the foregoing rule be assisted by the 
" Method of Pointing," it will enable us to extract the square 
root of numbers. 

1S5$ Since the square root of 1 is 1 ; 

the square root of 100 is 10 ; 

the square root of 10000 is 100 ; 

the square root of 1000000 is 1000, &c., 
it is evident that the square root of a number of figures less 
than three must consist of only (me figure ; that of a number 
more than two figures and less than five, of two figures ; that 
of a number more than four figures and less than seven, of three 
figures, and so on. Whence it follows, that, if a dot be placed 
over every alternate figure, beginning at the unit's place, the 
number of such points will be the same as the number of figures 
in the root. 

The same rule may be extended to decimals, by first making 
the number of decimal places even, and then commencing at the 
unit's place and pointing towards the right hand over every 
alternate figure, as before ; and the number of such points will 
be the same as the number of decimal places in the root. 
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1. EztraoHhe square root of 273529. 

▲BITHMETICAL VOBM. STKBOLIOAL FOBU. 

273529(523 * 273529(500+20+5 

25 500^250000 



102)235 2X500+20=1020)23529 

204 20400 



1043)3129 2X(500+20)+3=:1043)3129 

3129. 3129 



The pupil will perceive that both these operations are per- 
formed by Art. 182. 

2. Extract the square root of 45796. Am. 214. 

3. Extract the square root of 106929. Am. 327. 

4. Extract the square root of 36372961. Am. 6031. 

5. Extract the square root of 22071204. Am. 46^8. 

6. Extract the square root of 33.1776. Am. 5.76. 

7. Extract the square root of .9409. Am. .97. 

8. Extract the square root of .0029997529. Am. .05477. 

9. Extract the square root of .001234. Am. .035128+. 
10. Extract the^square root of 32176552.863844. 

Am. 5672.438. 

CUBE BOOT. 

186. Investigation of a rule for extracting the Cube Boot of 
a compound algebraical quantity. 

Since (a+i)'=fl'+3a'3+3ai^+i', we must have the cube 
root of the latter quantity = a-\-b ; and our objeol is to deter- 
mine how it may be deduced from it. 

Now, the first term a of the root is the cube root of a', and 
the. first term of the proposed quantity; hence, taking away 
a', we have 3a'3+3ai'+3' left to enable us to find h; but 
3a«3+3a3'»+i^=(3fl'+3fl3+J«)3. It is, therefore, manifest 
that h will be obtained by dividing the first term of the re- 
mainder by thret times the square of a ; and, to complete the 
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diyisor, we must add to So' three times the pToduct of the two 
tenns, or %db^ and also tEe square of the last, }?, Thus, the 
second term being found, the repetition of a similar process will 
evidently lead to the root, whatever number of terms the ex- 
pression may contain. Hence the following 

Rule. Arrange the terms according to the powers of some 
letter y and extract the root of the first term^ which must be a 
cubey or some power of a cube ; place this root in the quotient , 
subtract its cube from the first term, and there unU be no re- 
mainder. 

Bring daum the three next terms for a dividend, and put 
three times the square of the root just found in the divisor^s 
place, and see ham often this is contained in the first term of the 
dividend, arid the quotient is the next term of the root. 

Add three times the product of the two terms of the root, plus 
the square of the last term, to the term already in the divisor's 
place, arid the divisor vnU he completed. 

Multiply the complete divisor by the last term of the root; 
subtract the product from the dividend, and to the remainder 
connect the three next terms, and proceed as before, 

EXAMPLXS. 

1. Find the cube root of fl^+Sa'^i+Sfli'+i^ 

0^+ Za^+Zal^+l?{a+b, 
a' 



2. Extractthecuberootofa;'— 3a:*+5x3— 3a;— 1. 

a^-^^3^+bti^'-Zx'-l{7?''X'-l. 

aP_ 

3a;^-3a:'+a:«)-3a:^+5a:^-3a: 
-.3a:«+3a:^- a? 



3a:*— 6ar'+3a:+l)-3a;^+6a:3-3a;— 1 
— 3aj<4-6a:3— 3ar— L 



12 
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The first diTisor is found thus : 

3X«'X«'+3(a:»X-a:)+(-a:)»=82f*-ar»+ar». 

And the second thus : 

8(a;'-x)«+3(a:2-a:)(-l)+(-l)«=3i«-62:«+aa:+l. 

3. Extract the cube root of a;*— 6a:'+153:*— 20a:'+15a:»— 
6x+l. 






3a:*-122»+152«-6a;+l. 



4. Extract the cube root of a:»+9a:»+27a;4-27. 

Ans. x+'6. 

5. Extract the cube root of 1— 6y+12y*— Sy'. 

-Aw*, 1— 2y. 

6. Extract tiie cube root of a*— 6a»+40a'— 96a— 64. 

ilTw. fl^— 2a— 4. 

7. Extract the cube root of a'+3fl?3+3a^'+y+3a»c+6a^ 
+Wc+Ba^+Zb(?+(^. Am. a+b-^-c. 

BT DETACHED COEFTIODENTS. 

1. What is the cube root of a;'+6a:*— 40a:»+96a:— 64 ? 

1+6+0-40+0+96-64(1+2-4 
1 

PX3 = 3r~6 



(l+2)»=: 1+6+12+ 8 
PX3 = 3)-12-48 



1+6+ 0-40+0+96—64. 
, l+2-4=a:8+2a:-4. Am. 
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2. Wliat is the- cube root of 8a:»— 86i:''-f S^t'— 270* ? 
8+0-36+0+54+0-27(2+0-8. 

8 



2«X3= 12)+0-36 



8+0-36+0+&4+0-27. 
Hence, 2+0— 3=2a:»+0a:»— 3a:=2a:'— 3a:. 

3. Wliat is the fourth root of a;*+8a:»+24a:*+32a:+16 1 

Ans, x+2. 

4. What is the cube root of a;*— 32^y+3a;'y*— y*? 

Ans. a^—y. 

187t Beasoning analogous to that employed in Art. 185 will 
show, that, if a point be placed over every third figure, begin, 
ning at the umfs place, the number of points thus placed will 
be the number of digits in the cube root; and attenti<»i to 
Art 186 will furnish the following operation : 

1. Eztaract the cube root of 1860867. 

. . . a + 3 +c 
1860867(100+20+3=123. 
(^ =: 1000000 ss first subtrahend. 



3a? = 30000)860867 . = first remaiader. 

3(^5= 600000 

Za^ = 120000 

3« = 8000 



728000 = second subtrahend. 



S{a+bY = 43200)132867 = second remainder. 

Z{a+bfc = 129600 

3(a+i)c« = 3240 

c»= 27 

132867 = third subtrahend. 

This process is the origin of the Bule given on page 248 of 
the Author's National Aeithmeho to which the pupil is re- 
ferred. 
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BTMBOLIOAL lOBK. 



1860867(100+20+3 
(100)»= 1000000 [=123. 



3(100 )«+3(100)20+(20f =36400)860867 

728000 



3(100+20)«+3(100+20)3+3*=44289)132867 

132867. 

2. What is the cube root of 3125^875 ? Ans. 315. 

3. What is the cube root of 37259704 ? Ans. 334. 

4. What is the cube root of 116930169 ? Am, 489. 

5. What is the cube root of 508.169592 ? Ans. 7.98. 

6. What is the cube root of .724150792 ? Ans. .898. 

188» To extract any root of a compound algebraical quantity. 

Since (a+a:)"^a"*+»wi'*~*a:+ &c., it is. obvious, that when 
the quantities are properly arranged, and the first term of the 
root is found, the second term of the mth root will be dbtained 
by dividing the second term of the proposed quafttity by moC^^y 
or by m times the first term, raised to the (w— l)th power. 

And, if the root thus found be raised to the mth power, and 
the result be subtracted from the quantity proposed, and the 
process be repeated when necessary, any root of a compound 
quantity may be determined. 

The similarity of the processes employed in this and the pre- 
ceding articles will be immediately noticed, it being observed in 
the former, the complete powers of a monomial, binomial, tri- 
nomial, &c., are subtracted from the proposed quantity by tme^ 
tiffo, three, &c., operations; whereas, in the latter, the subtrac- 
tion of the same quantities is effected at once. Hence the 
following 

General Ettle. 1, Arrange the terms so that the highest 
power shaU stand in the first temi,and let the next higher occupy 
the second place. 

2. Find the root of the first term, and place it in the quotient; 
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€md^ haovng raised this root to the required power, subtract it 
from the first term, and then hring down the second term for a 
dividend, 

3. Involve the root last found to the next inferior power, and 
multiply it by the index of the given power for a dhfisor, 

4. Divide the dividend by the divisor, and the quotient wiU be 
the next term ffthe root. 

5. Involve the whole root thus found to the required power, 
which subtract from the given quantity, and divide the first term 
of the remainder by the same divisor as before. 

6. Proceed in this maainer for the next term of the root, and 
MO proceed until the work is finished. 

See page 255 of the Anther's National ABizHMxno. 

EXAMPLES. 

1. Beqnired the square root of a^—2cfx-\-M:i^ — 2aa^+^* . 
a' 



2d)'-2cfx 



a*— 2fl'a:+aV 



2fl«)2aV 



a*— 2a«a:+3aV— 2ar»+a;*. 

2. Bequired the cube root of a:"+6a:«— 40a:'4-%a;— 64. 

ic8-}-6a:«-40a:'+962:— 64(a:»+2r— 4. 

a;' 



^)^a? 



a:«4.6a:»-j-12:c*+8a:» 



ar*)-12a^ 



rc»4.6a^_40a:3^96a:-64. 



8. Required the fourth root of 16a;*— 9eb:"y4-216aY— 2iar^ 
+81j^. 

12* 



188 ALeSBSA. 

16z* 



S2s^)^9e3^y 



4. Eeqnired the cube root of ot'— 6»if^+40»t«— 96m— 64. 

Ans. m^ — 2m — 4. 

5. Required the fifth root of 32a:'— 80a?*+80a:'— 40a:«+10a: 
—1. Am. 2a:— 1. 



SECTION XV. 

SURDS, OR RADICAL QUANTTEIBS. 

Art. 189fl Surds, or radical quantities, are roots whose values 
cannot be exactly obtained, being usually expressed by means of 
the radical sign, or fractional indices ; in which latter case the 
numerator shows the power to which the quantity is to be raised, 
and the denl)minator its root. 

Thus, a/S", or 32, denotes the square root of 3. /^^ or a^^ 

m 

is th)B cube root of the square of a ; and a", or A^^t is the nth 
root of the mth power of a, 

190« The quantity V^) 0^ a/S) is an irrational quantity or 
surd, because no number, either whole or fractional, can be 
found, which, when multiplied by itself, will produce either 2 or 
3 ; but their proximate yalues may be found, to any de^ee of 
exactness, by the common rule for extracting the square root. 

Problem I. 

191« To reduce a rational quantity to the form of a surd, or 
radical quantity. 
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BxTLE. Boise the quantity to a power corresponding to the 
index of the surd to which it is to he reduced^ and over this new 
quantity place ifve radical sign, or proper indez^ and it tnll be 
the form required. 

EXAMPLES. 

1. Let 5 be reduced to the form of a sqnaxe root. 
Here 5x5=5^=25; whence V2^- -^^w*. 

2. Beduce 2a^ to the form of the cube root. 

Here {2af'Y=zSx^; whence ^/W, or (8a:")*, or 8*a:* Ans. 

3. Let — 2x be reduced to the form of the cube root. 
Here (—2a;)^=— 82;^; therefore 4/^=^B?. Ans, 

4. Let 3fl? be reduced to the form of the square root. 

Ans. //5?. 

x^ 

5. Let ^ be reduced to the form of the cube root. 

6. Reduce a:^ to the form of the fifth root. Ans. /^W. 

ar* 

7. Let be reduced to the form of the fourth root. 

8. Let (a:— ^) be reduced to the form of the square root. 



(i^-fry 



192. If a rational quantity be joined to a surd, it may be 
reduced to the form of a surd by raising the rational part to the 
required power, and multiplying it by the surd. 

9. Let 5/\/7 be reduced to a simple radical form. 
5//T==AAx5xv7==V^XV7=VTf5. Am. 

10. Let Sjs/a be reduced to a simple radical form. 

3V5=AAxBXA/a=A/S^ ^ns. 
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11. Let 3>i$^S be reduced to a Bimple radical form. 

12. Let i/>ya be reduced to a simple radical-form. An$, /^. 
18. Let ^/^^ be reduced to a Bimple radical form. 

14. Let 3^772 be reduced to a simple radical fbrm« 

Am. /y^^. 

15. Let -— J \—TT ^^ r6^^<5ed to a simple radical form. 

«+l [g-1^ t/xi-lY/x-I\_ [ aJ-fa^^-g-l 
x-l^ar+l ^ \x-lj Wiy "^2:»-a;>-.x+l"^ 

2z'l 9 

16. Let -g- |2gi ^® rieduced to a simple radical form. 



J 



Ant. 
Pboblkk n. 



*\2x 



193« To reduce quantities of different indices to others that 
shall have a given index. 

Ruug. Divide the indices of the quantities given hy the index 
under which the quantities are to be reduced, and the quotients 
will be the Tiew tTidicesfar those quantities. 

Then, over the quantities with their new indices place the 
given index, and they wHl be the equivalent quantities required. 

' EXAMPLES. 

1. Reduce 4^ and 8^ to other quantities of the same yalue, 
each haying the common index ^. 
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Here ^-=-|=iXf =f ==3, the first index. 

And J-^^=ixf =f ==2, the second index. 

Whence {4^)*=4* ; and (8^*=8* Ans. 

194» The truth of this role will be eyident; for if 4 be raised 
to the 3d power, and the 6th root extracted, that root will 
be eqnal to the square root of 4. 

Thus, 4X4X4=64; a/B4=2; V^=2. 

And, if 8 be raised to the 2d power, and the 6th root extracted 
the result will be eqnal to the cube root of 8. 

Thus, 8x8=64; ^64=2; ^^8=2. 

2. Eednce 3^ and 5^ to the common index ^. 

Ans, >^=a5^9; >^=/{/l26. 

3. Eeduoe c^ and a^ to quantities that shall have the common 
index ^. . Ans, it/1? and fs/l?> 

4. Keduce Zc? and 2a^ to the quan^ties that shall have the 
common index \. Ans. 3^^/? and 2^^?. 

5. Eeduce bx* and 6^^ to quantities haying the common 
index ^. Ans. bji^s? and ^^Y. 

6. Eeduce a!" and ¥ to quantities having a common index ■^. 

ar=a''^'=:ar' ; and 5^=3* ^"=5"'. 

^ ± p 1, 

Therefore a"=(a'"0"'; and ^^=(5"^)"*. 

Pboblem m. 

195, To reduce surds to a common index. 

Ettle. Eeduce the tJidices of the quantities to a coTnmon de- 
nmrdnaJtoTy and then involve each quantity to the power denoted 
by its numerator. 
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1. Eeduce 8^ and 4^ to quantities having a common index. 

We first reduce the fractional indices, ^ and ^, to a common 
denominator, and find them to be f and |, which have the same 
Talue OB ^ and ^. 

Hence 3*=3*= (33)*=27* or /^TJT. 

And 4*=4*=(4«)*==:16* or y^IBl 

2. Eeduce 4^ and 6^ to equal quantities, that shall have the 
same index. 

^ and |- = -^ and ^, 

Therefore 4*=4"^=(4^)t^=(256)^ or 'A/Wo. Am. 
And 6i=6^=(6')^=(216)* or J^/SIB; Am. 

3. Reduce 2^ and 3^ to equal quantities having a common 
uidex. Am. .^OB'aiid a^ST. 

4. Reduce cfi and h* to equal quantities having a common 
index. Am. /J/^and/^ 

5. Reduce 2^ and ^ to quantities having a common index. 

Arts. "*'*a/^ and "^a/^« 

Peoblbm IV. 

196i To reduce surds to their most simple form. 

Rule. Bescive the given quantity into tivo fttctorSf one of 
wMck shall be the greatest corresponding power contained in it^ 
and set the root of this power before the remaining factor^ with 
the proper radical sign bettoeen them. 

Note. — When the given surd contains no factor which is an exact 
power, it is already in its most simple form. Thus V1& cannot be re- 
duced lower, because neither of the fectors 5 or 8 is a square. 

EXAMPLES. 

1. Let >\/18 be reduced to its most simple &nn« 
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We diyide 48 into two Motors, 16 and 3, 16 being the great- 
est power of the required root. We therefore extract the 
sqnare root of 16, and write its root, 4, before the other &otor, 
haying the sign prefixed to the surd. 

Thus V48=V16X3=4V3. Ans. 

2. Let >v^l08 be reduced to its most simple form. 

In this question we find the &ctors of 108 to be 27 and 4, 
27 being the largest possible factor of which the cube root oould 
be extracted. The operation, therefore, is 

Thus- /yim=:yZ^Wxi=S^. Ans. 

3. Let /^Ib be reduced to its most simple form. 

Ans, b/n/S. 

4. Let ^80 be reduced to its most simple form. » 

Ans. 2^. 

5. Beduce a/TIc?s? to its sim|4est form. 

Here ^/27fl^=V5^5'x^az=^/gS5'X//5a^=3aa^ 

6. Beduce A^b4a^x* to its simplest form. Ans, daz/^2a^z, 

Pboblbm V. 

197. When any number or quantity is prefixed to the surd^ 
that quantity must be multiplied by the root of the &otor, as in 
Art 196, and the product must then be joined to the other part, 
as before. 

EXAMPLES. 

1. Let 2a/^ be reduced to its most simple form. 
Here 2V^=:2a/I5x2=2x4V?=8a/2: Ans. 

In performing this question we first find the factors of 32, 
which are 16 and 2. 

We then extract the square root of 16, and multiply its root, 
4, by the number prefixed to the surd, and find the product to 
be 8, to which we subjoin the surd 2. 

198« This and all similar questions might have been per- 
formed by squaring the number prefixed to the surd, and then 
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multipljing this number bj the surd. Let this product be 
divided into two factors, as before, and the square of the former 
prefixed to the latter will give the answer. 

Thus, 2VS2=V2x^xS2=//I5g=A/Mx2=8V2. Am. 

2. Let b/^/^ be reduced to its most simple form. 
Here 5,^/2?= 5,^8x3=6 x2>^=10/^'3: 

Or 5^24=/{/6x5x5x24=/5/^5CW=/^1000x3=10,.J^ 

3. Reduce 2ApS5 to simple terms. Ans. 4/^77 

Problem VI. 

199« A fractional surd may be reduced to a more convenient 
form by multiplying both the numerator and denominator by 
such a number or quantity as will make the denominator a com- 
plete power of the kind required, and then proceeding as be- 
fore. [Art. 198.] 

EXAMPLES. 

1. Let V^be reduced to its most simple form. 

Vfx|=V5|=V2VX-V^=iV10. Ans. 
% Let >^^be reduced to its most simple form. 

3. Let v^be reduced to its most simple form. 

Am. IVT?. 

4. Let 4^ be reduced to its most simple form, 

. Am. \jV^. 

5. Let fsf^ be reduced to its most simple form. 

Am. ^A^?. 

EXAMPLES TO EZSBOISB THE FOBEQOINa BT7LES. 

1. What is the most simple form of V125 ? Ans. 5>v/5I 

2. What is the most simple form of V^OaV? 

Ans iaxts/^. 
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8. What is the most simple fonn of y^^TSSSWc^? 

Am. ^obA/Ta?. 

4. What is the most simple form of 7a/8D ? Ans. 28^57 

5. What is the most simple form of f >v^ ? -Ani' A V^* 

6. What is the most simple form of ^a/^ ? Ans, -fff/T. 

7. Let /ii/S5c?s? be reduced to its most simple form. 

"^ *. Ans. 4az>v/6x. 

8. Let fi^56a?*+64y' be rednced to its most, simple form. 

Ans. f^(7a:*4-8y»). 

Problem VII. 
200* To add snrd quantities together. 
L When the radicals are similar, annex the radical part to 
the sum of the coefficients. 

EXAMPLES. 

1. Add 7V^ to Sa/Z Ans. Ua/Z 

2. Add Sa/S to Sa/oI. Ans. Sa/oB. 
8. Add aA/xy to hsf^. Ans. {a+b)A/xy. 

4. Add 7A/?=y to ysfW^. Ans. (7+^)^/^^. 

n. When the radical parts aria dissimilar, make them similar 
bj Art. 197, and proceed as above. 

But, if the surd part cannot be made the same in all the 
quantities, they can only be added by the signs + and — . 

5. Add a/T5 and //S2 together. 

First VT8=V 9x2=3^2. 

And //S2=VISX^=4V5. 

Then 3V2+4V2=7V2I Ans. 

6. Bequired the sum of aJ^'BTS and AHM. 
First A^W>=f^VlbX^6^=b^. 
And Ar^=i^ 64x8=:44/S: 
Then 5/^^3:f4^3=9/yF. iln*. 

13 
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7. EeqxiiredihesiimofV27aiidV15. Am. 7^/^ 

8. Required the sum of a/SU and V72. Ans. 11//2. 

9. Find the sum of a/TSD and ViOSI Ans. 15 V^ 

10. It is required to find the sum of ^^/iCand /J/TSJ. 

Am. SaJ^. 

11. Find the sum of 4^/51 and 5^^/128. ilw*. 324/2: 

12. Find the sum of y^and ,^f^. Am. l^. 
18. Required the sum rf Zs/(^h and 5\/T5?3. 

^7W. (3a+20fl«)V3. 

peoblem vni. 

201* To find the difference of surd quantities. 

Rule. Whxn the radicals are^ or have been made^ sirrnLar 
annex the comrrum radical part to the difference of the rcUumal 
parts. 

Butt if the giumtities have no common surd^ they can he sidh 
tr acted omly by changing the sign of the subtrahervd. * 

EXAMPLES. 

1. From A/32U"take s/W. 

First V52?y=V5ix5=8A/5: 

And V"^=:vT6xS=4a/5: 

Then 8V5-4>v/5'=4V5: Am. 

2. Find the difference between a/HS and ,^/^. 
First >^ja28=/5/(Six2=44/2; 
And /</"54=aS/2Tx^=3,^. 

Then 4/^2-3/5^=^ Am. . 

8. Required the diflference between 2^50 and /\/I5. 

Am. *lsf^. 
4. What is the difference between %^fW^ and 3/^111 ? 

Am. 2/^5. 
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5. Eeqnired the difference ot/k/TS and a/^. Am. //3I 

6. Eeqnired the difference of /^/TSSS and ^^^^521 

Ans. 2/^7. 

7. Bequired the difference of /^ and /^. 

Ans. i,^. 

8. Eeqnired the difierence of /^^ and /^^. 

Am. ^^^^/Ih 

9. Find the difference of f /.J^TTand i^/^F. 

. /15a 14a«\3,. 
^^- 135-35-;^^' 

10. Rrom V^oaf take 8a;V9a* -4n». —^Ixs/a. 

PSOBLEM IX. 

202t To mnltiply sard qnaniities together. 

BxTLB. When the surds are of the same kvndy find the product 
of the ratixmal parts ^ and the product of the swrds ; and the two 
joined together y toith the comrmm radical sign between them, imU 
give the whole prodvjct required^ which may be reduced to its 
most simple form by Art. 199. 

203. If the surds are of different kinds, they must be reduced 
to a common index,. and then multiplied together, as before. 

204t Powers and roots of the same quantity are multiplied 
by adding their exponents. 

WXAMPTiTW. 

1. Find the product of Sa/S and 2VB. 
Here 3a/S 
MultipKed by 2 v^ 

Gives 6a/35=6V(16x8)=24//S; Ans. 

2. Find the product of ^^/f and |4/|: 
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Hera i^ 

MoKipUedby f^ 

l'^(3VX-S^)=(|X4)>4^=i4a5: Ant. 
3. MtM^j 2* by 8*. , 

Here 2*=2*=(2»)*=8* 

And 8*=3*=(8^*=9* 

72*. Am. 
4 Multiply 6 Va by S^/oT 

Hew bf/a=ib<^=Ac?. 

And Syyjss^^ssSaf 



■15.*. 


=15^/7. iln*. 


5. Multiply 4VI2 by 8a/2. 


il»». 24V5: 


6. Multiply 8^2 by 2a/F. 


ilnf. 24. 


7. Multiply i/^ by f 4/121 


.Aw. i4/^ 


8. Multiply f a/| by ^^^. 


^4«». IV A- 


9. Multiply 7y^a8 by 6^/3: 


Ans. 70y^. 


10. Multiply ^a/B by -ftyyTT. 


ilw. ;Ar>^10U. 


11. Multiply 2a* by a*. 


iln». 2cf. 


12. Multiply (a+J)* by (a+J)*. 


Am. '^(a+J)". 


18. Multiply x—/^/xy+y by V*+ VF- 




By ezprassiog the surds irith fractional indioes, we have 


. ..» »-xV-l-y. 




xi+^ 




z^—xi^+x^y 




+xyi-X^y+yi 




J +v* 
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.14 Multiply J+a'bi+ah^+ab+ah'^+b^ by a*— 3*. 

gi^bi 

a'+ah^+a^'b^+ah+ab^+ah^ 

^ah^-^a^b^—ah^ab^—ah^—H^ 
^ ^\ Am. 

-^16. Multiply V«+V^+Vc by ^/a+A/l—A/c. 

Am. a+b'-c+2A/aF. 

Problem X. 
205f To diyide one surd quantity by another. 

EuLB. When the surds are of the same kind, find the quotient 
of the ratioTialparts^ and the quotients of the surds ^ and the tux) 
joined together ^ vnth the common radical sign bettoeen them^ will 
give the whole quotierU required. 

But, if the surds are of different kinds, they must be reduced 
to a common index, and be divided as above. 

The quotients of different powers or roots of the same quantity 
are found by subtracting their indioes. 

EXAMPLES. 

1. Divide 6^/95 by SVK 
Here?^^=2A/I2=2A/3x3=(2x2)V3=4V3; Am, 

2. Divide 8vTU8 by 2a/B: 

Here ?i^^=4VI?=4/v^X2=(4x3)V2=12v^. Am. 
2a/<5 

3. Divide Sa^HS by 4/^. 

4aJ^ 
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4. Divide 12 times the cube root of 280 by 3 times the ciibe 
root of 5. 

Here ?:?^^=4,4^=4>y5x7=8>^. Am. 

5. Diyide 6a/51 by 8^2". Am. 6a/F. 

6. Diyide UH^hj ^A/TS^, Am. 2^^ 

7. Divide 4VSD"by 2^51 Am. 2Vn; 

8. Divide 6/5/100 by Sy^S". Am. 2>^^. 

9. Divide VUD+VI2 by >/5+vX Jtw. 2. 

10. Divide 82fV^by ISf/yj: ilw^. |^(^)* 

206. Since the division of sards is perfonned by sabtract- 
ing their indices, it is evident that the denominator of any 
fraction may be taken into the nmnerator, or the nnmeratoi 
into the denominator, by changing the sign of its index. 

mrAMPT.ES. 
1. Let - be expressed by a native index. 



2. Let — be expressed by a negative index. 
8. Let -^ be expressed by a negative index. 
4. Let -J be expressed by a negative index. 
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5 Let a ^ be expressed by a positive index. 

6. Let I—t;- t© expressed by a negative index. 

Am. (a+a:)"i. 

7. Let a(fl? — a?)^ be expressed by a positive index. 



8. What is the value of ^ ? 
a* 



^"'- !?=?)*• 



a"* - 

a"* 
Whence it follows that a" is a symbol equivalent to unity, 
consequently 1 may always be substituted for it. This, how- 
ever, has been demonstrated in a previous article. 

Problem XI. 
207t To involve or raise surd quantities to any power. 

Let a' represent a' surd quantity ; then, by Art. 204, its 
square will be 

Therefore, to involve a surd to any required power, we adopt 
the following 

BiTLE. When the surd is a simple quantity, multiply its 
index by 2 for the square, 3 for the cube, ^c, and it toill give 
the power of the surd part, which, being amtexed to the proper 
power of the rational partSy wUl give the whole power required. 

If the surd be a compound quantity, multiply it by itself the 
requisite number of times. 

ISXAMPLES. 

1. What is the square of 3a* ? 

3a*><*=3a^=:9y^fl«. Ans. 
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2. What is the cabe of fV^? 
Here(|V3)'=AV27=^V(9X3)=|^/3; Am. 

3. Required the square of S^/S. * Am. ^A/^. 

4. Required the cube of ITV^T Am. 103173/s/21. 

5. What is the fourth power of ^a/B"? Am. ^. 
- 6. Required the cube of V?. Am. 3^/51 

7. Required the third power of ^a/B^ Am. iA/W. 

8. Required the fourth power of jV^ ^^' i- 

1 — 

9. What is the with power of a" ? Am. a\ 

10. Required the square of 2+V3I ^W5. 7+4a/3; 

r ^ ^ 

11. What is the -th power of a^ ? Am. a'*. 

Pboblbh XIL 
208. To find the roots of surd quantities. 

Rule. When the surd is a simple quantity, multiply its 
index by ifor the square root, by ifon the cube root, ^c, and it 
unU give the root for the surd part, which being tmnexed to the 
root of the rational part, tviU give the whole root required. 

The truth of this rule may be illustrated by the following 

EXAMPLES. 

1. What is the cube root of the square root of 64 ? 

The square root of 64= V?i=64*=8. 

And the cube root of 8=>^=8*=:2. Am. 

209f The same result would have been obtained if we had 
multiplied the index (^) of the given quantity by the index of 
the required root {i), the product of which is ^Xi=4 ; ^^ i^ 
we had considered this {^) the index of the root to be extracted 
of the giv^ quantity 64, the operation would have been thus : 

/i/M=2. ilTw., as before. 
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fL Bequired ike cube root of the square root of a. 

fl*X*=fl* Am. 

8, Bequired the fourth root of //T. 8*^^=8^. Am. 

4. What is the square root of O^/T? 

Here (9^8)*=9*x8*>^*=9*X3*=:3>^ 

5. What is the square root of 10^? 

103=1000 ; a/I00S=10a/T0. Am. 

6. What is the cube root of HA/al Am. i^. 
1. What is the square root of ^fo*? Am. t«'V^ 

Pboblsm XTTT. 

210t To find factors that shall cause any surds to become 
rational. 

L When the surd is a monomial, multiply it by the same 
quantity, with an index such as when added to the index of the 
given quantity will make it a imit. . 

The quantity js/cTot a^ is made rational by multiplying it by 
a/u or a^. 

Thus, //aXVoi or a^yia^=a. 

And it will be rational if a^ be multiplied by a^ thus. 

Also, if (^ be multiplied by a ^ it will be rational ; thus, 
a^Xa*=«. 

EXAMPLES. 

1. What &otor will make x^ rational ? Am. x^. 

2. What &ctor will make y^ rational ? Am. y^. 

8. What &ctor will cause cr^ to become i^tional ? 

Am. a\ 
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n. When the surd is a binomial or residual quantity, and 
both the terms are even roots, to find a factor that will make the 
quantity rational. 

In Art. 158 we have shown that the product of the sum and 
difference of any two quantities is equal to the difference of 
their squares; therefore, when one or both of the terms are 
even roots, we multiply the given binomial or residual by the 
same quantity, with the sign of one of its terms changed. 

Note. — It is sometimes neqeasary to repeat the operation. 
EXAMPLES. 

1. To find a multiplier or factor that shall make 4-t-//5 
rational. 

Given surd, 4+V^ 

Multiplier, 4— V^ 

16+4V5 
_4V5-5 

Product, 16 —5=11 rational quantity. 

2. Find a &ctor that shall make f/a-^sfb rationaL 

a —b rational quantity. 

3. What factor will make l+>s/Trational ? 

I+a/3 
1-V8 

1+V8 
• -VS-3 

1 — 3=— 2 rational quantity. 
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4 What factor will make a/^—a/I rational ? 

6-VS 

5 —1=4 rational qoantitj. 

' 5 Find multipliers that shaQ make A/^+fV^ rational. 

a/5 -V8 

a /5 +V5 

5-A/T5 
+A/T5-3 
5 -^3=32 rational quantity. 

6. What multiplier will make a/5— V^rational ? 
ys/5— a/S 
a/5+V5 

5-a/55 

+A/5i— a: 
5 —-a; rational quantity. 

m. A trinomial surd may be rendered rational by changing 
the sign of one of its tenns for the multiplier. 

SZAMPUES. 

1. To find multipliers that shall make V7+//B— /s/2 
rational. 
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7+V21-A/14 
+a/21+3-a/B 

+A/Ii+A/g-2 

— 8+2V21 

-64-16V21 
+16V2H-84 
84—64=20 rational quantity. 

2. Find a fitotor tbat will make a/^— VI— a/3 rational. 
a/S-VI-a/S 

8-A/5-V21 
+A/B-1-V3 

+V24-V5-8 

4-2V3 
4+2//S 

16-8a/S 

+8a/3— 12 
16—12=4 rational quantity. 

QOXSIIONS FOR KXEBCISJC 

1. Find a multiplier that shall make a/^—/\/2 rationaL 

Ans. V5+V2. 

2. Find a multq»lier that shall make a/1+a/^ rational. 

Ans. a/7—a>/^' 
8. Find a multiplier that shall make /s/10—a/^ rationaL 

Ans. /s/ID+V2f. 
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4. Find multipliers that shall make A/a-f-V^+V^ rational. 

Ans, fsfa—sfB—isfcy and (a— 3— c-j-2yv^). 

5. Find multipliers that shall make Af^—AfV rational. 

Am. (a/5+^)(VS+VI). 

Pboblbm XIV. 

Art. 21 It To reduce a fraction, whose denominator is a 
surd, to anotJier that shall have a rational denominator, without 
changing its value. 

KuLB 1. Wlien the proposed fraction is a simple one, multiply 
each of its terms by the deriominator. 

2. If it be a compourid surd, find such a multiplier by the last 
Art. as wiU make the d&rwminatoT rational, then multiply both 
the numerator and denominator by it, 

EXAMPLES. 

1. Beduce — = to a fraction whose denominator shaU be 
//a 

rational. ^X^=^. Ans. 

A/a A/a « 

2 Reduce to a fraction whose denominator shall be 

national. ^^ ' -4x^=*-^. An.. 

2 

3. Reduce the fraction — to another whose denominator 

a/B 
shall be rational. 2 2 _>v/5 2^/5 . 

A/b V3 V5 ^ 

•g 

4. Reduce fo a fraction whose denominator ahall 

a/5-a/2 
be rational. 

Here —1—=—^— y^+^_^^+^^_ 



VS'-a/S //S'-yv^ /v^+zv^ 5-2 • 

14 
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6. Eziraot the square root of |. 

Here l|=^^=^x^=^=^=^. ^ 

6. Beduce r 7^^ <^ fraction whose denominator shall be 

rational. 

Here ^ = '^ S+a/^^Ba/^+2^3VT+2 ^ 
3-V2 3-V2 3+V2 »-2 7 

7. Beduce — ^^^ to a fraction that shall have a rational 

denominator. -Atw. ^ ^" . 

8. Reduce 7 7^ to an equivalent fraction haying a ra- 

rn 

tional denonrinator. . Ans. -q— • 

9. Reduce the fraction to an equivalent ' fraction 

V5-A/2 

having a rational denominator. Ans, 3l . 

10. Reduce the fraction — ■. to an equivalent fraction 

having a rational denominator. Ans, = . 

1 

11. Reduce Vr . — 7Z to a fraction that shall have a ra- 

tional denominator. Ans, -^ — <r^' 
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3 

12. Beduce the fraction — to an equiyalent fraction 

that shall have a rational denominator. 

^ 3VS+3V2 ^ ^ 
Am. i— 1-=:V5+V2: 

Pboblem XV. 

212* To change a binomial, or residual surd, into a general 
surd. 

BuLE. Involve the given binomial^ or residiud, to a power 
corresponding tvith that denoted by the surd; then write the 
radical sign of the same root aver it, 

EXAMPLES. 

1. It is required to reduce 2+a/^ to a general surd. 
Here, ' (2+yl/3)2=4^-4A/F+3=;7+4^/S; 
Therefore, 2+VS=:V(7+4V3). 

2. Beduce a/^+a/^ to a general surd. 

Here, (V5+a/3)»=2+2VB+3=5+2V5. 

Therefore, V^+ a/ 3= a/15 +2^/55". 

3. Beduce ^y^+^V^ ^ ^ general surd. 

Here, (>^+>iJ^'=6+6>^+6,^ 

Therefore, Aj^+/5^=>^^+y^+/{/i). 

4. Let 3 — V^ ^^ reduced to a general surd. 

Ans. //(H— 6a/3). 

5. Let V^+SVB'be changed to a general surd. 

Ans. a/J^+Sa/Z). 

6. It is required to change 4 — a/T to a general surd. 

Ans. V(23-8a/7). 

7. Xiet 7/^3"— 3/^15 be changed to a^general surd, 

Ans. >y (786-1323/8/^+5674/5). 
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- Peoblem XVI. 

TO EXTBAOT THB BQUABE BOOT OV A BINOMIAL BUBB. 

213t A binomial surd is one in which one of the tenns, at 
least, is irrational ; as a±>v/^ or Va±v^ 
To extract the square root of a+^/y, we put 
/^/(a+A/3)=?w+7i. 
And i^ {a—A/T^^m—n, 

Bj squaring both of these equations, 

We have a-|-V^=^"+^^+^'' 

And a — A/l=:zm^ — 2mn+?i?. 

By addition, 2a =2m* +27^^ 

And a=m'+n.'. 

Multiplying the two first equations together, 
We have //(«+V^)X V (a— V^) =(?»+») X(w—n). 
And A/{a^--b)=m^'-'n\ ^ 

Having both the sum and difference of m^ and n^ we obtain, 
by addition and subtraction, the following equations : 

^ = ^ ' ^^ ^ = 2 

Therefore, ^=v(^±^J-"=^), 

andn=v(^-=^-^). 
Consequently, ^(a+A/b)=f^( ^'^^^^~^^ V 

SM V(.-V«=V(5±^^»)-V(2=^^^). 

It is certain that both a and /s/{a^'—b) must be rational, in 
order that the expressions within the parentheses may be 
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rational, in wHioh case each of the above yalnes will be either 
two 8xirds, or a rational and a surd. 

The above formulae will apply to any particolar values for a 
and b ; observing that if h be negative, the signs of 6 in the 
fbrmulse must be changed. 

EXAMPLES. 

1. What is the square root of ll+>v/72 ? 
Here, a=ll, and ^=72. Therefore, 

And vC-:^^^>v(ii=^^^=^>)-V2. 

Therefore, V(ll+\/72)=3+V^ 

2. What is the square root of 10— a/55? 
Let a=10, and ^=96. 

Then v(g±^^^)=v(^^+^f-«^>)=^ 

And v(g=:^i^))=vf-^f-^))=.2. 

Therefore, V(l^— V5B)= V^— 2. 

3. What is the square root of 6+/v^ ? -Aw*. 1+ V^. 

4. What is the square root of 6+2^/5^? -Aw*, a/5+1. 

5. What is the square root of 12+2>|/S5? Am. a/5+VT 

6. Eequired the square root of 36±10^11. 

Ans. 5dbVn^ 

7. What is the square root of 7— 2VT0 ? Am. a/^—a/^ 

8. What is the square root of 1+4^/^ ? 

iljw. 2+a/^=^, or 2- V^=^. 
14* 
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SECTION XVI. 

IMAQIKARY QUANTITIES. 

Abt. 214* As every algebraical symbol hitherto oonsidered, 
whether it be affected with the sign + or — , when raised to 
an even power gives a positive result, it follows that no even 
root of a negative quantity can be either positive or negative. 
The even roots of negative quantities having, therefore, no sym- 
bolical representation in accordance with the views of Algebra, 
so far as we have yet considered it, can only be indicated or 
expressed by means of the radical sign, or corresponding 
fractional index. Hence arises a new species of symbolical 
expressions, called Imaginary or Impossible Quantities. 

Thus the square root of —a' is neither +a nor —a, but is 
written a/ —a*, and is equivalent to /^a^X( — 1) =V«V""1 
==taV — li which is said to be impossible, or imaginary, in 
consequence of involving the symbol a/ — 1. 

By Art. 78 we learn that the product of real quantities, that 
have like signs, is always plus ; and, if the signs are unlike, the 
product is mimis. We, therefore, infer, that the product of two 
imaginary quantities, that have the same sign, is equal to 
minus the square root of their product, considering them as real 
quantities. 

Hence, (+V —a)(+A/ —«)=-— V«'=—fl. 

(— V— fl^)(— V— «)=— V«'=— «• 

(+V3^)(+V=3)=-V5J; 

( - V'^^)(— V^)= - a/oJ. 

215* If the two imaginary quantities have different signs, 
then, it is evident, their product will be equal to plvs the square 
root of their product, considering them as real. 

Thus, (+V=5)(— >v/33)=^,^/5X; 
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1. Multiply 4V^=3 by 2//=2. 

2. Multiply 4+ V^=3 by 3—^3=5: 

4+V=B 
3-a/=5" 

12+3>v/=3— 4V=5+VTS: 

3. Multiply 3V^=I by 7//=8; il?w. -21>v/S; 

4. Multiply — 7V=5'by — 3/i/=5. Am. —21^/12; 

5. Multiply 4+ V:=7 by a/=2. ilw. 4>/=2-//n: 

216* If one imaginary be divided by another, haying the same 
sign, the quotient wiU require the positive root. 

But, if the imaginaries have different signs, it is evident that 
tilieir quotient will require the negative root. 

EXAHPItES. 

6. Divide 6a/=3 by 2/^/^^. Am. SVf. 

7. Divide 2a/^=T0 by -SV'^S". Am. — f V5*. 

8. Divide — //=T by —7//^^. Am. +7-73- 

9. Divide +a/^^ by +a/^^. il«*. +A/y- 



10. Divide — V=a by — V^^ il«5. +//t< 



11. Divide 4+a/=2 by 2— ^/"=^. il?w. 1+a/^=5. 

12. Divide l+V^=Tby 1-a/^=^. Am. a/^T. 

13. Divide 2V^=7 by — 3V^=5. -An*, —f Vf 
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SECTION XVII. 

QUABRATIO EQUATIONS, OB EQUATIONS OF THE SECOND 
DEGREE. 

Abt. 217* A quadratic equation is one in which the un- 
known quantity rises to the second power. 

Quadratics are of two kinds : those which contain only the 
^ square of the unknown quantity are called pure quadratics, and 
those which contain both the first and second powers of the 
unknown quantity are called affected quadratic equations. 

The following are examples of pure quadratics : 

EXAMPLES. 

1. Given 4a:'— 7=29 to find x. 
Conditions, 4a;'— 7=29. 
Transposing, 4a:'=29+7=36. 
Dividing, a:'=9. 
Extracting square root, a:=±3. 

2. Given a3^-\-h=:ic to find x. 
Conditions, oaj'-j-^ssc. 
Transposing, a3^:=zc — h. 
Dividing, 7^z=c—-b, 



Extractbg square root. .=±J?=i. 



Hence, to find the value of the unknown term, we have the 
following 

KuLE. Transpose and reduce the equation, so thai the un- 
known quantity may be positive, and the first member of the 
equation. Divide both members of the equation by the coefficient 
of the unknown quantity ; then extract the square root of 
both members. 
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8. Given sic'+S^Sai^+SS to find x. 

Conditions, 5a:'+6=3a:«4-55. 

Transposing, 5ar* — 8a:^=55 — 5. 

Keducing, 2a^=zb0, 

Dividing, ar'=25. 

Extracting square root, a:=±5. 

4. Given 2a:«+8=3a:»— 28 to find x. 
Conditions, Sa;^— 28=2a;»4-8. 
Transposing, 3a;^— 2a;«=28+8. 
Eeducing, a^s=sS6, 
Extracting square root, x=:±Q. 

5. Given Ix'—b^Za^+ll to find x. Am, aj==fc2. 

6. Given 4r*+15=7ar*— 417 to find x. Am. x=±12. 

7. Given 8a:2+7==-j-+35 to find x. Am. x^±/L 



8. Given aa:*+n=w— c to find a;. Am, 



.a:=±J^ 



9. Given ar*— ai=(Z to find x. Am, x^^z^/d+ab, 

10. A lady bought a silk dress for £S lbs., and the number 
of shillings she paid per yard was, to the number of yards, as 
4 to 7. How many yards did she purchase for her dress, and 
what was the price per yard ? 

Let a; = the number of shillings paid per yard. 

7a; 
Then -j- = the number of yards. 

72;" 
And the price of ihe whole, "T'^^ ^^^ shillings. 

Clearing of fractions, 7a:^=700. 

Dividing, ar^=100. 

Extracting the square root, x=ilOs., price per yd. 

7x 
Therefore, —==17^ yards. Am. 
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11. I have 10 acres of land. If it were a square field, wiiat 
would be the length of one of its sides ? Ans. 40 rods. 

12. A and B lay out money on speculation ; the amount of 
A's stock and gain is $27, and he gains as much per cent, on 
his stock as B kys out. B's gain is $32 ; and it appears that 
A gains twice as much per cent, as B. Required the capital of 
each. Ans. A's capital, $15 ; B's, $80. 

13. There are two square fields, the larger of which contains 
25,600 square rods more than the other, and the ratio of their 
sides is as 5 to 3. Required the contents of each. 

Atis, Contents of the larger, 40,000 square rods. 
Contents of the smaller, 14,400 square rods. 

14. I haye three square house-lots, of equal size; if I were to 
add 193 square rods to their contents, they would be equivalent 
to a square lot whose sides- would measure each 25 rods. Re- 
quired the length of each of the sides of my three house-lots. 

Ans, 12 rods each. 

15. A fanner has a square field, and the number of rods 
round it is ^ the number of square rods of its contents. Re- 
quired the number of acres in the field. Ans, 10 acres. 

16. John Smith has a field, which is a right-angled parallel- 
ogram ; its sides are in the ratio of 4 to 3 ; a diagonal, passing 
from one comer to its opposite, is 100 rods. Required the 
contents of the field. Ans, 30 acres. 

17. Two workmen, A and B, engage to work for a certain 
number of days, at different rates. At the end of the time. A, 
who had been absent 4 days, received 75 shillings ; but B, who 
had been absent 7 days, received only 48 shillings. Now, if 
B had been absent only 4 days, and A 7 days, they would have 
received exactly alike. How many days were they engaged for, 
how matiy did each work, and what had each per day ? 

Ans. They were engaged to work 19 days. A worked 15, 
and B 12 days ; A received 5 shillings, and B 4 shillings per 
day. 
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18. Two numbers are to each other as 4 to 5, and the sum of 
their cubes is 1512. What aro those nnmbers ? 

Ans. 8 and 10. 

19. A bushel measure contains 2150f cubic inches, and 1 
wish to make a box that shall contain 50 bushels. Its length 
is to be to its breadth as 3 to 1, and its height f its breadth. 
What are its dimensions ? 

Ans. Length 108.84+, breadth 36.28+, and height 27.21+ 
inches. 

20. What must be the dimensions of a cubical box that shaU 
contain 100 bushels ? 

Ans. Height, length, and breadth, 59.9+ inches. 

21. Two numbers are to each other as 3 to 7, and the differ- 
ence of their cubes is 2528. What are those numbers ? 

Ans. 6 and 14. 

22. Bought a house-lot for $5184. Its length is to its breadth 
as 3 to 1. I gave as many dollars per square rod as the lot is 
rods in breadth. What were the dimensions of the lot? 

Ans. 36 rods long, 12 rods wide. 

Problems. 

23. Let m be divided into two parts, whose squares shall be 
to each other as 7i to ^. ^ 

Let X = the greater.' 
And m — x = the less. 
Then x^ : {m—xf : : n : p. 
Multiplying extremes, pa?=n{m — xY. 
Evolution, Xjs/p=^dtzA/^{m—x). 

Beducing, x\f'p^=^msfn'-'Xf,/n. 

Transposing, x/s/p-^xs/n^^m/s/n. 

Tk- -J* m^/n 

Dividing, a;== the greater. 

V>+Vn 

Subtracting, m =-— — ^— the less. 

isfv+r/n //p+V^ 
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If we take the minus ngn, we have 

Xf^^=i —A/nitn-^x), 
Multiplying, x/^^—msfn'^rXs/n. 

Transposing, Xi>J^—x^fn^=i--msfn 
Changing sigos, XtJu—x^Tv^^ins/n. 

Dividing, a:== J^ ' the greater, 

Subtracting, m —z^ = ^ the less. 

24v Divide 18 into two such parts that the square of the 
larger part shall be 25 times the square of the less. 
Let a; = the larger ; then 18— x == the less. 
Then we have ar* : (18— a:)' : : 25 : 1. 

Multiplying extremes, a:'=25(18— «)'. 
Evolution, " a:=s5(18— rr). 

Multiplying, af=:90— 5a:. 

Transposition, GarssOO. 

Dividing, a;=15, the larger. 

18—15=3, the less. 

VKBIFZCAnOK. 

15«=25(3)«. 
Involving, 225=225. 

THB THEOBT OF THE UQHTS AND ATTKACTION. 

218* To apply the foregoing problems, we premise the fol- 
lowing principles of Natural Philosophy. 

1. The intensity of light emanating from any Ixmiinous body 
is inversely as the square of the distance from that body ; that 
is, if the earth were twice the distance from the sun that it now 
is, it would receive only one-fourth part of the light and heat 
that it now does.; and, if it were removed to ten times the 
distance, it would have only one-hundredth part of the light and 
heat. 
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2. The quantity of JigKt emanating from a celestial body is 
directly as the square of its diameter. 

Hence, if the earth were four times the diameter of the moon, 
an inhabitant of that luminary would receive sixteen times as 
much light from the earth as he would receiye from the moon 
if he were on the earth. 

8. The laws of attraction are similar to those of light, for all 
bodies attract each other inyersely as the squares of the dis- 
. tances from their centre, and directly as the masses of matter 
which compose thoSQ bodies. 

APPUOATION OF THB ABOVE PSINOIPLES. 

25. The moon is 240,000 miles from the earth, and the 
quantity of matter in the earth is 80 times that of the moon. 
At what distanise from the earth, in a direct line towards the 
moon, must a body be placed to be equally attracted by each, so 
that it will remain at rest as it respects those bodies ? 

Let d = the distance between the moon and earth. 
e = the quantity of matter in the earth. 
m z= the quantity in the moon, 
a; =s the distance from the earth to the point required. 
Then d-^x = the distance from the moon. 
We have then the following proposition : 

As a^ : {d—xY : : e : m. 

Therefore, m3?^=.e{d—icf. 

By evolution, Xf>/mzs^sfe{d--x), 

Keducing, x^mz=zdj^/e^x^s/el 

Transposing, Xfs/m'\'X^fe^=-ds/T, 

Dividing, ^=-T=' 7=' 

Substituting the value of dy e and m, we have 
^^240 OOOySO^ 2146624^ ^ ^^ ^ 

V80+V1 8.94427+1 ' 

tanoe from the earth. 
15 
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240,000^215865.4=24134.6 miles, = the distance from tke 
moon. 

If we take the negative sign, we shall find the point beyond 
the moon where the attraction of the two bodies will be equal. 

Taking the minus sign, XA/m=: — s/T{d—x), 

Reducing, x^^ m=:^dA/e^x^/T, 

Transposing, Xf^e-^XfJmsszds/T, 

Tk- -J- dtsfT 
Dividing, a:= . 

Substituting the values of df, e and w, we have 

*==-7o7^ 7T=270,210 miles from the earth's centre, and, 

VoU — vl 

tiierefore, 270,210—240,000=30,210 miles beyond the moon. 

26. Required the distance from the earth, in a direction tow- 
ards the sun, where a body would remain at rest, the distance 
of the earth being 95,000,000 miles from the sun. and the 
quantity of matter in the sun being 333,928 times greater than 
that of the earth. 

Let 5 represent the quantity of matter in the sun, e the 
quantity of matter in the earth, and d the distance between the 
earth and sun, and x the required distance from the sun. 

Then, substituting these letters for those in question 23, we 
have the following formula : 

dfsfs' 

95,000,0OOV5g5;g2g^ 3 3 
a/ 833,928+ a/T 
95,000,000-94,835,885=164,115 miles. ^Am 

27. The diameter of Venus is 7700 miles, its distance from 
the sun is 68,000,000 ; the diameter of the earth is 7912 miles, 
and its distance from the sun, as stated above, is 95,000,000 
miles. How much greater, therefore, is the intensity of li^t at 
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Yenus than at the earth, and what is the comparative quantity 
that each receives &om the sun ? 

Am. The intensity of light at Venus is 1.95+ times greater 
than at the earth. Yenus receives from the sun 1.84+ times 
more light than the earth. 

28. Mercury is 37,000,000 miles from the sun. How much 
greater, therefore, is the intensity of light and heat at Mercury 
than at the earth ? Ans. 6^^ times. 

29. Jupiter is 490,000,000 miles &om the sun, and its diam- 
eter is 89,000 miles. Saturn is 900,000,000 miles 'from the 
sun, and its diameter is 79,000 miles. How much more light, 
therefore, do we receive from Jupiter than from Saturn, when 
they are in opposition to the sun ? 

Let a = the distance of Jupiter from the sun. 

b = the diameter of Jupiter. 
c =7= his distance from the earth. 
^ = the distance of Saturn from the sun. 
e = the diameter of Saturn. 
A = his distance from the earth. 

The distance of these planets from the earth is obtained by 
subtracting the earth's distance from the sun from their dis- 
tance from the sun. 

The surface of Jupiter is to the surfiice of Saturn as the 
squares of their diameters ; and as the quantity of light which a 
planet receives from the sun is as the square of its diameter di- 
rectly, and inversely as the squares of its distance from the sun, 

Therefore, if b^ = the surface of Jupiter, 
and c* = the surface of Saturn, 
and a and d their respective distances from the sun, 
then the quantity of light at Saturn wiU be to the quantity 

of light at Jupiter as ^^ is to -5. And as the light which each 

of these planets gives to the earth is in intensity inversely as 
the squares of their distances from the earth, 

therefore, if ^ =: the quantity of light at Saturn, and -^ = 
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the quantity of light at Jupiter, then ^, = the quantity of 

li^t which Saturn gives to the earth, and -^ = the quantity 

which Jupitet gives. 

Therefore, to find how much more light we receive from 
Jupiter than from Saturn, we use the following proportion : 

Therefore, ^^w' 

If we substitute for these letters their numerical values, we 
shall have 

* 900^x 805^X89^ 
^"~79«X490«X395«"" 
810000x648025x7921 ..^^ , 
6241X240100X156025^ ^•^+* ^ 
That is, we receive more than seventeen times as much li^t 
from Jupiter as we do from Saturn. 

In the above operation, we have cancelled the ciphers in the 
distances and diameters of the planets. 

APVECTED QUADBATIO EQUATIONS. 

219t An affected quadratic equation is one containing the 
first power of the unknown quantity in one term, and the square 
of that quantity in another term. 

Every equation of this kind, having any real or positive root, 
will fall, when properly reduced, under one of the four following 
forms: 

1. a^-\-az^^ ^1 where a:=—^±>\/(T'i"^)* 

2. a^'-^-az^i h, where a;=4-|±V (t+^ )• 

3. a^'+oTss— 3, where a:=— |±v(t-"~*)- 

4. z^^axssz—b^ where a;=-J--±// f -—^V 
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220t No exact root can be taken of a binomial ; but, if the 
first term of a binomial be a square of the unknown quantity, 
and ike second term the quantity itself, with 1, or any other 
quantity, for its coefficient, the square of half the coefficient of 
the second term, added to the binomial, will make the whole 
quantity an ^xact square. This may be illustrated by the fol- 
lowing examples. 

Let 2^+4x be the binomial, then 2 is half the coefficient of 
the second term, and its square is 2x2=4. This we add to 
the binomial, and the result is a:2+4a:-f-4, and this quantity is 
an exact square, and its root, by Art. 183, is x-\-2. 

K the binomial be a^-\-ax, and we add to it the square of 

^3 2 

half the coefficient of z, j-, the sum will be a^^ax-i~, the 
exact root of which is a:+^. 

Again, if the binomial be a:*— 3a^x, we have only to add the 

square of half the coefficient of ar, which is -4—, to the bino- 

4 

mial, and the sum will be an exact square, a^—Zabz-\ — — -. 



For (a^^Zabz-\ — j- j^=a: g- . 



221 • If, therefore, there be any binomial whose first term is 
an even power of the unknown quantity, and the second tern 
half that power, and we add the square of half the coefficient of 
the second term to the binomial, the result will be an exact 
square. 

222t To solve an affected quadratic equation, we adopt the 
following 

KuLE. Bring all the unkrumm terms to one side of the equa- 
tion, and the known terms to the other, observing so to arrange 
them that the term which contains the square of the unknown 
quantity shaU he positive, and stand first in the equation, and the 
term which contains the first power of the unknown quantity the 
second term of the equation, 
16* 
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Dhide each side of the equation by the coefficient of the un- 
knoum squarfi, 

AM the square of half the coefficient of the second term to each 
side of the equation^ arid the unknown side will be a complete 
square. 

Extract the square root of each side of the equation, and from 
the result the valve of the uvkrunjtm qtumtity may be obtained. 

Given ar*-j-8a:=84 to find the values of a:. 

Here, by the question, a:'-j-8a:=84. 

Completing the squares, a:«+8a;+16=84+16=100 

Extracting the square root, a;-|-4=10. 

Whence, a:=10— 4. 

And, a:=6. Ans, 

In solving this question, we first add the square of half of 8, 
that is, 16, to both sides of the equation ; we then extract the 
square root of z^+^^+l^* ^^^ ^^ ^^ result to be :r-f-4, and 
the square root of 100=10. Therefore, ar+4=10, that is, 
a:=10— 4=6. Atis, 

223t It may also be demonstrated, by the following diagram, 
that if the square of half the coefficient of the second term be 
added to the first member of an equation, it will be a complete 
square. 

Let X represent one side of the 
square ABCD ; then 3^ will represent 
this square. To this square we must 
add 8a;, and this quantity must be ap- 
plied equally to the two sides AB 
and BC, or the figure would not be 
a square. Therefore 4a:, which is half 
of 8z, will be applied to either side. 



Kthis quantity, 4a;, be divided by a;, the quotient, 4, will repre- 
sent either of the distances EA or BG. Having added the two 
equal parallelograms EABF and BGHO to the square ABCD, 
we find our figure needs the small square FBGL to complete the 
square. The contents of this must be equal to the product of 
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FB and BG, that is, 4 multiplied by 4, or the square of 4 = 
16; but 4 ia half the coefficient of the second term. We add 
this quantity to 3^+^^ and the sum is z^'{-Sx+lQj and its 
square root is x-|-4, by Art. 182. 

224 • A quadratic may be solved by the following 

EuLE. Having transposed the unknoum terms to one side of 
the equation^ and the known to the other, rnultiply eadi side by 
4 times the coefficient of the square of the unknown quantity. 

Add the square of the coefficieTit of the first power of the un^ 
hujwn quantity to both sides of the equation, and the unknown 
side vnU then be a complete square. 

Extract the root of both memberSy and the value of the uti^ 
known quantity is obtained as before, 

EXAMPLES. 

1. Given 3ar^+4a;— 7=88 to 'find the values of a:. 
Conditions, 3a:*+4a;— 7=88. 
Transposing, 3a:«+4a:=88+7=95. 
Multiplying by 4 times 3, 362*+48a;=1140. 
Completing the square, 36a:«+48a;+16=114(H-16=:1156. 
Evolving, 6a;+4=±84. 
Transposing, 6a;=±34— 4=30, or— 38. 
Dividing, 2:=5, or —6^. 

2. Given 22:^— 10a:+7=— 6 to find the values of ar. 

Conditions, 2a:^— 10a:+7=— 5. 

Transposing, 2ar'— 10a:= — 5— 7= —12. 

Multiplying by 4 times 2, IGa;'*— 80ar=— 96. 

Completing the squaxe, 16a:'-80a;+ 100=— 96+100=4. 

Evolving, 4a;— 10=db2. 

Transposing, 4a;=±2+10=12, or 8. 

Dividing, a:=3, or 2. 

8. Given 3a:'+5a:— 8=34 to find the values of a:. 

Ans, a:=3, or — 4|. 
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4. Given a^+%x+A=s22 — x to. find the yalnes of 2;. 

Ans, xz=:2, or —9. 

6. Given 8a;' — 7a;+6=171 to find the' values of ar. 

Ans. a:=5, or —V. 

6. Given -I^^H^^+lOar— 20=175 to find the values of x. 

X 

Ans. x=7, or —5. 

7. Given ar*— 6a;+12=4 to find the values of a:. 

Ans. a;s=4, or 2. 

8. Given 8a:^+82x=360 to find the values of ar. 
Conditions, 8a:»+32a:=360. 
Dividing, a:'+4a;=45. 
Completing the square, ar'4-4a;+4=:45+4=49. 
Evolving, a:+2=db7. 
Transposing, a;=±7— 2=5, or —9. 

9. Given a:^— 8z+50=98 to find the values of a:. 
Conditions, a:'— 8a;+50=98. 
Transposing, ar*— 8a;=98--50=48. 
Completing the square, a^—8a;+16=48+ 16=64. 
Evolving, a;— 4 =±8. 
Transposing, a:=±84-4=12, or —4. 

10. Given a:'4-aar=3 to find the values of a;. 
Conditions, 3:'-f-ax=J. 

a' a" 

Completing the square, a?+ar4-j=J+-j-. 

Evolving, a:+|=± J (^+^). 

Transposing, ''==t J (^+4 )"| 

11. Given 3a:*— 3ar4-6=5i to find the values of «• 
Conditions, Bx^^Zx+Qssbi. 
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-— • 

Transposing, as"— ar=5i— 6=— f. 

Kedncing^/ a»— a;=— f. 

Completing the square, «"— a:+^=— f-j-j=+^. 
Evolving, «— i=dbi. 

Transposing, ^=^±i+i=h or i- 

12. Given - — |+20i=42j to find the values of a:. 
Conditions, ~ — |+20j=:42f 
Transposing, __==423— 20^=221. 

Clearing of fractions, a:^ — g- s=44|. 

o 

Completing the scpare, a»-~ +^=44^4=^. 

1 20 
Evolving, a;-g=±— =±6|. 

Transposing, a;=:±6|+i=7, or -ej. 

13. Given ax^^hx^ssc to find the value of «. 
Conditions, aa^-^hxss^c. 

Dividing, x«+— =-. 

a a 

Completing the square, a^^-f- f -U-_-a=i+~-. 

Evolving and transposing, a:=± l/^i-j-— j— — . 

14. Given oc^— 3a:+c=rf to find the values of a;. 
Conditions, ax^'-hx-[-c=d. 
Transposing, aa^^bx^d—c. 

Dividing, 3? ==-■ "" . 
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Completing tne 8quaxe,a;* \"A~i^=^ TZS* 

Transpating, a:=A±J(^+^^). 

Eeduoing, *~2a=*^ J t^(^""^) +^1- 

225i If the equation contains two powers of the unknown 
quantity, and the exponent of the one is double that of the 
other, it may be resolved like a quadratic. Thus, 

15. Given a;*+42;"=rll7 to find the values of a:. 
Conditions, a;*+4a^=117. 
Completing the square, a:*+4a:'+4= 1174-4= 121. 
Evolving, a;*+2=±ll. 
Transposing, a;«=±ll— 2=9, or —13. 
Evolving, a:s=3, or a/— VS. 

16. Given a:"— Car'sslG to find the values of a. 
Conditions, a:«— Gar^rslG. 
Completing the square, a^— 6a:'+9=164-9=25. 
Evolving, a:3— 3= j-5. 
Transposing, a:'=±5+3=8, or —2. 
Evolving, a:=2, or >^— 2. 

17. Given —^=22^ to find the values of af. 

X X^ 

Conditions, ^ — g- =22^. 

2a;^ 
Clearing of fractions, x — ^ s=44j. 
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Completing the squaie, x — s-+5=44i+J=^ 



BvolTing, i*_|=±^. 

TransposiBg. ^=±|+1=|=7. or -^. 

Involving, a:=49, or +-3-. 

18. Given 3a:*'— 2iB"=s25 to find the value of a:. 
Conditions, Sa*"— 2z"=25. 

Dividing, ^-¥=f • 

Completing the sqnare, :^-^+^=^+^J^. 
Evolving, ^_l=vp=?VT?. 

■ Trancing. ^=\+^J^=}±^. 

Evolving. .=.(^+y^)r. 

19. Given V5i+IB=12 to find the value of a:. 
Conditions, VS+IB=12. 
Squaring both sides of the equation, 4a:+16=144.. 
Tranggposing, 4a:=144— 16=^128. 
Dividing, a;=32. 

20. Given ^5te+a+4=7 to find the value of a:. 
Conditions, ^2x+^+4.=T. 
Transposing, >i5/'25+3=:7— 4=3 
Involving both sides, 2a:-f-3=27. 
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Traiwposiiig, 2a:=27— 3=24. 

Diyiding, ^ a;=12. 

21. Given VT2+5=2+VFto find the value ofx. 

• Conditions, //T2+x=2+v^ 

Squaring both sides, 12+x=4:+4t//x+x. 

Transposing, &o., 8=4^/^. 

Dividing, 2=a/x: 

Involving, 4=ar. 

22. Given ^^+40=10— Vi to find the value of a:. 
Conditions, V«+40=10— Vi. 
Squaring both sides, a;+40=100— 20Vx-|-a:. 
Transposing and reducing, 20>i/i=60. 
Dividing, a/^= 3. 
Involving, aJ=» 9. 

28. Given //^-"«=V^-'iVa to find the value of a:. 

Conditions, V«— «=V«— W^ 

y — a 
Involving, a;— fltesa:— v^^+j 

y — a 5fl 

Transposing, V«a;=«+j=-j"- 

Involving, oxssr-— . 

25tf 
Dividing by a, ^"^"16' 

24. Given 8a?*— -^=—592 to find the values of ar. 

Conditions, 8x*-^=-592. 

Changing the signs, &c., -^ — 33:^=592. 

4 6x* 1184 
Multiplying by f , a:^ g-=— ^. 
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f, w *.. t 61* , 9 1184 , 9 5929 

Completing the pquare, a:t__+_^__+_.___. 



Eztractiiig the root, 

Transposing, 

Evolying, 



4 3 77 

•3 — I 



I .77 ,3 _- 74 



6^5" 



»8.»(_'^y. 



21 



25. Given V '^+l+^A/x=—p^^= to find the values of x. 



Conditions, 



V25+l+2>v^= 



21 



//25+1 



Clearing of fractions, 
Transposition, ' 
Division, 

Squaring both sides, 
Transposing, 



2a:+l+2V2?+J=21. 

2V2?+S=:20-2z. 

V2?+i=10— a:. 

2a^+z=100—20x+z'. 

a?+2lz=l00. 

Completing the squares, a;*+21aJ+-j-=100+-j-sM-j-. 

, 21 29 



Evolution, 
Transposition, 



"^29 21 . ^. 



26. Given 2a/5=^+3a/S=^^=^ to find the values of x. 

A/x—a 



Conditions, 

Multiplying, 

Transposing, 

Dividing, 

Involving, 

Transposing, 



2A/5:=a+3//2i= 



7a+bx 



A/x—a 

2a;-2a4-8A/2?=255'=7fl+5a:. 
3//2?=2S=9a+3a: 
^2x'-'2ax=Sa+x. 
23?' -2a2:=9a2+6aa:+x». . 
«a— 8aa;=9a*. 



16 
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. Completing the aquares, a:"— &Kr-j-16a'=25a'. 
Evolving, a:— 4a=±5fl. 

Transposing, a;=±5a-f-4a=9a, or —a. 

27. Given a:4-.5=V«T5+6 to find the values of a:. 

Am, a;=4, or —1. 

28. Given V55+ID=V55+2 to find the value of a:. 
Conditions, ^55+T0=v^5J-f"2« 
Squaring both sides, 5a:-}-10=5a:-f-4>^55-f*^ 
Transposing, &o., €f=4V^« 
Dividing, 3=2a/55. 
Involving, 9=20a;. 
Dividing, &c., arssjfty. 

29. Given ^^^ = ^+^ to find the value of a:. 

//i+3 a/5+3* 

Conditions, ^^=^giig- 

A/F-f3 a/^+S^ 

Multiplying botiii sides of the equation by ^fx-^-h and ^/x-i-Zd^ 
we have 

a:+(2a+3i)X A/54-6a*=a;+(4a+3) XAf^+4fl3. 

Reducing, &c., (2a— 23)xV^=2a3. 

Dividing, >\/i"= r. 

a — o 

Involving, ^^^(tIa)' 

80. Qiren j+^-J^+J^+l <» ^ *te vJue of x. 
Conditions, l+l^ ll+ |-i-j.£. 

Sqoanng boA sideB, 2+A+1_]_l I JL +4 
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Transposmg, &o., —H — = |_ 

. 7?' ax \(^2 



(M^a^' 



MultiplyiDgby:., U-'^J^ 

Squaring both sides, 



ax T?' 
1_2 
a X 
Transposing, &o., xs=2a. 



Reducing, &c., 
Dividing, &c., 



81. Given ar=Va^-|-XA/^PT?— « to find the value of z. 

Am. xsss — 3 — , 
4a 
A A /-•• X — ax hJx 
32. Given — j—=iCl-^ to find the value of x. 
V* * 

Ans. a;== . 

1— a 

88. Given a;*+12a:— 16=92 to find the values of a:. 

Ans. ar=6, or —18. 

84. Given 2^— SxsrlO to find the values of a:. 

Ans, x=dy or —2. 

85. Given a:*— a?+ 8=45 to find the values of ar. 

Ans. a:=7, or —6. 
36. Given 5a;8+a:=4 to find the values of x. 

Ans. a:=r-, or —1. 

87. Given 2a:*— a:=21 to find the values of a;. 

7 
Ans. a:=-, or —3. 

38. Given 5a:*+6a:— 8=60 to find the values of ar. 

A O 21 

Ans. x=3, or — =-. 
o 

89. Given (a:— 12)(a:+2)=0 to find the values of a:. 

Ans. a:=12, or —2. 



184 ALaSBBA. 

40. Giyen 82:^— 14x4-15=^0 to find the Talaes of %. 

Ans. 2;s=3, or 1}. 

41. Giyen aa^-^ksa^c to find the values ofx. 

b±A/(b^+ iac) 
Ans. x= ^ . 

42. Given 42;3—6x=:108 to find the values ofx. 

Am, a;=s 6, or —4^. 

14— X 

43. Given 4a: r7-=14 to find the values of a:. 

x+l 

7 

Asis. x^=Ay or — 7* 

4 

10 14— 2z 22 

44. Given 5 — st-tt- to find the values of a?. 

a; ar 9 

.1 Q 21 

Am a;=3, or j=-. 



45. Given x-\-t^hx-\-VS=^ to find the values of x 

Am. a;=18, or 8. 

46. Given a;-|-Vl0a;+6=9 to find the values of a:. 

^725. a;=25, or 3. 

47. Given 3a:*+2a;— 9=76 to find the value of «• 

Ans, a;=5, or — 5§. 

48. Given a;^— 10a;s=— 25 to find the value of a;. 

Am, a::=5. 

49. Given 3a:^— a;— 140=0 to find the value of ar. 

Am, a:=7, or ^ 

7a: 

50. Given 5a:^4-j5-=7a:*— 51 to find the value of a:. 

Am, x=:^j or — 4|. 

due of a:. 

Ans, a:=4, or ^. 

52. Given |*+;20a;=82:^— 80 to find the value of «. 

Ans, a;=10, or — 2f . 

53. If a:^+8x=65, what are the two values of a: ? 

Am. a:aB5, or —18. 



4x— 4 
61. Given 2a:^ 3 — =7a: to find the value of a:, 
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54 If 6z*— :ra=92, what ar« the two values ofzf 

A A 23 

Ans. z=si% or — 3-. 
o 

55. K &i^'{-4x=:M0, what are the two Talues of x ? 

Atis. a;=10, or —IH- 

56. Jfa^ — 10a:=— 21, what are the two values of a: ? 

Ans. a;=7, or 3. 

57. If 5a:* — o='^^> ^^* *r® *^® *^^ values of a; ? 

Ans. x=4, or — 3j% 

58. If llar*-.100a:=— 201, what are the two values of a:? 

Ans. a:=3, or 6^^. 

59. If 3a:*— 17a:=:2a:»+84, what are the two values of a:? 

Ans. ar=21, or —4. 

60. Given a:+16— 7V5+IB===10--4A/i=FT6 to find tho 
values of a:. Atis. a:=9, or —12. 

61. Given 9a;+VTB?+3B?=15a:*-4 to find the values 

of a;. Ans. x=^, or —5.. 

o o 

62. Given a;=: — ' , ■ to find the values of x. 

a:— 5 

Ans. a:=9, or 4. 

^—^) +( «*— 5) =- ^ fi°^ *^® ^^^® ^^^' 



^nf . a?= 



2 

64. Given a:— 1=2H — - to find the values of x. 

Ans. a;=4, or 1. 

65. Given /5/a:"— a'=sx— 3 to find the values of x. 

I4fl»-y 



Ans. X 



=N- 



12d 



A/ii+2 4-VF 
66. Given -7-; — p^z^ — ji— to find the values of x. 
44-v^ v« 

64 
Ans. xss.4, or-g-. 

16* {See Key, p. 119.) 
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67. Given fs/lf-—2//z^xs:z{^x to find the values of a?. 

Arts. a:=4, or 1. 

68. Given V^^-V^^^V^ *o ^^ ^® values of ar. 

Ans. xs=:2, or — 3. 

69. Given §=22^+^ to find the values of a:. 

A Aa 861 

Ans. zs49, or -^-. 

!^_. , 

70. Given = tAs=0 to find the values of a;. 

x—o ^ 

Ans. x=49, or 25, 

71. Given a:*+a;*=756 to find the values of a:. 

Ans. ar=243, or —2 

72. Given a:*— a:^=56 to find the values of a:. 

Ans. a:=:4, or >^49 

^ 15 

78. Given V^+^+V^== /^qi^ *^ ^^ *^® ^^^® ^^^* 

Ans. a:=4. 
74. Given Va+I2+/{/zHFI2==6 to find the values of x. 

Ans. 4, or 69. 

II 

76. Given a;"— 2a:^=3 to find the values of a:. 

Ans. xz={a±A/c?+b)\ 



76. Given 3a:^ — 5-=— 592 to find the values of a:. 

/ 74\i 
Ans. a:=8, or f — ^ j . 

Pboblbms. 
1. A merehant bought a number of pieces of two kinds of 
dilk, for £92 Ss. There were as many pieces bought of each 
kind, and as many shillings paid per yard for them, as a piece 
of that kind contained yards. Now, two pieces, one of each 
kind, together measured 19 yards. How many yards were there 
is each ? 
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Let X = the number of yards in one piece; it will also 
equal the number of pieces, and also the number of shiUings 
per yard ; and 19— z =s the number of yards « in the other 
piece. 

Therefore, a:»+(19— a:)«= the value of both kinds. 
And a»+(19-a:)»=:1843. 

Or ■ 57r»-108ar+6859=1843. 
By transposition, 57ar»— 1083a:=— 5016. 
Or a:»-.19a:=:-88. 

Completing the square, »"— 19a:+-j- = -^ — ^^=7' 

19 3 
Evolution, X — -s-sssi^- 

x=^±^+^=ll or 8. 

19— a:=8orll. 
Both values answer the conditions of the question ; therefore 
there were 11 yards in one, and 8 in the other, 

2. The plate of a looking-glass is 18 inches by 12, and is to 
be framed with a frame all parts of which are of equal width, 
and whose area is to be equal to that of the glass. Bequired 
the width of the frame. Am. 3 inches. 

3. A grazier bought as many sheep as cost him £60, out of 
which he reserved 15, and sold the remainder for £54, gaining 
two shillings a head on th^n. How many sheep did he buy, 
and what was the price of each ? 

Am, 75 sheep, at 16 shillings each. 

4. A merchant sold a quantity of flour for $39, and gained 
as much per cent, as the flour cost him. What was the price of 
the flour? Am. $30. 

5. There are two numbers, whose difference is 9, and whose 
sum multiplied by the greater is 266. What are those num- 
bers ? Am. 14 and 5. 

6. A and B gained, by trade S18; A's money was in the 
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firm 12 montibfl, and he received, for his prinoipftl and gain, $26. 
B's money, which was $30, was in the firm 16 months. What 
money did A put into the fiizn ? Am. $20. 

7. A merchant bought a quantity of flour for $72, and he 
found that if he had bought 6 barrels more for the same moneys 
he would have paid $1 less for each barreL How many barrels 
did he buy, and what was the price of each ? 

Am. He bought 18 barrels, at $4 per barrel. 

8. A square court^yard has a gravel-walk around it. The 
side of the court wants 2 yards of being 6 times the breadth of 
the gravel-walk, and the number of square yards in the walk 
exceeds the number of yards in the perimeter of the court by 
164 yards. Required the area of the court. 

Am. 256 square yards. 

9. Given ---I---=i. to find the values of a?. 

Ans. xsss2, or ^. 

10. Given o^— 22;*-|-2;=132 to find the values of x. 

Ans. as=4, or —8, or-=^ . 

11. Given 9a:+>i/IBa?-fS8?'===15a:*--4 to find the values 
of a:. Am. a;=j., or — ^. 

12. It is required to find two numbers, the first of which may 
be to the second as the second is to 16, and the sum of the 
squares of the numbers may be equal to 225. 

Am. 9 and 12 

QUADBATIOS WITH TWO OB MOBB UNKNOWN TEBUS. 

1. Given a;+y=10 ) . , 

And xv=16 } *^ values of a: and y. 

(1.) First equation, 2:+y=10. 

(2.) Second equation, 2:^=16. 

(3.) Squaring the 1st, a;«+2a:y+y2=100. 

^4.) Multiplying (2) by 4, 4xy =64. 
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(5.) Subtracting 4tlr from 8d, a^-^^xy+y^s^W. 

(6.) Evolving 6ib, ' «— y==±6. 

(7.) The 1st, a;4-y=:10. 

(8.) Adding 6th and 7th, 2x=:U, or 4. 

(9.) Subtracting 6th from 7th, %=4, or 16. 

(10.) Dividing the 8th by 2, rr=8, or 2. 

(11.) Dividing die 9th by 2, y=2, or 8. 

Hence, . xz=sS or 2, and y=:2 or 8. 

This method may be adopted whenever the sum and product 
of two unknown quantities are given. 

2. Givena:— y=3 ) 

A^^ jQ c to find the values of a; and y. 

(1.) Krst condition, a:— y=3. 

(2.) Second condition, xysslO. 

(3.) Squaring 1st, 2:^— 2a:y+y»=9. 

(4.) Multiplying 2d by 4, 4^:^=40. 

(5.) Adding 3d and 4th, s^+2xy+f:=:49. 

(6.) Evolving the 5th, a;+y=±7. 

(7.) Tke 1st, a:— ^i=3. 

(8.) Adding 6th and 7th, 2a;=10, or —4. 

(9.) Dividing 8th by 2, a;=5, or —2. 

(10.) Subtracting 7th from 6th, 2y=4, or —10. 

(11.) Dividing 10th by 2, y=2, or —5. 

Hence, x==b or —2, and yss2 or — 5. 

We may proceed in die same manner whenever the difference 
and product of two unknown quantities are given. 

3. Given a: +y = 20 )", , , 

And ^+y2^2p8l*^*^***'®^'*®^^^^*°^y- 

(1.) First equation, a:+y=20. 

(2.) Second equation, y+y»=208. 

(3.) 2d multiplied by 2, 2a:»+22^=«416. 
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(4.) Square of the 1st, a»+2a:y+y»=400. 

(5.) Sttbtraoting 4iii from 3d, a?-'2xy+^=16. 

(6.) Evolving 5th, a;— y?=±4. 

(70 First equation, x+y=2(L 

(«.) Sum of 6th and 7th, 2a:=24, or 16. 

(9.) Half of die 8th, a:=12,. or 8. 

(10.) Subtracting 6th from 7th, 2y=16, or 24. 

(11.) Half of 10th, y= 8, or 12. 

Hence, a:=i2, or 8 ; y=8, or 12. 



(1.) First equation. 


X^y=:s:S, 


(2.) Second equation, 


x'+f^llt 


(3.) The 2d multiplied by 2, 


2a:«+2j^— 234. 


(4.) Square of the Ist, s? 


-2zy+2/«=9. 


(5.) Subtracting 4th from 8d, a?+2a;y+2^=225. 


(6.) Evolving the 5th, 


x4-y=±15- 


(7.) The 1st, 


a:— y=3. 


(8.) Sum of the 6th and 7th, 


2x— 18, or —12. 


(9.) Divicdng 8th by 2, 


a:=9, or —6. 


(10.) Subtracting 7th from 6th, 


2^=12, or —18. 


(11.) Dividing lOtt by 2, 


y=6, or —9 


Hence, a;=9, or —6 ; 


y=:6, or —9. 


u Given a/^+J^=10 j to find the values of :r and y. 
And o^^^=2e ) ^ 


(1.) First equation. 


V:^+2^=10. 


(2.) Second equation, 


ar»-2/8^28. 


(8.) Square of the 1st, 


a^+y'^lOO. 


(4.) Sum of 2d and 3d, 


2a;*=128. 


(5.). Half the 4th, 


0:^=64. 


{6.) Square root of 5th, 


«=8. 
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(7.) Subtract 2d from 3d, ' 2y*=72. 

(8.) Half the 7th, y»=36. 

(9.) Square root of 8ih, . y=6. 

Hence, a;=:8, and^=6. • 

6. Given a: +y =s 5) ^ , , 

. 05 I to find the valueB of :b and y. 



And a:»4y= 

(1.) First equation, 

(2.) Second equation, 

(8.) Square of the let, 

(4.) The 2d divided by the 1st 

(5.) Subtracting 4th from 3d, 

(6.) Dividing 5th by 3, 

(7.) The 4th, . • 

(8.) The 6th, 

(9.) Subtracting 6th from 7th, 

(10.) Evolving the 9ih, 

(11.) The 1st, 

(12.) Sum of 10th and 11th, 

(13.) Half of 12th, 

(14.) Subtracting 10th from 11th, 

(15.) Half of 14th, 

Hence, a;=s3, and y=2. 

7. Given a:2j-^~20 ) 

* , ^^ « 12 V to find the values of a: and y. 

Am. a:=:4; y=2, 

iven ^"t-y — ( ^ fijj^ ^Q values of x and y. 
And a^+i^=:z2Q ) • 

Ans, a;=5, and^=l. 

9. Given a^+f=::7i X'^.^. . « , 
. , ^ ^ f to find the values of x and y. 

And ar— y = 2 ) ^ 

Am. 2:s=7, and ^=5. 

10. Given x'+f=U9 K - , ,, , . , 
. , , ^»- ( to find the values of a; and y. 

And X 4-y = 17 ) ^ 

iln*. arssslO, and y=7. 



a:+y=5. 
a*+/=35. 
a:»+2a:y+y«=25. 
a^—xy+y'^tl. 
Sxyz=:lS. 
• ir3,=6. 
a:»— a:y+y»=7. 
xy^d. 
x'^2xy+f=l. 

X — y=sl. 

ar+y=5. 
2a:=6. 

ar=3. 
2y=4. 

y=2. 
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11. Given a:«-3^=85 j ^ ^^ ^^^ ^^^^ ^^^ ^^ 

And a;+y=:17 ) ^ 

-Any. a:==ll, and y=6. 

. - jT' • no ( to find the values of ir and y. 
And ar— ^=98 ) ^ 

iiTU. a;=5, and y=3. 

13. Given I0x+yss2xy K is j xi. i i. j 
. . A c to find the values oix and v. 

And y— a;=2 • ) ^ 

Ans. a:=2 or — 5, and y=4 or +0. 
9 o 

BXAKPLTW OV ONB OB MOBB UNKNOWN TBBM8. 

L A says to B, The sum of our money is 18 dollars; B re- 
plies, But if twice the number of your dollars were multiplied 
by mine, the product would be $154. How mapy dollars had 
each ? Ans. A had $7, and B had $11. 

2. The difference of two numbers is 5, and the sum of their 
squares is 193. What are those numbers ? Ara. 12 and 7. 

3. A and B have each a small field, each of which is an 
exact square, and it requires 200 rods of fence to enclose both. 
Hie contents of these fields are 1300 square rods. What is the 
value of each, at $2.25 per square rod ? 

Ans. A's field, $900; B's, $2025. 

4. A lady wishes to purchase a carpet for each of her square 
parlors, one of which is 3 feet longer than the other, and it will 
require 85 square yards for both rooms. Mr. Ames has good 
carpeting, which is 40 inches wide, which he will sell at $1.75 
per yard. What will it cost the lady to carpet each of her 
rooms ? Ans. For the larger room, $77.17J ; smaller, $56.70» 

5. There are two piles of wood, each of which is a perfect 
cube ; the sum of their lengths is 20 feet, and their contents 
are 2240 cubic feet. What is the value of each pile, at $6.25 
per cord? 

Ans. Yalue of the larger pile, 884.37^ ; the smaller, $25. 

6. There are two square buildings, that are paved with stones 
a foot square each. The perimeter of the larger building ex- 
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oeeds that of tbe smaller by 48 feet, and botb their paveinents 
together contain 2120 stones. What are the lengths respect* 
iyelj ? Am. 26 and 38 feet 

7. A sets out firom Boston for Portland, the distance being 
105 miles. B sets out at the same time &om Portland for 
Boston. A arrives in Portland in 9 hours, B arrives in Boston 
in 16 hours, after they meet. In 'what time does each perform 
the journey ? Ans. A in 21 hours ; B in 28 hours. 

8. Divide 60 into two such parts that their product shall be 
to the difference of their squares as 2 to 3. Ans. 40 and 20. 

9. There are two numbers whose product is 77, and the 
difference of wliose squares is to the square of their difference 
as 9 to 2. Required the numbers. Ans. 11 and 7. 

10. I have two house-lots, the contents of which are ^25 
square rods, and the area of the less is to the area of the larger 
as 9 to 16. Required the contents of each lot. 

Am. 81 square rods in the less, and 144 in the larger. 

11. The product 'of two* numbers is 48, and the diffefience of 
their cubes is to the cube of their difference as 87 to 1. Re- 
quired the numbers. Am. 8 and 6. 

12. There are two numbers whose product is 196, and if the 
greater be divided by the less the quotiait is 4. What are 
those numbers ? Ans. 28 and 7. 

18. A, B and C, can perform a piece of work in a certain 
time ; A can perform it in 6 hours, B in 15 hours, and in 10 
hours. How long would it take them all to perform it ? 

Ans. 3 hours. 

14. A grazier bou^t a certain number of oxen for $240, and 
having lost 3, he sold the remainder at $8 a head more than 
they cost him, thus gaining $59 by his bargain. What number 
did he buy ? Am. 16. 

15. The paving of two court-yards cost £205 ; a square yard 
of each cost ^ as many shillings as there were yards in a side 

17 
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of the other ; and a side of the greater and less together measure 
41 yards. Eeqoired the length of a side of each. 

Am. 25 and 16 yards. 

16. Divide 145. into two such parts, that the sum of their 
square roots shall be 17. Ans, 81 and 64. 

17. Sold an ox. for $56, and gained as much per cent, as the 
ox cost. What was paid for him ? Ans. $40. 

18. Divide the number 14 into two parts, so that the sum of 
their cubes shall be 728. Am. 8 and 6. 

19. My farm is a rectangle, and the length was twice its 
breadth, but, having enlarged it two rods on all sides, I find its 
contents increased 496 square rods. Of how many acres does 
my f&xm at present consist ? Am. 23 acres, 16 rods. 

20. There are two numbers whose procluct added to the sum 
of their squares is 109, but the difference of whose squares is 24. 
Bequired those numbers. Am. 5 and 7. 

21. What number is that to which if 40 be added, and the 
square root extracted, this root shaU be less than the original 
quantity by 16 ? Am. 24. 

22. Two gentlemen, A and B, speaking of their ages, A said 
that the product of their ages was 750. B replied, that if his 
age were increased 7 years, and A's were lessened 2 years, their 
product would be 851. Bequired their ages. 

Am. A's 25 and B's 30 years. 

23. John Smith's garden is a rectangle, and contains 15,000 
square yards ; and he, being a man of taste, has surrounded it 
with a walk 7 yards, wide, the contents of which are 3696 square 
yards. Bequired the length and breadth of the garden. 

Am. Length 150, breadth 100 yards. 

24. A gentleman purchased a farm for $5600,. but if his farm 
had contained 10 acres more it would have cost him $10 less 
per acre. Of how many acres did his farm consist ? 

Am. 70 acres. 

25. A man purchased a* &rm in the form of a rectangle, 
whose length was four times its brekdth. It cost ^ as many 
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dollars per acre as the field was rods in length, and the nnmber 
of dollars paid for fhe £unn was. four times the number of rods 
round it. Required the price of the farm, and its length and 
breadth. 

Atis. Price 61600. Length 160 rods, breadth 40 rods. 

26. Two men, A and B, set out from ihe same place at the 
same time to travel to Boston, it being 89 'miles distant. A 
travelled ^ of a mile an hour &ster than B, and arrived at 
Boston an hour sooner. Required the rates of travelling. 

Atis. A 8^ and B 8 miles per hour. 

27. What two numbers are those whose difference multiplied 
bj the less produces 42, and by their sum 188 ? 

Am. 18 and 6. _^ 

28. A certain company agreed to build a vessel for $6800 ; 
but, two of their number having died, those that survived had 
each to advance $200 more than they otherwise would have 
done. • Of bow many persons did the company at first consist ? 

Arts. 9 persons. 

29. I have a rectangular field of com, which consists of 6250 
hills, but the number of hills in the length exceeds the number 
in the breadth by 75^ Of how many hills does the length and 
breadth consist ? * Ans. 125 hills the length, 50 the breadth. 

80. A man bought 10 ducks and 12 turkeys for $22.50. He 
bought 4 more ducks for $6 than turkeys for $5. What was 
the price of each ? 

Ans. The price of a duck was 75 cents, and of a turkey 
$1.25. 

81. What number is that to which if 24 be added, and the 
square root of the sum extracted, this root shall be less than the 
original quantity by 18 ? Ans. 25. 

82. A has two* gardens, each of which is an exact square. 
They contain 208 square rods. It requires 80 rods of fence to 
enclose both gardens. Required the contents of each. 

Ans» 144 square rods ; 64 square rods. 
88. A has two square gardens, and it requires 80 rods of 
fence to enclose them. The larger contains 80 square rods 
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more tiiaa the other. How many square rods do both gardens 
oontam ? Atu, 208 square rods. 

34. A has two square gardens, and the side of the one exceeds 
that of the other bj 4 rods, and the contents of both are 208 
square rods. How many square rods does the larger garden 
contain more than the smaller ? Ans. 80 square rods. 

35. I .have' two blocks of marble wl^di are exact cubes, and 
whose united lengths are. 20 inches, and they contain 2240 cobio 
inches. Required the sur&ce of each. 

Ans, Larger, 864 inches ; smaller, 884 inches. 

86. A merchant sold a bale of cloth for $75, and gained as 
much per cent as the cloth cost him. What was the price of 
the cloth ? Ans. $50. 

87. There are two numbers whose difference is 12, and whose 
sum multiplied by the greater is 560. What are those numbers ? 

Ans. 20 and 8. 

. 38. The plate of a looking-glass is 36 inches by 12 inches. 
It is to be framed with a &ame all parts of which are of equal 
width, whose area is 448 square inches. What is the width of 
the frame ? Ans. 4 inches. 

39. Divide 100 into two such parts that the sum of their 
square roots shall be 14. Ans. 64 and 36. 

40. A square court-yard has a rectangular gravel-walk around 
it. The side of the court wants one yard of being six times tho 
breadth of the gravel-walk, and the number of square yards in 
the walk exceeds the number of yards in the perimeter of the 
court by 340. What is the area of the court and width of the 
walk? 

Am. Area of the court, 529 square yards ; width of the 
walk, 4 yards. 

41. A merchant bought 54 bushels of wheat, and a certain 
quantity of barley. For the former he gave half as many 
shillings per bushel as there were bushels of barley, and for the 
latter 4 shillings' per bushel less. He sold the mixture at 10 
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Bhillings per bushel, snd lost £2816;. bj his bargain. What 
was the price of the barley ? 

Ans, 36 bushels of barley, at 14 shillings per bushel. 

42. I have 165^ square feet of plank, 3 inches in thickness, 
with which I intend to make a cubical box. Required its con« 
tents in cubic feet. Am. 125 cubic feet. 

43. I have a small globule of glass, one inch in diameter. 
How large a sphere may be made of it, if the glass is to be only 
^ of an inch in thickness, taking it for granted that all spheres 
are to each other as the cubes of their diameters ? 

Am. Inside diameter, 1.7754- inches; whole diameter, 
1.875+ inches. 

44. John Smith has two cubical boxes, whose united lengths 
in the clear are 20 inches, and their solid contents are 2240 
cubic inches. What is the difference of their contents ? 

Am. 1216 cubic inches. 

45. I have two house-lots, which contain 6100 square feet, 
and the larger contains 1100 square feet more than the less. 
Bequired their dimensions. Ans. 50 and 60 feet square. 

46. Two men, A and B, bought a farm of 200 acres, for 
which they paid $200 each. On dividing the land, A says to 
B, If you will let me have my part in the situation which I shall 
choose, you shall have so much more land than I that mine shall 
cost 75 cents per acre more than yours. B accepted the pro- 
posal. How much land did each have, and what was the price 
of each per acre ? 

Am. A had 81.866 acres, at $2.443+ ; B had 118.133+ 
acres, at $1,693+. 

47. A and B engaged to reap a field for 90 shillings. A 
could reap it in 9 days, and they promised to complete it in 5 
days. They found, however, that they were obliged to call in 
G, an inferior workman, to assist them the last two days, in con- 
sequence of which B received 3;. 9d. less thanhe otherwise would 
have done. In what time could B and C each reap the field ? 

Ans. B could reap the field in 15 days, and C in 18 days. 
17* 
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SECTION XVIII. 

OTJBIO AND HIGHER EQUATIONS. 

Abt. 226t A Cubic Equation is one in which the highest 
power of the unknown quantity is the third power. 
Air, s^r-ax^+hxsizc, 

227t A Biqnadratic is an equation in which the highest 
power of the unknown quantity is the fourth power. 

As, a^—aa?'\-b3^'-'CX=id, 

228a An equation of the fifth de^ee 'is one in wliich the 
hi^est power of the unknown quantity is the fifth power. 
As, 2*— aa?*4-^a:'— ca:^+^=e. 

And so on, for all other higher powers. 

There are many particular and very prolix rules given for the 
solution of the above-mentioned equations ; but they all may be 
readily solved by the following easy 

Bulk. 1. Find^ by trials two quantities as near the true root 
as convenient^ and substitute them separatdy^ in the given equja- 
tion, instead of the unknoum quantity, and find how mwch the 
terms collected together, according to their signs -{-or — , differ 
from the known members of the equation, noting whether these 
errors are in excess or deficiency. 

2. Multiply the difference of the two quantities found, or taken 
by trial, by either of the errors, and divide the prodvjct by the 
difference of the errors when they are alike, but by their sum 
when they are unlike. Or, we may say, as the difference or sum 
of the errors is to the difference of the tvx) assumed quantities, 
so is either error to the correction of its supposed quantity, 

3. Add the quotient last found to the quantity belonging to 
that error when its supposed quantity is too little, but subtract 
it when too great, and the result unll give the true root nearly. 

4. Take this root, and the nearer of the two former, or any 
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other that may he found nearer ; wnd^ by prw^edif^ in like 
maimer as ahove^ a root wUl he ohtained nearer than hefore. 
Proceeding in the same maimer ^ we may obtain the answer to 
any degree of exactness required. 

Note 1. — It is best always to emploj two itesnmed quantities, that 
shall differ from each other only by unity in the last figure on the right, 
because then the difiference, or multiplier, is only 1. It is also best to use 
always the less error in the above operation. 

NOTB 2. — It will be oonyenient, also, to begin with a single figure at 
first, trying seyeral single figures, till there be found the two nearest the 
truth, the one too little, and the other too great ; and, in working with 
them, find only one more figure. Then substitute this corrected result in 
the equation for the unknown letter ; and, if the result prove too little, 
substitute also the number next greater, for the second supposition ; but, 
if the former prove too great, then take the next less number for the second 
supposition ; and, working with the second pair of errors, con^ue tiie quo- 
tient only so fiir as to have the corr^bted number to four places of figures. 
Then repeat &e same process again with this last corrected number, and 
the next greater Kfs less, as the case may require, carrying' the third cor- 
rected number to eight figures, because each new operation commonly 
doubles the number of true figures. Proceed in this manner to any extent 
that may be wanted. 

X^jLAMPLES. 

1. Find the root of the cable equation a;'+3J*+a:=100. 
We see that x lies between 4 and 5, We assume, therefore, 
4 and 5 as the two values of a:. 



; scpponzioM. 
4 = 


X =5 


16 


» 


3? = 


25 


64 


= 


a? = 


125 


84 




sums 


155 


100 




but should be 


100 



—16 errors 

Sum of the errors, 55+16=71, 
Then, 71 : 1 : : 16 : .2. 
Henoe, a;=:4+.2=4.2 nearly. 
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Again, let*— 


:4.2 and 4.8. 












■aoons supponmnr. 


4J2 






X 


4.3 


17.64 






a? 


18.49 


74088 






■ums 


79.507 


95.928 


102.297 


100 








100 



-4.072 
Sum of the errors, 4.072+2.297=6.1 
As 6.369 : .1 : : 2.297 : 0.036. 
Hence a:=4.3— .036=4.264 nearly. 
Again, let 2;=4.264 and 4.265. 

IIBSI SUPPOSITION. 

4.264 z 
18.181696 a? 
77.526752 a» 



+2.297. 
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4.265 
18.190225 
77.581310 



99.972448 
100 



100.036535 
100 



0.027552 0.036535 

Sum of the errors, .027552+.036535=.064087. 
As .064087 : .001 : : .027552 : 0.0004299. 
Hence, a:=4.264+.0004299=4.2644299 nearly. 
2. Find the root of the equation a;*— 15a;»+63a;=50. 
Here it is evident that the root is more than 1. We th^i 
assume the two values of x to be 1.0 and 1.1. 
Then 63.0 = 63a: = 69.3 

-15 = -15z« -18.15 

1 = a;» 1,331 



49 
50 



sums 



—1 errors 

Sum of the errors, l+2.481ss3.481. 



52.481 
50 

+2.481 
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As 3.481 : .1 : : 1 : .03 






Add 1.00 






Hence x = 1.03 


nearly. 




gam, let ar=1.03 and 1.02 






Then 64.89 • 


63x 


64.26. 


—15.9135 


•15a^ 


-15.6060 


1.092727 


Boms 


1.061208 


50.069227 


49.715208 


50 


eirots 


50 


+.069227 


-.284792 


.284792 


• 





.354019 : .01 : : .069227 : .0019555. 
Hence a;=1.03— .0019555=1.02804 nearly. 

3. Find the YsJue of a; in the equation z'-fl02'-|-52;=:260. 

Am. a:=:4.1179857. 

4. Find the value of a; in the equation tif^2x:=zh(S, 

Ans. 2;=3.8648854. 

5. Find t&e vahie of :e in the equation :i^— d^E*— 75a;^10000. . 

Ans. a;r=10.2609. 

6. Find the value of a; in the equation x!^+2x^+S2^+4ar*+ 
5a:=54321. Am. a:=:8.414455. 

7. I have a cubical block of marble, and if the superficial 
contents were added to its solid contebts, the sum would be 432 
feet. What is the lengUi of the block ? Ans. 6 feet. 

8. Five times the cube of a certain number exceeds ten times 
its square bj 45. Required the number. Ans» 3. 

9. The fourth power of a certain number exceeds ten times 
its square .b J 375. Eequired the number* Ans. 5. 
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SECTION XIX. 

BATIOS. 

Abt. 229t Batio is the relation which one quantity bears 
to another of a similar kind, with respect to its magnitude. 

230. The magnitude or value of a ratio is estimated by 
stating how often one quantity or number contains or is con- 
tained in another. Thus, in comparing 16 with 2, we observe 
that it has a certain relative magnitude with respect to 2, which 
it contains 8 times ; and, if we compare 16 with 4, we observe 
that it has a different relative magnitude, for it contains 4 only 
4 times. Hence, 16 is less re]iitively,-when compared with 4, 
than it is when compared with 2. 

231 1 The general method of expressing the ratio which one 
quantity or number bears to another is by placing two points 
between them. Thus, 

The ratio of 12 to 4 is expressed by 12 : 4, 
" 1» to 9 " " by 19 : 9. 

" a to ^ " " hj a : b. 

232* The first term of a ratio is called the Antecedent^ and 
the last term the Consequent, The antecedents in the preceding 
ratios are, therefore, 12, 19, and a, and the consequents 4, 9, 
and^. 

233< Ratios may, therefore, be represented in the form of 
fractions, by making the antecedents the numerators, and the 
consequents the denominators ; thus, 

12 19 ■ a 
-J, ^, and J, 

express the ratios of 12 to 4, of 19 to 9, and of a to 3. 

234t A ratio is said to be of equality when the antecedent 
is equal to the consequent. 
Thus the ratio of 12 : 12, or of a : a, is a ratio of equality. 
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235* A ratio is of greater inequaliiy when the antecedent ia 
greater than the consequent. Thus, 

The ratio of a+b : a, or of 12 : 6, is a ratio of greater 
inequality. 

236« A ratio of less inequality is when the antecedent is less 
than the consequent. Thus, 

The ratio of a : a+b, or of 6 : 12, is a ratio of less ine- 
quality. 

Note. — It is eYident that the ratio of equality may alwaja be x«pre- 
aented by onity. 

OOMPABISON BY KATIOS. 

237* a the terms of a ratio are both multiplied or both 
divided by the same quantity, the value of the ratio is not 
altered. 

The ratio of a : ^ is expressed by the fraction •=-• Let both 

o 

terms of this fraction be multiplied by n, and it becomes —?-. 

no 
4 
The ratio of 4 : 3 is expressed by the fraction ^ ; and, if the 

u 

terms of this fraction be multiplied by 3, it becomes -7r=Q. 

Now, since the value of a fraction is not altered by multiplying 

both the numerator and denominator by the same quantity, 

d ncL - ■ 

t=e:-t-, or the ratio a : 3 is the same as the ratio na : nh, and 

b nb ' 

the ratio of 12 : 9 is the same as 4 : 3. Thus the ratio of 

16 : 12, both terms being divided by 4, is the same as 4 : 3. 

The ratio of 5 : 7, both terms being multiplied by 3, is the 

same as the ratio of 15 : 21. And the ratio of a* : o^, by 

dividing by a, is the same as the ratio of a : b, 

238. Ratios are compared together by reducing the fractions 

which represent them to a common denominator. 

Thus the ratios of 7 : 9 and 10 : 13 are represented by the 

7 10 ' 91 90 

fractions ^ and y^, which are equivalent to =-^7 *^^ 7T7 » ^^^ 
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91 90 

since rrrpr is greater than j^, we infer that the ratio of 7 : 9 

is greater than 10 : 13. 

2S9« When tKe antecedents or consequents are the same in 
two or more ratios, we immediately compare those ratios to- 

17 

gether by expressing them in a fractional form. Thus,* since -^ 

17 
is greater than -^, the ratio of 17 : 5 is greater than 17 : 9; 

d d 

and, since —7-. is less than -r, the ratio of a : a4-^ is less than 
a-f-o 

a : b. 

240t A ratio of greater inequality is diminished, and a ratio 
of less inequality is increased, by adding the same quantity to 
both terms. 

n 

Let J represent any ratio, and add n to each of the terms, 

then these two ratios will be ^ ft^d tt--9 which are equivalent 

to ,,, . , and .,, , > > Now, if a be greater than b, -=■ ^ ^ 

oh-\^n . €tb-{-bn 

ratio of greater inequality, and .^^ is greater than , 

therefore ^ is diminished by adding n to each of the terms. 

But, if a be less than by then t is & nitio of less inequality, and 

,,, . , is less than -,. . . ; therefore, -=■ is increased by the 
b{b+n) b{b+n) b ^ 

addition of n to both terms. 



OOUFOUND &AIIOS. 

241 1 Ratios are compounded by multiplying their antecedents 
together to form a new antecedent, and their consequents to 
form a new consequent. The resulting ratio is called the sum 
of the compounding ratios. 
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Thus, the ratio of a : 3 is eompoimded with the ratio ofcid 
bj multipilying the antecedents a and c together fof a new ante-, 
cedent, and the conseqnents b and d together for a new conse- 
quent, and the resulting ratio oc : ^c2 is the sum of the com- 
pounding ratios a : b and c : d, 

K the ratios 4 : 7, 6 : 11, and 7 : 9 are compounded to- 
gether, the resulting ratio is 4x6x7 : 7X11X9, or 168 : 693, 
which, reduced to its lowest terms by dividing both terms by 
21, becomes the' ratio 8 : 33. 

242* When any ratio, a : 3, is compounded with itself twice, 
thrice, or any number of times, denoted by n, then the resulting 
ratios are a' : 3^, a" : ^, d^ : b\ &c., and are called the dupli- 
cate, triplicate, quadruplicate, &c., ratios of the primitive. 

As the indices or exponents, 2, 8, and n, express the number 
of times the ratio of a : 3 is compounded of itself, they are 
called the Tneasures of these ratios. 

Since the index may be any quantity, either integral or frac- 
tional, let the fraction be tt, k, t> "> ^^» ^®°> 
^ o 4 m 

l^ is the square root of the ratio of a : b. 
i* is the cube root of •* " of a : *. 
i* is the fourth root of " " ofaib. 
M " a;? : ^ is the mth root of " " of a : b. 

243. The ratios of a* : b^, a^ : 5*, a* : b^, &c., are also 
called the subdaplicate, subtriplicate, subquadruplicate, ^c, 
ratios of a to 3. 

PBOPOBTIOK. 

244* Proportion consists in the equality of ratios. 

a c 
Thus, if the ratio of a : 3 is equal to that of c : rf, or -= j, 

then a, b, c, d, are said to be proporticmal. The numbers 3, 12, 

3 1 4 1 

4, 16, are proportionals, for ^0=4' ^^^ TB'^T 

18 ' 
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This equality of ratios is expressed by writing the four quan- 
tities thus, a : h : : c : d, and is read, aisto^asdto^. 

24S« In algebraic investigations the quantities are generally 

€L C 

expressed like fractions, thus j=2' 

d c 
In the proportion a : 3 : : c * ^, or -7=^» <( and d are the 

extremes, and b and c the means. The first term is also called 
the first antecedent, and the second the first .consequent, the 
third, term tiie second antecedent, and the fourth term the second 
consequent. 

246* If in a series of proportional quantities each consequent 
is identical with the next antecedent, these quantities are said 
to be in continued proportion. Thus, a i h : : h i c i\ c i d 
: : d : e : : e iff &c., the quantities a, 3, c, d^ e, /, &c., are 
said to be in continued proportion. 

247* When the second and third terms are identical, as in 
the proportion a : b : : b : c, then b is said to be a mean pro- 
portional between the extremes a and c, and c is called the third 
proportional to a and b, 

248« The product of any number of ratios, of which the con 
sequent of each ratio is the antecedent of "the succeeding one, is 
the ratio of the first antecedent to the last consequent. ' 

Let the ratios he a : b, b : c, c : d,d : e^ e : f^ then the re- 
sulting ratio is aXbXcXdXe : bXcXdX^Xf, or the ratio of 
abcde : bcdef, which, reduced to its least terms by cancelling 
the same letters in each term, becomes a : /, or the first ante- 
cedent and the last consequent. 

Again; let the ratios be 2 : 3, 3 : 4, 4 : 5, 5 : 7, 7 : 10, 
then the resulting ratio is, 

2X3X4X5X7 : 3x4x5X7X10, or 840 : 4200, 
which reduced is, 7 : 35, or 1 : 5. 

249« Any ratio compounded with a ratio of greater inequality 
is increased, and compounded with a ratio of less inequality is 
diminished. 



RATIOS. 207 

Let a+b : a represent the ratio of greater* inequality, and 
a : d-{-b of less ineqnality. Then the ratio of a-\'b-: a, com- 
pounded with that ofcidf gives ac-^-bc : ad, which is evidently 
greater than the ratio* oi c i d; and the ratio of a : a-^-b, 
compounded with that of c : (f , gives oc : ad+ld^ which is 
evidently less than the ratio ofcid. 

Hence the ratio of c : ^ is increased by compounding it with 
the ratio of a-^b : a, and diminished by compounding it with 
the ratio of a : a+b» 

APPBOXIMATION 01> RATIOS. 

250* The ratio of the powers or roots of two quantities whose 
difference is small with respect to themselves is found very 
nearly by multiplying that difference by the index or exponent 
of the power or root. 

PROFOsmons.. 

Proposition I. If four quantities are proportional, the pro- 
duct of the extremes is equal to the product of the means, and 
conversely* 

Let a : 3 : : c : ^, or •r=3« 

a 

Multiplying both by bd^ we obtain ad=bc. 

Conversely. If the product of any. two quantities is equal to 
the product of any other two, these four quantities are propor- 
tional, the factors of either of the products being made the 
extremes, and the factors of the other the means. 

Let ad=bc, dividing both by bd, we obtain t= 3> or ■^=j ; 
whence a : b : : c : d, or c : d : : a: b. 

Prop. IL If three quantities are in continued proportion, 
the product Of the extremes is equal to the square of the mean, 
and conversely. 

Let a: b : : b: c; aXc=^bXb, or ajii^=J?. 

Conversely. If the product of any two quantities is equal to 
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the square of a thiid, the third is a mean proportioxial between 
the oth^ two. 

Let ac=ii^; and, diTiding both by be, we obtain •-=-, or 
a : h : : b : c, 

Pbop. in. Of four proportionals, any three being giTffli, iha 
fourth may be found. 

Let a : b : : c : d; then ad=bc. 

„ be , ad ad , be 

Hence, «=-!-; 3= — ; c=-7-; a=— . 

a e o a 

Hence, of three proportionals, any two being given, the 

third may be found ; for ad=sb^, therefore bss^yaS, a=-j, and 

a 

a 
Pbop. IV. Quantities which have the same ratio to .the same 
quantity are equal to one another, and conversely. 

Let a : b I : c : bt then t=t; and, multiplying each by b, 

we obtain as=c. 

Conversely. Quantities which are equal to one another have 
the same ratio to the same quantity. 

Let asszc, and let 3 be a third quantity; then, dividing both 
by &, we obtain 

■=-=:y» therefore a : b : : c i b, 
o o 

Pbop. Y. Ratios that are equal to the same ratio are equal 

to one anothw. 

Let aib: :e: f, and e: d : : e if; then, also, aibii eid. 

Since Y=2:> a^<^ j=7:» 1* ^ evident 7=:?, and therefore a : b 
o J ^ J o a 

: : e : d. 

Or let 2 : 4 : : 8 : 16, and 3 : 6 : : 8 :16. 

Then 2 : 4 : : 3 : 6; for |=4/and |=i. 

Pbop. YL If four quantities are proportionals, they will also 
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he proportionals when taken iiwersdy ; that is, the second will 
have the same ratio to the first that the fourth has to the third. 

Let a: b : : c :.<^, then b : a: : d :<k 

Since by Prop. I. bc=adi 

And, dividing by aCf we obtain -=s-, 

a c 

Hence, b : a: : d : e. 

Peop. Vn. K four quantities are proportionals, they will 
Also be proportionals when taken alternately ; that is, the first 
will have the same ratio to the third that the second has to the 
fourth. 

Let a: b : : c: d; then, also, a: c : : b : d; 

As -5:=^, if we multiply each quantity by -, we obtain 
o a c ' 

7—=-=-; which, reduced, is -=-^, therefore a: c: : b : d. 
he cd c d 

This may be illustrated by numbers ; thus, 

Let .2 : 4 : : 3 : 6, then 2 : 3 : : 4 : 6 ; 

2 3 4 

As T==«> if we multiply each side of the equation by ^r, the 

2434 8 12 24 
result will be jX3=gXg; 52=18^=6' *^"''^"" ^ ' ^ 
: : 4 : 6. 

Pbop. Vin. If four quantities are proportionals, they will 
also be proportionals when taken jointly ; that is, the sum of the 
first and second will have the same ratio to the second that the 
sum of the third and fourth has to the fourth. 

Let a: b : : c: d, then a+b : b : ; c+^ • d. 

Since ■7=^2^ we add 1 to each quantity, and obtain t+1= j 

+1, or ^^=-i— , therefore a +b:b: : c+d : d. 
a 

This, also, may be made evident by taking numbers ; thuBy 
Let 2 : 4 : : 3 : 6, then 2+4 : 4 : : 3+6 : 6. 

18* 
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2 8 

Sinoe t^=?> v® ^<^ ^ ^ ®^^' number, and obtain 

2 , - 3 . • 2+4 3+6 
j+l=g+l,or-^=-g-. 

Therefore, • 2+4 : 4 : : 3+6 : 6. 

Prop. IX. If four quantities are proportionals, they will also 
be proportionals by separation ; that is, the difference between 
the first and second will have the same ratio to the second that 
the difference between the third and fourth has to the fourth. 

Let a : b : : c : d^ then a — b : b : : c — d : d. 

Since t=^> ^® ^^ subtract 1 from each quantity, and we 
o a 

, ^ . a - c - a— 3 c— rf 

obtam -■— 1=- — 1, or — j— : — -r— . 

o a o a 

Therefore, a—b : b :: c— ^ : d. 

This demonstration may be illustrated by numbers ; thus, 

Let 4 : 2 : : 6 : 3, then 4—2 : 2 : : 6-^3 : 3. 

4 6 
Since o=q9 w^ subtract 1 from each term, and we hayo 

4^6, 4-2 6-3 
g-l=g-l,or-^=-3-. 

Therefore, 4—2 : 2 : : 6—3 : 3. 

Prop. X. If four quantities are proportionals, they will also 
be proportionals by conversion ; that is, the first term will have 
the same ratio to the sum or difference of the first and second, 
that the third has to the sum or difference of the third and 
fourth. 

Let a : b : : c : d; then a : a±3 : : c : c±:d. Since 

-=■-, and, by Prop. VIII. and IX., —5—=—^-, invert these 
o a da 

fractions, and we have ;=:——-=; and, by multiplying the 

g-i-g Czxzjti 

one by -r, and the other by its equal -, we obtain rXT= 

a a-^-b b 
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Let the pupil prove this by numbers. 

Prop. XL If four quantities are proportionals, the stun of 
the first and second has the same ratio to their difference that 
the sum of the third and fourtibi has to their difference. . 

Let a : b : : c : d; then,' also, a-^-b ; a—b : : c+4 : c — d. 

For, by Prop, VIII. and IX. by alternation, a+b : d-^d : 
b : d; and a — b : c—'d : : b : d; hence, by Prop. V., a+3 
c+d : : a—b : c— ^, and, by alternation, a+d : a—b : 
c-}-d : c^d. 

This is illustrated by numbers, thus ; let 8 : 6 : : 12 : 9 ; 
then 8+6 : 8—6 : : 12+9 : 12-9. 

For taking Prop. VIII. and IX. by alternation, 8+6 : 12 
+9 : : 6 : 9; and by Prop. V., 8+6 : 12+9 : ^ 8—6 : 12 
—9; therefore, by alternation, 8+6 : 8—6 : : 12+9 :.12 
-9. 

Pbop. XTT. In any number of proportionals, any antecedent 
has the same ratio to its consequent that the sum of all the 
antecedents has to the sum of all the consequents. 

Let a: b : : c: d: : e : f: : g : h; then, also, a : b : : a'\'C 
+e+g : b+d+f+h. 

Since ab=:ba, ad=^bc, af=be, ah=:bg, we have 
a{b+d+f+h)^b(a+c+e+g) ; 
a a+c+e+g 



*— ^+^+/+^ ' 

GHierefore, a : b :: a+c-^e+g : b+d+f+h. 

In like manner it may be shown that c : d : i a+c+c+g' 
h+d+f+h. 

This proposition may be illustrated by numbers, thus. 

Let 2 : 3 :: 4 : 6 :: 8 : 12 :: 14 : 21; 

Then 2:3:: 2+4+8+14 : 3+6+12+21=2 : 3 : : 28 : 42. 

Pbop. XTTT. In two or more sets of proportionals, the 
product of the correspondent terms are also proportionals. 
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Let a : b : 
e : f : 



8 



hi \ Then, aJfiO, <iei : hfk : : cgl : dhm* 



DEMONSTRATION. 



cXgXl 



-. a^c e__g *;_^ 

^"""^ Vd'fk' iTm ' hXfXk'^dXhXm' 

Whenoe rFT^^"^* therefore, aei : hfk i cgl i i dJim. 

bfk dnan q. ». p. 

ILLUSTRATION BY NUUBEBS. 

Let 2 : 3 : : 4 : 6 

4:5:: 8 : 10 

6 : 7 : : 12 : 14 
Then 2X4X6 : 3x5X7 : : 4x8x12 : 6X10X14. 
Whence, 48 : 105 : : 384 : 840. 

Pbop. XrV. If there are any number of quantities more than 
two, and as many others, which, taken two and two in order, are 
proportionals, then, by equality, are the extreme terms in the 
former series proportional to the extreme terms in the latter. 

Let a, 3, c, <f, be any number of quantities, and let e,/, g^ A* 
be as many others. 
Let a I h \ I e I fy\ 

h I c \ : f : gy> Then, also, a : d : : e : h. 
e : d : : g : hy) 

DEMONSTBATiON. 

Since y=7» -=-, and -3=^, we obtain, by multiplying the 
o J c g ' an, A.'o 



, ahc efst d e . 

alternate fractions together, 7—^=7^, or -=t ; therefore, a : 

oca jgh a n 



d 



ILLUSTRATION BT NUHBBB8. 

Let 2 : 3 : : 4 : 6 ) 

3 : 4 :: 6 : 8 [Then 2 : 12 : : 4 : 24. 

4 : 12 : : 8 : 24 ) 

By multiplying the alternate fractions, we have 

2X3X4 : 3X4X12 : : 4x6x8 : 6x8X24. 
Whence, 24 : 144 : : 192 : 1152, or 2 : 12 : : 4 : 24. 
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Prop. XY. If there are any number of quantities more than 
two, and as many others, which, taken two and two, in cross 
order, are proportionals, then inversely, by equality, are the 
extreme terms in the first set proportional to the extreme 
terms in the second. 

Let a, by c, d, be any number of terms, and e,/, g, A, as many 
others, and 

Let a : b : : g : h\ 

b : c : : f : g> Then, also, a : d : : e : h. 
c : d : : e : f) 

DIEMONSTBATION. 
£L tt b "f C 6 

Since 7=^» -=-» az^d ^=-^> by multiplying the alternate 

fractions together, we obtain 

abc gfe a e 

Wd'^h^ ^' d^V 
Therefore, a i d i i e \ h, -^ 
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Let .2:3 



3 : 4 

4 : 3 



12^ 
8 \ Then, 2 : 3 : : 8 : 12. 
6) 

2X3X4 : 3X4X3 : : 8x6x8 : 12x8x6. 
Whence, 24 : 36 : : 384 : 576. 

By dividing the first two terms by 12, and the last two by 48, 
we obtain 2 : 3 : : 8 : 12. 

Prop. XYI. When four quantities are proportionals, if the 
first and second are multiplied or divided by the same quantity, 
and also the third and fourth by the same quantity, the resulting 
quantities will be proportionals. 

Let a \ b XX c \ d; then, also^ ma, \ wb \ '. w^ \ Tud. 

DEMOKBTBATION. 
tL C 

Since j=-^9 we multiply both terms of the first by m, and 

both terms of the last by n, and we obtain — t=—3 » 
•^ mb nd 
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nierefoFO, ma : mb : : nc : Tid, 

where m and n may be any quantities, either integral or frao- 
tionaL 

niiUBXBJLnON BT N171IBEB8. 

Let 2 : 4 : : 3 : 6. Now, if we multiply the first two num- 
bers by 7, and the last two numbers by 9, their products will'be 
proportionals. Thus, 

2X7 : 4X7 : : 3x9 : 6x9=14 : 28 : : 27 : 54; 
and if any other numbers were taken instead of 7 and 9, the 
products would be proportionals. 

Prop. XYU. When four quantities are proportionals, if the 
first and third are multiplied or divided by the same quantity, 
and also the second and fourth by the same quantity, the re- 
sulting quantities will be proportionals. 

Let a : b : : c : d, then, also, ma : rib : : mc : nd. 

DEMONSTRATION. 

Since 7=:ji multiply both these quantities by — , and we 
'da ^ 

obtain — ^=--=, therefore, ma : nb : : mc : nd^ where m and 
910 na 

n may be any quantities, either integral or Pactional. 

ILLI7STBATI0N. BT NTTMBEBS. 

Let 12 : 4 : : 18 : 6, and we will multiply the first and third 
by 2, and the second and fourth terms by 4. 

Thus, 12X2 : 4x4 : : 18x2 : 6x4=24 : 16 : : 36 : 24. 

It is OTident these terms are proportionals ; 
24 36 12 12 

^°' 16=24' ^'T=T- 

And if we divide the first and third terms bj 8, and the second 
and fourth terms by 2, their quotients will be proportionals. 

Thus, 12-5-3 : 4-5-2 : : 18-J-8 : 6-5-2. 

Or 4 : 2 : : 6 : 3. ■ 
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™ 4 6 

Whence, g=g. 

. Kanj other numbers be taken for multipljing or dividing, 
the result will be the same. 

Prop. XYIIL If four quantities are proportionals, the like 
powers or rootr of these quantities are also proportionals. 
Let a : b : : c : d; then, also, a" : 3"* : : c* : (?". 

Since 7=2> ^^® ^^^ of these fractions to the power ez 

- j =( ^ ) , or ~=— , there&re, a"* : 

IT : : c" : .(^, where m may be any quantity, either integral or 
fractional. 

ILLUSTBAnOH. 

Let 2 : 3 : : 4 : 6, tiben 2^ : 8^ : : 4« : 6». If wo raise 
each of these terms to the third power, the result will be 
2X2X2=8 : 3x3x3=27 : : 4x4x4=64 : 6x6x6=216. 

That 8, 27, 64, and 216, are proportionals, is evident from 

8 64 ^ 

the &.ct that 7r==oT?, and, being reduced tQ their lowest terms, 

27""27' 

Pbop. XT^. Of any number of quantities in continued pro- 
portion, the first has to the third the duplicate ratio, to the 
fourth the triplicate ratio, to the fifth the quadruplicate ratio, 
&c., of that which it has to the second, or of that which the 
second has to the third, &c. 
Let aih Mh \ ci \ c\ d\\ d\e\ I e\f \ \ &c. &c. 
Then a : c : : a* : 3^, or iu the duplicate ratio of a : 3. 
a : <^ : : o^ : ^^, or in the triplicate ratio of a : 3. 
a : c : : a* : 3*, or in the quadruplicate ratio of a : 3. 

DEMONSTBATIOir. 

1st. a : 3 : : i : c, or, by Prop. XVni., a^ i l^ i i V" i ^^ 
but, by Prop. II., 3^=00, therefore, a^ : bl^ : : ac : e^, 
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or o^ : l^ : : a: c, hence a : c : : a* : ^ ; abo, a* :ae: :V ic*; 
therefore, a: c : : l^ : c^, 

2d.* a : c : : o^ : ^; huic: d : : a: b; therefore, 

a : 4 : : fl* : i* : : y : c? : : c" 2 £p. 
Sd. a: d: : (^ : b^ ; and ^ : e : : a : 5 ; therefore, 
a : c : : tf* : 5* : : 3* : c* : : c* : c^ : : <i* : ^. 
The above may be easily illustrated by numbers. 

PBOBUEUS VOB PBOPOBTION. 

1. Divide 50 into two such parts that the greater, increased 
by 3, shaU be to the less, diminished by 8, as 3 to 2. 

Let re = the greater number, and 50— a; the less. 
Then x+B : 50— a;— 3 : : 3 : 2. 
Multiplying extremes, 2a;-f-6ssl50 — 3x— 9. 
Transposing, 5:r=135. 

Dividing, z=27, the greater. 

And 50—27=23, the less. 

2. What number is that to which if 8, 8, 12, and 20, be 
severally added, their sums shall be proportional ? 

Let a; s= the number. 

Then, z+B : x+S : : a:+12 : a:+20. 

Multiplying extremes, a:»+23a:4-60=2;2^20a:+96. 
Transposing, 23a:— 202;=96— 60. 

Dividing, a;=12, Ans. 

VEBIFIOATION. 

12+3 : 12+8 : : 12+12 : 12+20=15 : 20 : : 24 : 32. 

3. If Mars, when in opposition to the sun, is 49,000,000 miles 
from the earth, and the quantity of matter in the earth is 11 
times greater than that in Mars, at what distance from the earth, 
in a direction towards Mars, will a body remain at rest ? See 

.Art 218. 

Let X = the distance &om the earth. 

Then 49,000,000— a; = the distance from Mars. 

And let a=49,000,000. 

Then, a?« : («-«)« : : 1 : 11. 
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Multiplying extremes, lla^s=a^—2ax+^. 
Transposing, 10a:2+2aa:=a». 

Reducing, 3^^^^^, 

Completing the squares, a;»+--+_=j^+_=_. 

Evolving, Z'\^=jqa/IW. 

.Transposing, &c. ^^^^"^"W 

And, by supplying the value of a, we have 

Ans. 

4. There are two numbers which are to each other as 5 to 3 ; 
and, if 4 be added to the greater and 8 to the less, they will 
then be to each other as 6 to 5. What are the numbers ? 

Am. 20 and 12. 

5. Divide the number 60 into two such parts that their pro- 
duct shall be to the difference of their squares as 2 to 3. 

Ans, 40 and 20. 

6. I have two square house-lots, which, together, contain 208 
square rods ; and the area of the greater is to the area of the 
less as 9 to 4. How many more square rods are there in the 
greater than in the less ? Ans. 80 square rods. 

7. The product of two numbers is 12, and the difference of 
their cubes is to the cube of their difference as 13 to 4. What 
are the numbers ? Ans. 2 and 6. 

8. Divide the number 100 into two such parts that 6 times 
their product shall be to the sum of their squares as 24 to 17. 
What are those parts ? Am. 80 and 20. 

9. There are two numbers, whose product is 35, and the dif- 
ference of their squares ia to the square of their difference as 6 
to 1. What are the numbers ? Am. 7 and 5. 

19 
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10. There are two numbers in the triplicate ratio of 4 to 1, 
whose mean proportional is 32. What are the numbers ? 

Ans. 256 and 4. 

11. Divide 20 into two such numbers, that the quotient of 
the greater divided by the less shall be to the quotient of the 
less divided by the greater as 9 to 4. What are those numbers ? 

Am, 12 and 8. 

12. Divide 26 into three such parts, that the first shall have 
the same ratio to the second that the second has to the third, 
and that the first term shall be ^ the third term. 

Am. 2, 6, and 18. 



SECTION XX. 

ABITHMETICAL PBOaRESSION« 

Abt. 2Slt An Arithmetical Progression is a series of num- 
bers or quantities, increasing or decreasing by a constant 
difference. 

It is sometimes called Progression by Difference. 

252. The constant difference is called the Common Difference, 
or ratio of the progression. 

Batio here used is an Arithmetical rate. 
Thus, let there be the two following series. 

(1) (2) (3) (4) (5) (6) (7) (8) 
First series, 1, 4, 7, 10, 13, 16, 19, 22=92. 
Second series, 30, 26, 22, 18, 14, 10, 6, 2=128. 

258. The numbers which form the series are called the term^ 
of the progression. 

254* The first is called an ascending series of progression, 
where the first term is 1, the conmion difference 8, the number 
of terms 8, the last term 22, and the sum of the series 92. 
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iS5$ The second is called a descending series of progression, 
where the first tenn is 30, the common difference — 4, the 
number of terms 8, the last term 2, and the sum of the series 
128. 

2M« The first and last terms of the progression are called 
extremes^ and the other terms are tiie means, 

257 • The number of common differences in any number of 
terms is otub less than the number of terms. 

Hence, if there be 8 terms, the number of common differences 
will be 7, and the sum of the differences will be equal to the 
difference of the extremes. 

We therefore infer, that if the difference of the extremes be 
added to the first term, the sum will be the last term ; also, if 
the difference of the extremes be taken &om the last term, the 
renmnder will be the first term. 

258* Also, if the sum ^ the common differences be divided 
by the number of common differences, the quotient will be the 
common difference. 

To illustrate this, we will examine the following series : 

(1) (2) (8) (4) (5) (6) (7) 
2, 5, 8, 11, 14, 17, 20. 

Here the first term is 2, the last tenn 20, the number of 
terms 7, and the common difference 3. 

Now, if we had only the first term, number of terms, and 
common difference, to find the last term, we should have only to 
add the difference of the extremes to the first term. 

The common difference is 3 ; and, as there are 7 terms, the 
number of common differences is 6. The difference of the 
extremes will, therefore, be 6x3=18, and the last term will be 
2+18=20. 

Hence, having the first term, common difference, and number 
of terms given, to find the last term, we have the following 

Bu£B. Midtiply the mmber of terms, less one, hy the common 
difference, and to the produxt add the first term. 
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Again, if we invert the terms, we have 

(1) (2) (8) (4) (5) (6) (7) 
20, 17, 14, 11, 8, 5, 2. 

Here we have 20 for the first term, —3 for the common dif- 
flereaoe, and 7 for the number of terms, to find Ihe last term. 
6X— 3=— 18 ; 20—18=2 the last term. 

The pupil will perceive that 18 is a negative term ; and to 
add a negative term to a positive is to write their difference. 

Again, we have given the extremes 2 and 20, and number of 
terms 7, to find the conmion differenced 

Here the number of common differences is 6 ; for we have 
before shown that the number of common differences is always 
rnie less than the number of terms; therefore, 18-^6=3, the 
common difference. 

259» The principles of an arithmetical progression maj be 
well illustrated by literal terms. 

Let a be the first term' of an ascending series, and d the 
' common difference ; then the second term will be a-^-dj and the 
the third term a-f-2£2, and the series will be 

(1) (2) . (3) (4) (5) (6) 

a, a+d, a+2dj a+^, a-^id, a-^-bd. 

K it be required to form a descending series, when the first 
term is a and the common difference — d, it will be thus : 
(1) (2) (8) (4) (6) (6) 

a, a— J, a— 2e^, a-Sd, a—4d, a—bd. 

260t It is evident that the last term in both series is equal 
to the first term with the common difference repeated as many 
times, toantmg one, as there are terms in the series. 

Hence, if n represent the number of terms, the following will 
be the formula to find X, the last term. 
jL=fl-f-(n— l)<f. 

EXAMPLES. 

1. If the first term be 7, the oomm<m difference 4, and the 
number of terms 20, required the last tenn. 

I,=a-f(n-l)c?=:7+(20-l)4=83. Ans. 
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2. If the first term Is 8, the common difference 5, required 
the SOth term. 

Z=a+(«-l)rf=3+(50-l)5=:248. Ans. 

3. K the first term is 90, the common difference — 7, re* 
quired the 10th term. 

Z,=a+(n-l)(-^)=90+(10-.l)(-.7)=27. Am. 

4. If the first term is f , the common difference 1^, what is 
the 20th term ? 

!,=;«+(»— l)<^=J+(20—l)li=26TV- ^Ans. 

5. K the first term is 18, the common difference —4, what is 
the 10th term ? 

X=a+(7i-l)(— rf)=18+(10—l)(-.4)=-18. Ans. 

261 • The formula for obtaining the first term, a, is obtained 
from the former by transposition. 

Thns, if jL=a+(7i— l)rf, then, by transposition, 
a=L—{n—l)d. 

6. If the last term is 25, the number of terms 6, and the 
common difference 2, required the first term. 

a=X-(n— 1)^=25— (6— 1)2=15. Ans. 

7. If the last term is 50, the common difference 6, the number 
of terms 10, required the first term. 

a=X-(7i-l)e?=50-(10-.l)6=-4. Ans. 

8. If the last term is 27^ the common difference 2^, number 
of terms 10, required the first term. 

a=X-(7i-l)^=27-(10-l)2i=4j. Ans. 

262t The formula for obtaining the common difference, d^ is 
obtained from the first by transposition and division. 
Thus, X=a+(n— IK 

Tlien, by transposition, L — a={n—l)d. 

And by division, — =r=A 



Changing terms, 

ig* 



°n-l* 
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9. If the extremes are 6 and 30, and tiie nxanber of tennB 
18, what IB the common difference ? 

. X-a 30-6 ^ . 

^=^i=n=l3=:i=^2- ^^- 

10. If tite extremes are | and 15J, and the number of terms 
11, That is the common difference ? 



. L-a 15f— f ,, . 



263* 1^ formula for obtaining the number of terms nxaj be 
obtained from the first formula. 

Thus, X=a+(7i— IK 

By transposition, X— a=(n— l)d. 

By division, =n — 1. 

By transposition, — ^ — [-l=n. 

Changing terms, n= — ^ — [-1. 

11. K the extremes are 3 and 39, and the common difference 
2, what is the number of terms ? 

L-a , ^ 39—3 , . .Q . 
w=-^ — 1-1= — ^ — 1-1=19. Ans, 

12. If the first term is 5, the last term 89, the common dif- 
ference 7, required the number of terms. 

L_a 89-5,, ,^ . 

n=— - — }-l= — - — [-1=13. Ans, 
a 7 

Haying, therefore, any three of the four terms given, the 
other may be found, as we have demonstrated above, by the 
following 

TOBMULiA. 

(1.) To find the last term. 

Ira=a4-(w— l)i 
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(2.) To find the first term. 

(3.) To find the common difference. 

n — 1* 
(4.) To find the number of terms. 

When the series are descending, the unknown difference is a 
minus quantity in the 1st and 2d formulao ; thus, — d, 

13. A man travelled 10 days; the first day he went 8 miles, 
the second day 13 miles, and thus increased his distance each 
day 5 miles. How far did he travel the last day ? 

Ans. 53 miles. 

14. John Smith's family expenses for the first year were 
$500 ; but, after he had been married 12 years, he found his 
last year's expenses to have been $1325. By how much did he 
increase his expenses yearly ? Am. $75. 

15. A man set out from Boston to travel into the country ; 
the first day he travelled 12 miles, the second day 9 miles, the 
third day 6 miles, and thus continued to travel each day 3 
miles less than the preceding. How &r did he go the tenth 
day ? Am. —15 miles. 

264t To find the sum of the series. 

ABTCHMETIGAL SERIES. 

(1) (2) (8) (4) (5) (6) 
Let 2, 5, 8, 11, 14, 17, be the series. 

And 17, 14, 11, 8, 5, 2, same series inverted. 

19, 19, 19, 19, 19, 19, sum of both series. 

LITEBAXi SERIES. 
(1) (2) (8) (4) (5) (6) 

Let a, a-^dy a-^2d^ a4-3<f, a-^id, a+bd\>otLBtirii». 

And a+bd, a+4d, a+Sd, a+2d, a+d, a T/.rud~ 

2a+bd, 2a+bd, 2a+bd, 2a+bd, 2a+54, 2a+5d, sum of 
both series. 
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We perceiye, from tihe above arithmetical and literal series, 
that tiie som of the extremes is equal to the smn of any two 
of the means equally distant from each extreme ; and that, by 
adding the two series in their present arrangement, we have the 
same number for the same successive terms ; also, that the sum of 
both series is twice the sum of either series. Therefore, if 19, 
the sum of the extremes in the arithmetical series, be multiplied 
bj 6, the number of terms, the product will be the sum of both 
series. Thus, 19x6=114, sum of both series. Therefore, 
114-?-2=57 will be the sum of either series. 

Again, 2a -^-^d is the sum of the extremes in the literal 
series J and, if this sum be multiplied by 6, the number of 
terms, the product wiU be the sum of both series. Thus, 
{2a+bd)Q=12a+S0d, sum of both series. And (12a+30^ 
•i-2:=6a-\-lbd, the sum of either series. 

Therefore, in all cases, we find that the sum of the series is 
equal to the sum of the extremes multiplied by half the number 
of terms ; or, the number of terms multiplied by half the sum 
of the extremes. 

If, therefore, the sum of any series be denoted by S, the first 
term by a, the last term by X, and the number of terms by n, 
the following will be the formula for obtaining its value : 

Therefore, if the extremes and the number of terms are given 
to find the sum of the series, we adopt the following 

Bulb. Multiply half the sum of the extremes by the mmber 
of terms. 

The two following formulsd, or equations, contain five quan- 
tities : a, the first term of a progression ; X, the last term ; d^ 
the common difference ; n, the number of terms ; and S, the 
sum of the series. 

K any three of these be given the other two may be ob- 
tained. 

(1.) L=a+(n-lM. (2.) S=(:^)». 
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285* The pupil will find that twenty difierent oases may arise 
which may be solved by different combinations of the above 
equations. 

To find n in the last equation. 

By multiplication, 2Sz={L+a)n, 
By division, =w. 

Therefore, ' 71=^=^-—. 

If, therefore, the extremes and the sum of the series are given 
to find the number of terms, we divide twice the sam of the 
series by the sum of the extremes. 

16. Let the extremes be 3 and 39, and the sum of the series 
399, to find the number of terms. 

'*=I+a=-39+3 =1^- ^' 
266t To find the last term, L, from the second equation. 



'=m 



By multiplication, 2S=(If-f-a)». 

2S 
By division, — z^L-^a, 

2S 
By transposition, as=Ir. 

By transposition of terms, jL= a. 

Therefore, having the first term, number of terms, and sum 
of l^e series, given to find the last term, we divide twice the 
sum of the series by the number of terms, and subtract the first 
term from the quotient. 

267t To find the first term, a, from the second equation. 



KT> 
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Mnltiplyuig, 2Szss:{L+a)n. 

Diyiding, — csiL-i-a, 

Transposing, Xis=a. 

2S 

Cliangmg terms, a= L. 

n 

Therefore, haying the last term, number of terms, and snm of 
the series, given to find the first term, we divide twice the som 
of the series by the number of terms, and- subtract the last term 
from the quotient. 

17. Let the last term be 39, number of terms 19, and the 

som of the series 899, to find the first term. 

2S _ 2X399 ^Q ^ . 

a= L= — TTj 39=3. Ans. 

n 19 

268. To find the common difference, c2, firom the Ist and 2d 
equation. 

We find the value of L, in the first equation, to be 
Lsssa+{n—l)d, 

Substituting this value of L for S in the 2d equation, and 

then transposing, we have 

. 2S— 2an 

dss— — -. 

n{n — 1) 

18. If the first term is 5, the number of terms 15, and the 
sum of the series 285, what is the common difference ? 

Am. 2. 

19. If the first term is 3, the number of terms 19, and the 
sum of the series 399, what is the common difference ? 

Ans, 2. 

20. If the first term is 7, the number of terms 8, and the 
sum of the series 100, what is the common difference ? 

Ans, If. 

Pbobijbms. 

1, The first term is 5, the common difference 3. What is the 
7th term ? Ans. 23. 
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2. The first tenn Ib 3, the common difference 4^. What is 
the 5th term ? Am. 20f 

3. The first term is 18, the commoiP difference ^. What is 
the 7th term? Am. \^. 

4. The first term is 7, the common difference 2^, and the 
number of terms 5. Eequired the last term. Arts. 17. 

5. The first term is f, the common difference f. What is the 
10th term? Am. 7if- 

6. The first term is 0, the common difference Ij^. What is 
the 20th term? Am. 28^. 

7. The first term is 10, the common difference —2. What is 
the 4th term ? Am. 4. 

8. The first term is ^8, the common difference —3. What 
is the 10th term ? Am. —35. 

9. The first term of a descending series is 85, common dif- 
ference 7. Beqnired the 10th term. Ans. 22. 

10. The first term is 3 J, the common difference 2J. What is 
the 5th term, and the sum of the series ? Ans. 12 j^, and 39^. 

11. The first term in a descending series is 2j^, the common 
difference is ^. What is the 10th term, and the sum of the 
series ? Am. ^, and 13|. 

12. The first term is a, the common difference is d. What is 
the n\k term ? Ans. a-^din—l). 

13. What is the sum of the odd numbers &om 1 to 100 ? 

Am. 2500. 

14. If the first term is 4j^, the common difference 3j^, and 
number of terms 8, what is the sum of the series ? Am. 134. 

15. K the first term is 7, the common difference — 4, and the 
number of terms 6, what is the sum of the series ? 

Am. —18. 

16. If the first term is 5, the last term 19, and the number 
of terms 6, what are the other terms of the progression ? 

Am. 71, lOf , 13f , 16i. 
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17. If the eztremea are —9 and 18, aad the number of terms 
5, what are the other terms of the progression ? 

Am. -2i, 4J, 11^. 

18. If the last term of an ascending series is 20, the com- 
mon diiSerence 5, and the number of terms 8, what is the sum. 
of the series? Am. 20. 

19. There is a number consbting of three digits in arith- 
metical progression, whose sum is 12 ; and, if 896 be added to 
the number, the digits will be inverted. What is the number ? 

Am. 246. 

20. There is a certain island 50 miles in circumference. Two 
men, A and B, set out to travel round it. A goes 10 miles 
each day. B goes 2 miles the first day, 5 miles the second day, 
and 8 miles the third day, travelling each day 3 miles farther 
than the day preceding. How far will A and B be apart the 
8th day? Am, 20 piiles. 

21. John Smith and John Jones set out from Boston for the 
city of Washington, the distance being 140 miles. Smith 
started 5 days before Jones, and travels 15 miles per day. 
Jones travels 25 miles the first day, 23 miles the second day, 
and 21 miles the third day, travelling each day 2 miles less 
than the preceding. How far apart will Smith be from Jones at 
the end of the 20th day, and how fiur will each be from 
Washington ? 

Am. 135 miles apart. Smith 140 miles from Washington. 
Jones 275 miles from Washington. 

22. If the first term is ^, the common difference —^, and 
the number of terms 20, what are the last term and the sum of 
the series ? ^ ( Last term, — 2f . 

( Sum of the series, — 21f . 

23. If one extreme is ^, the common difference — tV* wid 
the sum of the series —1^, what is the number of terms ? 

Am. 12. 

24. If the first term is i^, last term 2^, and the sum of the 
series 87, what is the number of terms ? Atis. 24. 
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25. If tho first term is 3, the last term 17, and the number 
of terms 29, what are Ihe terms of the series ? 

Am. 3, 3J, 4, ^, 5, 5^, &o. 

26. The sum of the series is 16^^, the number of terms 10, 
and the common difference ^, to find the first term. Ans, j^. 

27. The first term of an arithmetical series is —5, the com- 
mon difference 1^; what is the 9th term ? Ans. 7. 

28. What are the three means between —1 and 15 ? 

Ans. 3, 7, and 11. 

29. The first term is 1^, number of terms 10, and the sum of 
the series 6|. What is. the common difference ? Ans. — ^. 

80. There are three numbers in arithmetical progression 
frhose sum is 10, and the product of the second and third is 
38^. What are those numbers ? Aiu. —3^, 3^, and 10. 

81. The number of terms of an arithmetical progression is 
equal to ^ the common difference, the last term is equal to 4 
times the first, and the sum of the series is equal to f the 
square of the first term. What are the series, and the sum of 
the series ? 

( The series, 20, 32, 44, 56, 68, 80. 
-^^^ ( Sum of the series, 300. 

32. There are four numbers in arithmetical progression whose 
sum is 28, and the sum of whose squares is 216. What are 
those numbers ? Av£. 4, 6, 8, and 10. 

83. Find three numbers in arithmetical progression whose 
sum is 9, and the sum of whose cubes is 99. 

Ans. 2, 3, and 4. 

34. What are those four numbers in arithmetical progression 
the sum of the squares of whose first two terms is 34, and the 
sum of the squares of the last two is 130 ? 

Ans. 3, 5, 7, and 9. 

35. A certain number consists of three digits, which are in 
arithmetical progression ; and, if the number be divided by the 
sum of its digits, the quotient will be 27^, but, if 396 be added 

20 
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to the nnmber, the digits will be inverted. Required the num- 
ber. Am. 579. 

36. What are* those four numbers in arithmetical progression 
the sum of the squares of whose extremes is 90, and the sum of 
the squares of the means is 74 ? Ans, 3; 5, 7, and 9. 

37. What are those four numbers in arithmetical progression 
whose sum is 14, and whose continued product is 120 ? 

Ans. 2, 3, 4, and 5. 

38. There are four numbers in arithmetical progression, the 
product of whose extremes is 112, and that of the means 120. 
What are the numbers ? Ans. 8, 10, 12, and 14. 

39. A and B, 165 miles from each other, set out with a 
design to meet. A travels one mile the first day, two the 
second, three the third, and so on. B travels 20 miles the first 
day, 18 the second, 16 the third, and so on. How soon will 
they meet ? Ans. 10 days, or 33 days. 

40. There are four numbers in arithmetical progressioD, whose 
continued product is 1680, and common difference is 4. Ee- 
quired the numbers. Ans. 14, 10, 6, 2. 

. 41. Five persons undertake to reap a field of 87 acres. The 
five terms of an arithmetical progression, whose sum is 20, will 
express the times in which they can severally reap an acre, and 
they all together can finish the job in 60 days. In how many 
days can each, separately, reap an acre ? 

Ans. 2, 3, 4, 5, 6 days. 

42, A gentleman set out from Boston for New York. He 
travelled 25 miles the first day, 20 miles the second day, each 
day travelling 5 miles less than the preceding. How far was 
he from Boston at the end of the eleventh day ? Ans. 

43. Suppose a number of stones were laid a rod distant from 
each other for twenty miles, and the first stone a rod from a 
basket. What length of ground will that man travel over, who 
gathers them up singly, returning with them, pne by one, to the 
basket ? Ans. 128,060 miles, 2 rods. 
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There are twenty different cases in Arithmetical Progreasioii, 
all of which are exhibited in the following Table. 



No. 



Giyen. 



Beqmr'd. 



FomralfiB. 



1 

2 



(If df 71 

a, df S 

a^ % S 

d, Ttf o 



I z=—id±A/2dS+ {a--idy. 

I = a, 

n 



5 
& 

7 
8 



a, df n 

a, df I 

a,l, n 

di Uf I 



S=in\2a+{n—l)d]. 
S=z^n{2l—(n—l)d). 



9 
10 
11 
12 



a, n, I 

ttj fly S 

fl, /, S 

9ly If S 



d=^ 



l-a 

W-r 

2S—2an 



^w— 1) 



d= 



27U-2S 
'n(n — 1)* 



13 
14 
15 
16 



dy Uy I 

dy fly S 

dy I, S 

71, ly S 



az=zl-^{n—l}d. 

S (n— 1)4 

n 2 

a^id±:/^ {l+idr--2dS. 

2S . 

a= 1, 

n 



17 
18 
19 
20 



ay dy I 

Oy d, S 

ay ly S 

dy ly S 



I— a - 

±V (2a— rf)»+8dS— 2a+i 



n= 



2d 
_2S 

''l+a 

2?+<^d=V {2l+d)''— iidS 
'- 25 • 
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SECTION XXI. 

QEOHXIBIOAL PROGRBSSIOK, OB PBOGRESSION BT 
QUOTIENT. 

Abt.. M9t When there are three or more numbers, emch that 
the same qnotient is obtained by dividing the second by the 
first, and the third by the second, and the fourth by the third, 
&c.; or, such that they increase or decrease by a constant 
multiplier, they are said to be in Oeometrical Progression, and 
are caUed a Oeometrical Series. Thus, 
(1) (2) (8) (4) (6) (6) 

(1.) 2, 6, 18, 54, 162, 486 = 728, sum of the series. 

(2.) 486,162,54,18, 6, 2 s= 728, sum of the series. 

The first is called an ascending series, and the second a de 
scending series. 

In the first the quotient or multiplier is 8, and it is called 
the ratio. In the second the ratio is ^. 

270t The first and last terms of a series are called the ex- 
tremeSf and the others are the means. 

271* It will readily be perceived, in either of the above series 
ihat the product of the extremes is equal to the product of 
any two of the means equally distant from the extremes. Thus. 
2x486=6x162=18x54=972. 

273t If there are only three terms, the product of the ex- 
tremes is equal to the square of the second term. 

273t It is evident, by examining either the above series, that 
any term may be obtained by multiplying the first term by the 
ratio as many times, wanting one, as there are terms required. 

If, therefore, the 1st term is 2, and the ratio 3, and we wish 
to obtain the 6th term, we have only to multiply the 1st term, 
2, by the ratio 3, five times. 

Thus, 2X3X3X3X3X3=486, the 6th term. 
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Hie above may be generalized in the following manner : 
Let a = first term of a series. 
L =z the last term, 
r =: the ratio. 
n = the momber of terms. 
jS = the sum of the series. 
(1) (2) (3) (4) (5) (6) 
Then a, or, ar^y ai^, ar\ ar^t &c., may represent any 
geometrical series ; and, if r, the ratio^ is considered as more 
than a unit, the series is ascending ; but, if r is less than a unit, 
the series is descending. 

The exponent of r in the second term is 1, in the third term 
2, in the fourth term 3, in the fifth term 4, and so on ; there- 
fore, the exponent of r in the last term will always be one less 
than the number of terms. The exponent of the nth term in the 
above series would therefore be af^^. 

274f If, therefore, in any series the number of terms be 
denoted by n, and the last term by L, the following will be the 
formula for finding the last term : 

(1.) L^a7^\ 

And Z=r*~^, when the first term is a unit. 

In the above equation we have four quantities, a, L, r, and n ; 
and, if any three of them be given, the others may be obtained 
as follows : 

To find a, the first term, we divide botii terms of the above 
equation by r*"', and transpose the terms ; and we have 

(2.) «=;^. 

To obtain r, the ratio, we divide the terms of the 1st equa- 
tion by a, extract the (n— l)th root, and transpose the terms ; 

and we have 

\L 



"^1 \L 



To find «, we shall show when we come to treat of exponential 
quantities. 

20* 
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BSCAMFUBB. 

1. Kihe first term is 7, the ratio 8, and the number of terms 
5, required the last term. 

I,=flr^i=7(3)*=567. Ans. 

2. If the first term is 1, the ratio 5, and the nmnber of terms 
5, ^^t is the last term ? 

X=:r»-^=5*=625. Ans. 

8. If the last term is 405, the ratio 3, and the number of 
terms 5, what is the first term ? 

^ 405 - . 
«=p^=g5=i=5. Ans. 

4. If the last term is 8, ratio 5, and the number of terms 4, 
what is the first term ? 

I. 8 8 . 

5. If the first term is 5, the last term 1215, and the number 
of terms 6, what is the ratio ? 

27 

6. If the first term is •}, the last term ^^, and the number ol 

terms 4, what is the ratio ? 

7. .If the first term is ^, the last term 64, and the number 
of terms 6, required the ratio. Afu, 4. 

8. If the last term is 185, the number of terms 4, the ratio 
8, what is the first term ? Ans. 5. 

275t To find any number of geometrical means between any 
two given numbers. 

In the 8d formula, we found r= I — • 
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If we let m represent the number of means, then f?i-|-2s=n , 
for the number of terms is always two more than the ntunber 
of means. 



Therefore, {L\^i=flL\i^^ 

Consequently, r=f — j«+i. 



276* Haidng, therefore, the extremes given to find any num- 
ber of means, we diyide the greater extreme or number by the 
less extreme, and extract that root of the quotient denoted^ by 
the number of means plus 1. This root is the ratio; and 
having the ratio, the means are readily obtained. 

EXAMPLES. 

9. Find two geometric^ means between 6 and 162. 

162-7-6=27 : ^27=3, the ratio ; 6xB=18, the first mean 
18x3=54, the second mean. 

10. What is the geometrical mean between 18 and 882 ? 
882-j-18=:49 : a/49=7, the ratio; 18x7=126, the geo- 

metrical mean. 

11. Eequired the five geometrical means between 1 and 64. 

Am. 2, 4, 8, 16, 32* 

12. A has a piece of land, which is 18 rods wide, and 288 
rods long. Required the side of a square piece that shall con- 
tain an equal number of square rods. Ans. 72 rods. 

277* To find the sum of all the terms of a geometrical series. 
Let the following be the series : 

(1.) 2, 6, 18, 54, 162. 

By examining this series, we find the first term 2, the ratio 3, 
and the last term 162. 

If we multiply each term in the series by the ratio 3, we 
obtain 

(2.) 6, 18, 54, 162, 486. 

It is evident that the sum of this last series is three times the 
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ibnner ; therefore the difference between them will be equal to 
twice the sum of the first series. Thus, 

From 6, 18, 54, 162, 486, second series, 

Take 2, 6, 18, 54, 162, first series. 

—2 486=484, difference of the series. 

From the above operation, it appears that 484 is twice the 
sum of the first series ; and, therefore, 484-i-2^242 is the 
sum required. 

By examining the process, we perceive that 242 is obtained 
by multiplying the last term of the first series, 162, by the 
ratio 8, and subtracting irom the product the first term 2, and 
dividing the remainder, 484, by 2 a number which is one less 
than the ratio. Hence the propriety of the following 

BuLE. Multiply the last term by the ratio, find the difference 
between this product and the first temt, divide this remainder by 
the difference between the ratio and unity, and we have the sum 
of the series, 

278* We may generalize the above, as follows : 

Let a represent Hie first term of a geometrical series, r the 
ratio, L the last term, n the number of terms, and S the sum of 
the series. Then 

(1.) S^a+ar+ar^-^ar^+ar^+ai^. 

We next multiply each term of the above equation by r, and 
we have 

(2.) &r=zar+ar^+ar^+ar^'\'ar^+ar^. 

By subtracting the first equation from the second, we have 
Sr—Si=af^--a. 

Dividing by r— 1, we have the formula for finding the sum 

of the series 

« or"— a ar^'-a (r"— 1) 

5= =-, or ^, or a ^ =-^. 

r— 1 r— 1 r— 1 

If the ratio is less than a unit, we transpose the terms, thus : 

o a—ar^ a^ar^ (1— r") 

S=z^ , or -= , = ahi -. 

1— r l—r 1— r 
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279« The index of the ratio is always equal to tbe nmnber of 
terms. 

By the above formulse, we haye a method for finding the smn 
of the series without the last term, which may be expressed by 
the following 

EtJLB. Raise the ratio to a power whose exponerU is equal 
to the Toimber of terms ; multiply this power by the first term^ 
find the difference between this product and the first term, and 
divide this remainder by the difference beticeen the ratio arid 
unity. 

If we substitute the value of Z as found in Art. 274, we 
shall have 

r — 1* 
A rule for this formula would be the same as in Art. 278. 

13. If ike first term is 7, the ratio 3, and the number of 
terms 6, what is the sum of the series ? 

7"— JL u-^1 

14. If the first term is 9, the ratio {» and the number of 
terms 4, what is the sum of the series ? 

15. If the first term is 144, the ratio 1.06, and the number 
of terms 4, what is the sum of the series ? Ans. 629.945. 

16. J£ the first term is 9, the ratio ^, the number of terms 6, 
what is the sum of the series ? Ans. 11^$^. 

17. If the first term is a, the ratio r, and the number of 

terms n, required the sum of the series. 

- ar'^'^a a(r"— 1) 

Ans. T-=— — r-^. 

r— 1 r— 1 

18. If the first term is 1, the ratio 2, and the number of 
terms 7, what is the sum of the series ? Ans. 127. 
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19. If the first term is 5, the ratio 10, and the nuhibeT of 
terms 7, what is the sum of the series ? Am. 5555555. 

20. If the first term is 4, the ratio ^, and the number of 
terms 5, what is the sum of the series ? Ans, 5f^. , 

21. If the first term is 5, the ratio ^, and the number of 
terms 5, what is the sum of the series ? Ans. 6^^. 

22. A gentleman agreed with another to board him for 9 
days ; he was to pay 3 cents for the first day's board, 9 cents 
for the second day, 27 cents for the third day, and so on, in this 
ratio. What was the amount of the bill for the gentleman's 
board? Ans. $295.23. 

To find L, r, and a, &om the following equation. 

2>— fl 







Multiplying by r — 1, 


SrS^zLr—a. 


Kesolving into fiictors. 


S(r-l)=Lr-a. 


Transposition, 


Lr=S(r— l)+a. 


Division, 


, S{r-l)+a 
r 


To find r from the aboye equation. 




Multiplying by r— 1, 


Sr'S=:Lr'-a. 


Transposing, 


iSr— Lr=S-a. 


Dividing by S— i, 




To find a from the above equation. 




Multiplying by r— 1, 


Sr'-Sz=xLr^a. 


Transposing, 


fl=Lr-(r— 1)5. 



23. If the first term is 3, the ratio 2, and the sum of the 
serie^ 93, what is the last term? Ans. 48. 
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24k Insert three geometrical means between i and 128. 

Ans. 2, 8, 32. 

25. If the first term is 2, the last term 4374, and the number 
of terms 8, what is the ratio ? Am. 3. 

26. If the ratio is 2, the number of terms 6, and the great- 
est term 128, what is the least term ? Ans. 4. 

27. If the first term is 8^, the ratio f , the number of terms 
8, what is the last term, and what is the sum of the series ? 

Ans. Last term iV^' ^^^ ^^ ^^^"^ of series 8^^^^. 

28. J£ the first term is 1, the last term 64, and the number 
of terms 7, what are the ratio, and the sum of the series ? 

Ans. Ratio, 2 ; the sum of the series, 127. 

29. K the last term is 64, the number of terms 7, and the 
sum of the series 127, whatare the ratio, and the first term ? 

Ans. Eatio, 2; the first term, 1. 

30. If the first term is 2, the ratio 4, and the number of 
terms 12, what are the last term, and the sum of the series ? 

Ans. Last term, 8388608; sum of the series, 11184810. . 

31. The product of three terms in geometrical progression is 
64, and the sum of their cubes is 584. What are those num- 
bers ? Ans. 2, 4, 8. 

32. There are four humbers in geometrical progression, the 
second of which is less than the fourth by 24, and the sum of 
the extremes is to the sum of the means as 7 to 3. Eequired 
the numbers. Ans, 1, 3, 9, 27. 

33. It is required to find four numbers in geometrical pro- 
. gression, such that the difference of the two means shall be 14, 

and the difference of the extremes 49. 

Ans. 7, 14, 28, and 56. 
The following are the two ^indamental equations from which 
the twenty different cases are exhibited, — 

r. Lr—a 

and which are found in the following 
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TABIA. 



No 


Qinn. 


R«liiir*d. 


Earmols. 1 


1 


a,r,n 




l=ai^\ 




2 


a,r,S 


I 


I _ a+(r-l)S 
r 




3 


a,n, S 




l{S-l)'^^=::a(S-ay^. 




4 


r,n,S 




, (r-l)Sr-» 
'- r--l • 


__ 








„ or" — a 


5 


a,r,n 




^ r-l- 
« Ir — a 




6 


a,r,l 


S 


^=7=1- 




7 


a,n,l 




-Vi-"-V«' 




K 


r,nj 




s- '^'-^ 








^ r'-r-^- 




9 


a,n,l 








10 


a,n,S 


r 


ar'—rSssa—S. 
S-a 




11 


a,l,S 




' s-r 




12 


n,Z,S 




(S-l)T^-Sr'^=^l. 




13 


r,n,l 








14 


T,n,S 


a 


«=';--T- • 




15 


rJ^S 




a=lr—{r—l)S. 




16 


n,l,S 




o(S-a)'^'— Z(S^Z)*-\ 




17 


a,rj 




log.r 




18 


a,r, S 




.. log.[a+(r-l)S]-log.fl 








ft 


log.r 




19 


a,lS 




log.?-log.a ^ 




log.(S-a)-log.{S-Z) ' 


20 


rJ,S 




^ hg.l-log.[lr-{r-l)S] . 
log.r 
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The last four caaes in tibie preceding table can be performed 
only by the aid of bgarithms, as they belong to exponential or 
transcendental equations. They urill, therefore, xeceiye atten- 
tion in their proper place. 



SECTION XXII. 

HARMONICAL PROGRESSION. 

Art. 280« Three numbers are said to be in harmonical pro 
gression when the first is to the third as the difference between 
the first and second is to the difference between the second and 
third. 

Thus the numbers 3, 4, 6, are in harmonical proportion. 

For 8:6:: 4—8 : 6—4. 

Or a, 3, c, are in harmonical proportion when 
a I c : : h—a : c — b. 

Thus, if the length of three strings-of a musical instrument be 
as the numbers 8, 4, 6, they will sound an octave 8 to 6, a fifth 
2 to 8, and a fourth 8 to 4. 

281* Four numbers are in harmonical proportion when the 
first is to the fourth as the difference between the first and 
second is to the difference between the third and fourtL Thus 
the numbers 5, 6, 8, 10, are in harmonic proportion. 

For 5 : 10 : : 6-5 : 10-8. 

Strings of such lengths will sound an octave 6 to 10, a sixth 
greater 6 to 10, a third greater 8 to 10, a third less 5 to 8, and 
a fourth 6 to 8. 

282« Any number of quantities, a, 3, c, d^ e^ &c., are in har- 
monical progression if a : c : : a — b : 3— c; b i d i : b — c : 
c — d ; c : e : : c-^d : (?— c, &o. 
21 
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28S« The reoiprooal quantities in hannonicftl progresdon are 
in arithmetical progression. 
GThus, if a, b, e, ^, 6, &c., are in harmonical progression, 

-, r-, -, -3, -, &c., will be in arithmetical progression. 
a c d € 



SECTION XXIII. 

INFINITB BEBIES. 

Art. 284« An infinite decreasing^ geometrical series is one 
whose ratio is less than nnitj, and the number of whose terms is 
infinite. 

To find the sum of an infinite series decreasing in geometricial 
progression. 

We have already found, Art. 277, that the sum of a descend- 
ing series in geometrical progression may be ascertained by the 
following formula. 

a ar^ 

285* Now, if r" be a fraction less than a unit, it is evident 
that the greater the number n, the smaller will be the quantity 
r". If, therefore, a great number of terms of a descending 
series be taken, the quantity r" will be yery small ; and, if we 
suppose n greater than any assignable number, then the quan- 
tity, or its value, may be considered as nothing = 0. 

Hence the latter part of the formula, — ^ , should be 

1—7* 

omitted, and it will stand 

Thus, Sz=:-^ 

1— r 

The rule, therefore, for finding the sum of the series, is as 
follows : 

EuLE. Divide the first term by the difference between unity 
and the ratio. 
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EXAMPLES. 



1. Wliat is the sum of the infinite series, 1, i, h A"* ^* 
&c.? 

2. What is the sum of 1, ^, ^, ^, &c., to infinity ? Ans, 2. 

3. What is the sum of the series, 8, f , ^, yf^, Ac, carried 
to infinity ? iln*. 10. 

4. Find the value of f , ^, ^, -j^, &c., to infinity. Am. 1^. 

5. Find the value of 4, 1, i, ^, &c., to infinity. il?w. 5^. 

6. What is the exact sum of 1, ^, j^^y, &c., to infinity ? 

Ans. 1|. 

7. Find the exact value of the circulating decimal .444, &c., 
to infinity. 

.444, &o.=^+Tiir+T;^xnr. ^^^ ratio being ^. 

[See National Abuhbostio, page 402.] 

8. What common fraction will exactly express the value of 
tbe repeating decimal .454545, &c. ? 

.454545=T^V+TT^trTy+ 1 o o Vo o o» ^^ ratio being ^. 

J- — TTTTr TUTT 

9. What common fraction is the exact value of the decimal 
571428? Ans. f 

10. What common fraction is the exact value of .857142 ? 

Atis. f . 

11. What is the exact value of .53 ? ^ 

.53=^ and T#T]r+Tinnr+Tx*r(r» &<5- 

12. What is the value of .138 ? Ans. ^. 

13. Find the ratio of an infinite series whose first term is 8, 
and the sum of the series 10. Ans. ^. 
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14. Find the ratio of an infinite aeries whose first term is 2, 
and whose sum is 1^. Atis. ^. 

15. Find the first term of an infinite progression of which 
the ratio is i^ and the sum 10. Ans. 8. 



SECTION XXIV, 

SIMPLE IKTEBEST. 

Abt. 286* Interest is the compensation which the borrower 
makes to the lender for the use of a certain sum of money for a 
given time. 

Principdl is the snm lent. 

Bate per cctU. is the sum agreed on for the loan of $1, or 
$100, for one year. 
Amount is the sum of the interest and principal. 
Legal interest is the rate per cent, established by law. 
Let p s=s principal. 

r s= rate per cent., written in hundredths. 
t = time in years. 
. a = amount. 
f or a—p = interest for the given time. 
Hence, if r be the interest of one dollar for one year, it la 
evident that the interest of p dollars will be p times r=pr. 

And if ;?r be ihe interest of p dollars for one year, it is cer- 
tain that for t years it will be t times as much, ss ptr, and that 
p+ptr will be the amount, and t or a—p will be the interest. 

287i Hence, having the principal, rate per cent., and time 
^yen, to find the interest and amount, we have the following 
formulsd : 

Formula for the interest, 

issptr. 
Formula for the amount, 

a=sp+ptr. 
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From the preceding fonnulse we have, for finding the interest 
and amount, the following 

Bulb. Multipiy the princ^xU by the rate per cent,, considered 
as a decimal, and this product by the time in years, and the result 
is the interest. 

If there are months and days, let the months be cofisidered as 
fractions of a year, and the days as fractions of a month. 

By adding the interest to the principal, toe have the amouiU, 
[See National AsiXHMKno, page 264.] 

EXAMPLES. 

1. What is the interest of $740 for 4 years, at 6 per cent. ? 

t=;^r=740x.06x4=$177.60. Am. 

2. What is the interest of $380 for 10 years, at 5 per cent. ? 

Ans. $190. 

3. What is the interest of $890.75 for 3 years, 6 months, at 8 
percent.? Ans, $249.41. 

4. What is the interest of $17.18 for 5 years, 2 months, 10 
days, at 4^ per cent. ? Ans, $4.02. 

5. What is the amount of $144 for 3 years, at 8 per cent. ? 
a=jp+jw^=144+ (144X .08x 3) =$178.56. Ara. 

6. What is the amount of $800 for 6 years, 1 month, 12 days, 
at 6 per cent. ? Ans, $1093.60. 

7. What is the amount of $670.18 for 3 years, 7 months, 20 
days, at 9 per cent. ? Ans, $889.66. 

288* Having the amount, time, and rate per cent, given, to 
find the principal. 
By transposing, &c., the last equation, we have 

From whidi we have the following 

Bulb. Multiply the time by the rate per cent,, and add 1 to 
the product ; with this sum divide the ammmt, and the quotient 
is the principal, 

21* 
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.8. Beceived $472 for a certain sam that had been on interest, 
at 6 per cent., for 8 years. What was the Bum lent ? 
a 472 ..^^ . 

9. What principal will amount to $570 in 10 years, at 5 per 
cent.? Am. $380. 

10. What principal will amount to $1140.16 in 3 years, 6 
months, at 8 per cent. ? Am, $890.75. 

11. Lent a certain sum for 5 years, 2 months, 10 days, at 4^ 
per cent., and received interest and principal $21.20 ; what was 
the sum lent? jItz^. $17.18. 

12. My friend borrowed of me a certain sum, which he kept 
3 years, and for which I charged him 8 per cent., and received 
interest and principal $178.56. What was the sum I lent him ? 

Am. $144. 
18. Beceived as interest and principal $889.66 from a Mend 
to whom I had loaned a certain sum for 3 years, 7 months, and 
20 days, at 9 per cent. What was the consideration of his 
note? Am. $670.18. 

289t Having the amount, principal, and rate per cent, ^yen, 
to find the time. 

By transposing and reducing the last formula, we have the 
following formula for finding the time, t. 

rp rp' 
From the above formula we have the following 

BuLS. Divide the interest by the product of the principal 
multiplied by the rate per cent., and the quotient is the time. 

[See National Aaethhbiio, page 271.] 

14. How long will it require $300 to amount to $372, at 6 
per cent. ? 

16. In what time will $380 amount to $570, at 5 per cent. ? 

Am, lOyeius. 
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16. Lent, at 8 per cent., $890.76, for which I received 
((1140.16 ; for how long time was the money lent ? 

Am, 3 years, 6 months. 

17. For $17.18, which was loaned at 4 J per cent., there 
was received $21.20. For how long time had it been lent ? 

Ans, 5 years, 2 months, 10 days 

18. The interest and principal, on a certain sum, at 9 per cent., 
are $889.66; and the interest is $670.18. less than the amount. 
How long was the money at interest ? 

Ans, 3 years, 7 months, 20 days. 

19. A has B's note, dated January 1, 1851, for $320, at 9 
per cent. When will the note amount to $353.60 ? 

Ans. March 1, 1852. 

290t naving the principal, interest and time given, to find 
the rate per cent. 

By transposing the last formula, we obtain the following for 

jELnding r, the rate per cent. Thus, 

a — p i 
r5= — ~, or —. 
pt pt 

The pupil will perceive that the amount is known when the 
interest and principal are given. 

What is the rate per cent, for $300, that it shall amount to 
$372 in 4 years? 

a-p 372-300 _ ^ 

''=*^="3ooxr == '^^^ "' ^ P"" ""^*- 

Hence we deduce the following 

Bulb. Divide the interest by the prodvxt of the principal 
multiplied by the time^ and the quotient is the rate per cent. 

20. If $380 amount to $570 in ten years, what is the rate 
per cent. ? Ans, 5 per cent. 

21. Lent $890.75, for 3 years, 6 months, and received for the 
amount $1140.16. What was the rate per cent. ? 

Ans. 8 per cent. 

22. If $17.18 amount to $21.20 in 5 years, 2 months, and 10 
days, what is the rate per cent. ? Ans. 4^ per cent. 
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28. If the interest of $670.18 for 3 years, 7 months, and 20 
days, be S219.48, what is the rate per cent. ? 

Ans, 9 per cent. 

24. John Smith, Jr., gaye. me his note, dated January 1, 
1848, for $144 : but he having been unfortunate in business, I 
agreed, May 7, 1851, to give him up his note for S153.64.8. 
What per cent did I receive ? Ans. 2 per cent. 

25. My tailor informs me that my "freedom suit" will re- 
quire 7i square yards of cloth ; but the cloth I am about to 
purchase will shrink 5 per cent, in width, and 4 per cent, in 
length, and the cloth is 60 inches wide. How many yards must 
I purchase ? Ans. 4 yards, 38ff inches. 



SECTION XXV. 

DI600TJNT AT SIMPLE INTEREST. 

Abt. 291 1 Discount is an allowance for the payment of any 
sum of money before it becomes due, and is the difference 
between that sum and its present worth. 

The present worth of any sum due some time hence is such a 
sum as, if put at interest, would, in the time for which the dis- 
count is to be made, amount to the sum then due. 
To find the worth of any sum due at any time hence : 
Let S = the sum due. 

p s= the present worth. 
t = the time in years. 

r == the rate per cent, considered as so many hun- 
dredths. 

Wo have before shown, in Art. 287, that ossp+ptr. 
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We now substitute 5 for a, and consider p to represent the 
present worth ; and, by transposing the equation, find 

from which we deduce the following 

BxjLE. Multiply the thne by the rate per cent^^ add lio the 
product, and divide the sum on whMi the discount is to he taken 
by this sum, and the quotient is the preseTit worth 

If the present worth is taken from the sum due, the re- 
maiader is the discount. 

[See KAnofiTAL ABizaBOEXio, page 286.] 

1. What is the present value of $500, due 4 years hence, at 
6 per cent. ? 

By transposing the quantities in the aboye formula, we may 
obtain the values of 5, ^, and r. 

2. What is the present worth of $372, due 4 years hence, at 
6 per cent. ? Ans. $300. 

3. What is the present worth of $133.20, due 20 months 
hence, at 8j^ per cent. ? Ans. $117.09. 

4. What is the discount on $21.20, due 5 years, 2 months, 
10 days hence, at 4 j^ per cent. ? Ans, $4.02. 

5. A has B's note, dated January 1, 1851, for $353.60, to be 
paid March 1, 1852, without interest. What was the value of 
this note at the time it was given, if 9 per cent, discount is 
allowed? Ans. $320. 

6. Which is worth the most, A's note for $144, due 10 years 
hence, at 6 per cent., or B's note for $176.40, due 8 years 
hence, at 12 per cent. ? Ans, 

7. A legacy of $1725 is due one year hence. What is its 
present value, at 15 per cent. ? Ans. $1500. 

8. James Brown has S. Smith's note for $162, payable 6 
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months hence ; but Brown, being obliged to raise money, sold 
the note for $150. What per eent. did he allow ? 

Ans. 16 per cent. 

9. Bought a &rm for $590, for which I was to pay in a cer- 
tain time, without interest ; but, by making prompt payment, I 
was allowed a discount of 6 per cent, for the whole time, and 
paid only $500. How long was the time allowed for payment ? 

Ans. 8 years. 

10. Bought a horse for $200, and gaye my note, payable in 
60 days. What ready money, at 15 per cent., will discharge 
the debt ? Ans, $195.12+. 

11. What is the present worth of $1827, due 100 years 
hence, at 6 per cent. ? Ans. $261. 



SECTION XXVI. 

partnbhship, or company business. 

Art. 292i Partnership is the association of two or more 
persons in business, with an agreement to share the profits and 
losses in proportion to the amount of the capital stock con- 
tributed by each. 

EXAMPLES. 

1. Three men, A, B and C, enter into partnership for two 
years, with a capital of $1600. A puts into-the firm $300, B 
$500, and $800. They gain $320. What is each man's 
share of the gain? 

Let X = A's gain. 

Then, as each man's share of the gain will be in proportion to 
his stock, 

And -^ = B's gain. 

Y = C's gam. 
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And *+y+y = *320. 

dz+bz+Sz = 960. 
I62: = 960. 
X = 60 = A's gain. 

^ = 100 == B's gain. 

^ = 160 =» C'B gain. 

txbihgatiok. 
60+100+160=$320. 

Or, let ffif », and p represent A, B, and O's stock, and a the 
smn gained. 

Also, let Z = A*s gain. 

G^ien, it is eyident that each man must receiye according to 
his capital 

That is, as A's stock is to his gain, so will B's stock be to his 
gain, &c. 

71Z 

Therefore, m: z: :n: — = B's. 

m 



And m:x: :©:— = € 



971 



mi z : : p 

m 

Then, x+—4^ = a. 

And mz-{-?iZ'\-pz=am. 

r™ A ««» 320x800 *«A A» • 

Ti^^'^^o'-' ^=^1+^+^=30^:500+8^ 

Then, by the principle above stated, 

am an . 320x600 .-^^ .,, . 

=;;i+;i+F= ^ ^^ ^q:M=^=30o+5oo+8oo=*^^^'^ ** «^- 

And, 

am ap _ 320x800 ^^-ion n, ^^j^^ 

'm+n+p' '^ ' w»+n+ij"^300+500+800""* ' ^ ®**^ 
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Therefore, to find the gain or loss on any man's stock, we 
deduce from the aboye formulae the following 

Bulb. Multiply the uihoU gain by each mmCi stock, and 
divide the product by the whole stock. 

293i Haying each man's gain, and the amount of stock giyen, 
to find each man's share in the stock. 

2. A, B, and G, while in trade, gained as follows. A gained 
$50, B $70, and C $90. The amount of their stock in trade 
was $4200. What was the amount of each man's stock ? 

It is eyident that each man's stock was in proportion to his 
gain. 

Let arssA's stock. 

7x 
Then -t-^B's stock. 



And -=-=rC's stock, 
o 

Therefore, ar+^^=4200. 

dx+7z+9x=21Q00. 
21a;=21000. 
ar=1000. A's stock. 

^=1400. B's stock. 


Qx 

^=1800. C's stock. 
o 



4200. Proof. 

If we change the symbols of the first question, putting m, n, 
and p, for the gain of each man respectively, and a for the stock, 
we obtain the following formulae for finding the amount of 
each man's stock : 
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m-j-n+p. 50+70+90 
Tia 70x4200 



= $1000. A's Btodc 



,„+a+^'^60+70+90 
pa 90x4200 



= $1400. B*s stock. 



= $1800. C'B stock. 



m+n+p 50+70+90 
Hence, for finding each man's stock, we have the following 
Btjls. Multiply the whole stock by each man^s gain, aafid 
divide the product by the whole gain, 

3. Two men, M and N, engaged in trade. M put in $500, 
and N $750. They gained $120. What is each man's gain ? 

Am. M gained $48, N gained $72. 

4. Q and X hired a field for $120, which they used for a 
pasture. Q put in 11 cows, and X 15 cows. What snm should 
each man pay ? Arts. Q pays $50.76f f , X pays $69.23^. ^ 

5. A and B purchased a factory for $17,000. A paid $10,000, 
and B the remainder. They gained $1500. What snm should 
each receive ? Am. A $882^, B $617if . 

6. A, B, and C engaged in trade, with a capital of $6000. 
They gained $240. A's share of the gain was $100, B's $80, 
and G's $60. What part of the stock did each own ? 

Am. A $2500, B $2000, and $1500. 

7. A, B, and G hire a pastore for the season for $100. A 
pnt in 5 horses, B 7 oxen, and 9 cows. Two horses eat as 
much as 3 oxen, and 4 oxen eat as much as 5 cows. What part 
of the expense must each pay ? Am. A pays $34.56^^, B 
pays $32.25iff , and pays $33.17fff . 

8. Three men. A, B, and G, agreed to reap a field that was 
40 rods square for $32. A reaped a part that was 25 rods 
square, B reaped 400 square rods, and G the remainder. What 
sum did each receive ? Am. A $12.50, B $8, $11.50. 

PABTNEBSmP ON TIUB, 0& DOTTBUB PXLLOWSHIP. 

9. A, B, and G engaged in trade. A put in "$2000 for 4 
months, B put in $3000 for 8 months, and G put in $4000 for 

22 
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12 months. Thej gained $780. What is eaoh man's shore of 
tliegain? 

Let m, n, p^ represent eaoh man's stock, a the whole gain, 
and t, f , f\ the time each man's stock was in trade. It is 
evident that each man's stock gains not only in proportion to its 
sum, but also in proportion to the time it is in trade. For 
$2000 will gain four times as much in four months as it wonld 
in one month, and $2000 for fonr months is the same as $8000 
for one month. We must, therefore, multiply each man's stock 
by the time it was in trade. It is therefore evident, that as A's 
gain is to B's gain, as A's stock multiplied by bis time is to B's 
stock multiplied by his time, &c. 

Let a;, y, 2r == A, B, C's gain respectively. 

Then x : y : : vU : nf. 

vt'x 
Multiplying extremes, &c., ^=s — -- = B's gain. 

And X \ z w mt \ p!\ 

Multiplying extremes, A;o., z==^-— = C's gain. 

Multiplying by mt, 7ntX'\-nfx-{'pt^x==7nta. 
Therefore, 

mta _ 2000X4XT80 _ 

m*+?if'+K'""2000x4+3000x 8+4000x12"" * ^i gaia 

But. y=— 7- 

And by substitution, y=^X ^^^.^^. =^^q:^pq:^.= 
8000X8X780 



2000x4+3000x8+4000x12 
And by substitution. 



,s=$234. B's gain. 



And z=—-, 

mt 
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pf ^ mta pf'a 



4000X12X780 _ _ . 

2000X4+3000X8+4000X12" * ^ s gam. 

The above equations, by diyiding the numerators each into 
two Actors, may be expressed by the following proportions : 
nU-\-nf+pf^ : ttU I : a : X. 
mt-{-nt^'\-pt" \ vf \ I a X y. 
mt-\-nt' -\-pt" : pt'* \ \ a i z. 
Hence the following arithmetical * 

Bulb. Multiply each man^s stock by the time it was corUinuea 
in trade, and then say. As the sum of all the products is to each 
man's product, so is the whole gain qr loss to each man's gain 
or loss. [See Natiokal AsiTHHirno, page 311.] 

10.. A commenced business January 1, 1850, with a capital 
of $3000. May 1, 1850, he took B into partnership, with a 
capital of $4000. January 1, 1851, they had gained $340. 
What was each man's share of the gain ? 

Ans. A's gain $180, B's gain $160. 

11. A, B, and C traded in company. A put in $300 for 10 
months, B put in $400 for 8 months, and put in $600 for 2 
months. They gained $120. What is the gain of each ? 

Ans. A's gain $48.64ff, B's $51.89^^, O's $19.45f f. 

12. Three men. A, B, and C, hire a pasture in common, for 
which they are to pay $76.80. A put in 24 oxen for 12 weeks, 
B put in 25 oxen for 12 weeks, and put in 30 oxen for 6 
weeks. What sum ought each to pay ? 

Ans. A $28.80, B $30, $18. 
1,3. John Jones hired a house for one year for $500, with the 
priyilege of admitting two more families if he pleased, with the 
understanding that all the occupants should haye equal priv- 
ileges in the house. At the end of three months he took in 
John Smith, and at the end of 9 months Bichard Boe. What 
share of the rent should each pay ? 

Ans\ Jones $291f , Smith $166§, Boe $41f . 
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14. Two men, A and B, hired a coaoh in Boston to go to 
Worcester, tho distance being 42 miles, for $20, witb the priyi 
lege of taking in two persons more. Having rode 30 miles, 
they take in 0; and on their return from Worcester, when 
within 20 miles of Boston, they take in D. What ougjht each 
man to pay for his accommodation in the coach ? 

Am. A $7.46yfe, B $7.46;^, C $3.88}ff, D $1.192i^. 

15. A and B engage in trade. A puts in a dollars for b 
months, B puts in c dollars for d months, and they gain e dol- 
lars. What share of the gain shall each receiye ? 

16. A, B, and engage in trade, with a capital of 81911. 
A's money was in the finn 3 months, B's 5 months, and G's 7 
months. They gained $117, which was so divided as. that the 
i of A's gain was eqnal to ^ of B's and ^ of O's gain. What 
was each man's stock and gain ? 

( A's stock $693;;^^^, B's $623J^f , and C's $594^^. 
• ( A's gain $26, B's gain $39, and O's gain $52. 

17. If 12 oxen eat 3} acres of grass in 4 weeks, and 21 oxen 
eat 10 acres in 9 weeks, how many acres would 36 oxen eat 
in 18 weeks, the grass to be growing nniformly ? 

Arts. 24 acres. 

18. Three men engage in partnership, for* 20 months ; A, at 
first, pat into the firm $4000, and at the end of 4 months he put 
in $500 more ; but, at the end of 16 months, he took out $1000. 
B, at first, put in $3000, but at the end of 10 months he took 
out $1500, and at the end of 14 months he put in $3000. C, at 
first, put in $2000, and at the end of 6 m<mths he put in $2000 
more, and at the end of 14 months he put in $2000 more ; but, 
at the end of 16, he took out $1500. They had gained, by 
trade, $4420. What is each man's share of the gain ? 

Ans. A's gain, $1680 ; B's gain, $1260 ; O's gain, $1480, 
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SECTION XXVII. 

INDETERMINATE ANALYSIS. 

Abt. 291 • In the common rules of Algebra, such question's 
are usually proposed as require some certain or definite answer ; 
in which case, it is necessary that there should be as many inde- 
pendent equations, expressing their conditions, as there are 
unknown quantities to be determined ; otherwise the problem 
would not be limited. 

But, in other branches of the science, questions frequently 
arise that involve a greater number of unknown quantities than 
there are equations to express them; in which instance, they are 
called indeterminaie, or unlimited problems, being such as 
commonly admit of an indefinite nimiber of solutions ; although, 
when the question is proposed in integers, and the answers are 
required only in whole positive numbers, they are in some 
cases confined within certain limits, and in others the problem 
may become impossible. 

Note.— The mle of Alligation belongs to Indeterminate Analysis. See 
the Author's Natigkal Abithueiio, page 364. 

EXAMPLES. 

1. Let 5a;+32^=49. 

It is required to solve the equation, and find all the integral 
and positive values of z and y which are possible. 
(1.) By transposition, 3y=49— 5z. 

(2.) Dividing as far as possible, 

2ar— 1 



3 

'By changing the fraction, for the sake of convenience, to a 
positive quantity, 

(3) y=16-2a:+^. 

Since we consider only the integral values of y, the fraction 
must be a whole number. 
22* 
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Let nssdiat number. 
Then n=— g— . 

x=:8n— 1. 

Substituting this value of x in (3), 
We have, ^=16-2 (3n— 1) +n. 

Or, y=18— 5?i. 

We have now the values of z and ^ in the terms of n, whidi 
must be whole numbers. 

By tiying various values for n, we shall find all the possible 
values of 2 and y. 

Let 71=1, and x=s 2, and ^s=sl8. 
n=2, " zz=: 5, " y=S. 
n=3, " x=: 8, " y=3. 
71=4, " a:=ll, " y=— 2. 

This last value of y, being negative, is not allowed by the 
conditions of the question. 
The equation, therefore, admits of only three sets of answers 

2. How can $100 be paid with 100 pieces, using eagles, 
dollars, and " nine-pences," each of the latter equalling one 
eighth of a dollar ? 

Let 2;=eagles, ys=dollars, z=nine-peno6S. 

(1) Then, x+y+z^lOO. 

(2) And 10a;+y+|=100. 

(8) Multiplying (2) by 8, 80a:+8y+2r=800. 

(4) Subtracting (1) from (3), 79x+7y=700. 

(5) Transposing, 7y=700— 79a;. 

(6) Dividing, y=100— 12ar+y. 

(7) Let 7i=y. 
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(8) 7»=5ar. 

(9) .=^. 

(10) By sobstitaiion, y^lOO- 



7dn 



Let n = 5, it being the smallest number that will ^ye an 
integral value to a; ; and we find x=7; and y=21, and z=72. 

Again, let 9&= 10, the next smallest nmnber that will make 
X a positiye whole nmnber, and we find :r=14, and y a negative 
quantity ; and so with every value of n that can be assumed, 
escept 5. The question, then, admits of but one answer ; that 
is, 7 eagles, 21 dollars, and 72 nine-penees. 

The answer might have been obtained by eliminating y, instead 
ofz. 

x-{-y+z=100. 

10a:+y+|=100. 

7z 
rom (2), 9a: 



2x 

T 



7' 
7w=2a:. 

Jin 

a:— ^. 

Let n=s2, it being the least number that will make z a whole 
number, and z=s7, and 2r=72, and ^=21. 

If we suppose 7i=4, it being the next larger number that will 
make x an entire number, then .a;=14, and 2=144, which is 
impossible, by the conditions of the question. It is, therefore, 
certain that no numbers but 7, 21 and 72, are correct. 



(1) 


Ibaa, 


(2) 


And 


(8) 


Sabtracting | 


(4) 


Multiplying, 


(5) 


Dividing,. 


(6) 


Let 


(7) 


Midtiplying, 


(8) 


Dividing, 




z=102: 
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3. Let x+ ^+ 2:s=: 41 ) to find all the integral and pos- 
And24a;+19y-{-10z=:741 ) itive values of ar, y, and z. 

(1) Conditions, x+y+z=41. 

(2) And 24z+19y+10z=741. 

(3) Transposing (1), z=41— a;— y. 

/AN rr -1. /ON 741--24^19y 

(4) Transposing &c. (2), z= r^r -. 

(5) Values of (3) and (4), 41— a:-y=^^^— ^^11^. 

(6) Multiplying, 410-lOz— 10y=741— 24a:— 19y. 

(7) Reducing, %+14x=331. 

(8) Transposing and dividing, y =5 ^ =36— z-j -"^ n -> 

Changing tlie signs in the last term, so as to make 

5a:— 7 

(9) X positive, y=36— a: ^ — , 

y 

(10) Let ^^=^- 

(11) Multiplying, 5a;— 7=9«. 

(12) Dividing, ^=^T^- 

(13) Substituting this for the value of a; in the equation (9), 

we have 9^1+7 

y=36 g! n. 

(14) Multiplying, 5y=180— 9n— 7— Sw. 

(15) Reducing, 6y=173— 147i. 

Let ns= 2, then ^=29, and x= 5, and z= 7. 
n= 7, " y=15, " a;=14, « 2r=12. 
n=12, " y= 1, « a;=23, « 2r=17, 
Anotlier solution of the above question : 

(1) Let x+y+z:=: 41. 

(2) And 24a:+19y+10r=741. 
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(S) Eliminatiiig the x't, we have 

14z=s248— ^. 

(4) Dividing, z=i7+^. 

(5) Let n=t^. 

(6) Multiplying, 14»s=5— 5y. 

(7) Transpomng, 6y=5— 14w. 

(8) DiTiding, y=l — — . 

(9) Keducing, A;o., y=l— 3n-f-g. 

We might use ibe first value of y; but, to do wliat it is con- 
venient to do in some' oases, let us introduce a second auxiliary 
quantity, to represent ibe firaction in the 2d value of y. 



(10) Let 


n 


(11) Multiplying, 


bm^in. 


(12) By substitution. 


y=l-14j«. 


(13) And 


.-17 1 ^-y ^i 


(14) Th^efore, 


z=17+-5m. 



The value of y requires that m should be zero, or negative. 
Let us first suppose the value of m to be 0. 

Then, y^l— 14(0)=1. 

And ;?=17'+5(0)=17. 

And a:=41— 1-17=28. 

Let —1 be taken ibr the value of w. 

And 3r= l-(-.l4)= 1+14=15. 

;2=17+5(-l)=17— 5=12. 
« a:=41-12-15=14. 

Again, let —2 be taken for the value of ^n. 

And y=l-14(-2)=29. 
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And . z=17+5(-2)=7. 

« x«41-29-7=5. 

Again, let —-3 be taken for the value of m. 
Then, y=:l— 14(— 3)=43. 

This value of y is more than the united values of 2, y, and z 
by the conditions of the question. 

The three values of m (0, — 1, —2), then, are the only ones 
which will give integral and positive values for all the quantities. 

The reason for using the second quantity (m) was to avoid 
fractions in the values of y and z. Three or four successive 
auxiliary quantities may be used advantageously in some cases. 

295fl To find two square numbers whose sum shall be a square. 
4. Let a:2+y2=2». 

Then :^z=:^^f^{Z'\-y){Z''y). - 

Multiplying both sides by m, we have wza:*=m(z+y)(z — y). 



Assuming, 


»ia:=2r-f-yi and a:=m{z— y), 


We have, 


zJ^y^m\z—y). 


Therefore, 


(wi«+l)y=(m«-l)z=(m«-l)(7wa:-y) 




(m»— l)ma:— (wi^— l)y. 


Therefore, 


2»iV=(m«— l)»w;. 


.And 


2wy 



To obtain whole numbers without fractions, let y=77i*— 1; 
then we have a;=27n, and z:=m*+l. That is, the general 
fcrwz of the three numbers will b© a;=27», y=m' — 1, and 2:= 
m«+l. 

If m=l, we have ar= 2,'y= 0, and z=2. 

m=2, « ar= 4, y= 3, " z=5. 

m=3, «« a;= 6, y= 8, " z=10. 

fii=4, « a:=8, y=.15, " z=17. 

f?i=5, " a:=10, y=24, " z=:26i 
The pupil will perceive that the values of x and y may 
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represent the base and perpendicular of a right-angled triangle, 
and z the hypothenuse. 

296i To find two numbers the sum of whose squares is given. 
By substitution, we have 



'^=(;^)"''"^^=(S+i) 



5. Find the yalaes of x and y which wiU satisfy the equation 

In these equations, any number may be assigned for the yalue 
ofm. 
If OT=1, we have a;=10, and y=0. 
m=2, " x= 8, " y=6. 
m=3, « z= 6, " y=s8. 

^ , * 32 ^^ 126 . 
»t=8, " a:=— , " y=-jj, 4o. 

297t To find two square numbers whose difference shall be a 
square number. 

6. Let a;^— y*==2:*; therefore (a;-fy)m(a; — y)=»i2*; whence, 
assuming x-\-y-=zmz^ and m(a;— y)=2:, we have a;-|-y=m^(a;— y), 
and (OT*+l)y=(m*— l)a;. 

Therefore, a;==sr--JL- W, and if y=n^^l^ then will a:=w^ 
-f-l, and z=2m. 
If m=l, we have z=s 2, y=: 0, and 2:=2. 

»i=2, " ar= 5, y= 8, " i=4. 

m=3, " a:=10, y= 8, " 2rs=6. 

w=4. " a:=17, y=15, « 2r=8, &c. 
We might assume a fractional value for m. 
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298« If the difference of the two squares be giren, we baye 
the following formula for ascertaining ilieir value ; 
m{x+y)=ni?Z, and m{X'-y)=zz. 

Whence, 2mx=(ni?+l)z, xss( "^ Jg, and y=f ^^ jz 

7. What values of z and y will satisfy the equation 2^—^ 

where the values of m may be assumed at pleasure. 
Ki»==l, we have a:=24, and y^= 0, 
»i=:2, « a:=30, « y=18. 
m=3, " a;=40, «' y=32. 
m=4, «* x=51, " y=45, 4c. 

8. The difference between the squares of the ages of two 
persons at one period was 45, and at another it was 159. Re- 
quired the age of each. 

Ans, At the first period their i^es were 9 and 6, and at the 
second 28 and 25. Or, at the first period they were 23 and 
22, and at the second 80 and 79. 

1. How many pounds of sugar, at 11 cents per lb., shall be 
mixed witii another kind, at 5 cents per lb., that the mixture 
shall be worth $2.54? 

Ans. 19 lbs. with 9 lbs. ; 14 lbs. with 20 lbs.; 9 lbs. with 
31 lbs. ; and 4 lbs. with 42 lbs. 

2. A person divides 65 shillings among 15 persons, men, 
women, and children. The share of a man is 7 shillings, that of 
a woman 3 shillings, and that of a child 2 shillings. How many 
persons were there of each class ? 

Ans. 6 men, 5 women, and 4 children. 

8. A gentleman has two farms, valued at $2000. The best is 
worth $21 per acre, and the other $17 per acre. How many 
acres are there in eadi Ihrm ? 
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Ans, The first may contain 92, 75, 58, 41, 24, or 7 acres , 
and the second may contain 4, 25, 46, 67, 88, or 109 acres. 

4. I purdiase wheat at 17 shillings and barley at 11 shillings 
a bushel, and expend in all £27 2s. How many bushels of each 
do I purchase ? Ans. 6 of wheat' and 40 of barley ; or 
17 of wheat and 23 of barley ; or 28 of wheat and 6 of barley. 

5. It is required to divide 100 into two such parts that one of 
them may be divisible by 7, and the other by 11. 

Ans. The only parts are 56 and 44. 

6. In how many ways can a debt of 825 be paid with $2 and 
$3 bills? Ans. Four ways. 

7. I wish to mix com at 70 cents per bushel with wheat at 
$1.90 per bushel. How many bushels of each must be taken to 
amount to $9.20 ? Ans. 5 bushels of com, and 3 of wheat. 

8. It is required to find the least whole number which, being 
divided by 17, shall leave a remainder of 7, and, when divided 
by 26, shall leave a remainder of 13. Ans. 143. 

9. A person wishes to purchase 20 animals for £20 ; sheep at 
31 shillings, pigs at 11 shillings, and rabbits at 1 shilling each. 
In how many ways can he do it ? 

Atu. He can buy 12 sheep, 2 pigs, 6 rabbits; or 11 sheep, 
5 pigs, 4 rabbits ; or 10 sheep, 8 pigs, 2 rabbits. 
Note. — The question wHl admit of only these three answers. 

10. It is required to find two numbers, one of which being 
multiplied by 7, and the other by 13, the sum of the products 
shall be equal to 71. 

Note. — This qnestion does not admit of an answer in whole nombersw 
No vaJne can be given to the auxiliary unknown quantity (n), which will 
render x and y both integral and positiye. 

11. It is required to find two numbers the sum of whose 
squares shall be 1225. 

Am. The only positive and integral numbers are 21 and 28. 

12. The difference of the squares of two numbers is 1521 ; 
what are the niunbers? Ans. 52 and 65, or &c. &o. 

28 
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SECTION XXVIII. 

VAEIATIOKS, PEBMUTATIONS, AND COMBINATIONS. 

Abt. 299t The different arrangements that can be made of 
any number of quantities, taking a certain number at a time, 
are called Variations, 

Thus, if a, b, c, be taken two together, the variations will be 
ab, ba, ac, ca^ bCy cb. 

And if a, ^, c, d^ be taken three together, their variations will 
be 24. Thus, 

ahc abd acb acd adh adc 
bac bad bca bed bda bdc 
cab cad cba cbd cda cdb 
dab dac dba dbc dca deb. 

If all the quantities are taken together, their variations are 
called Permutatums, 

Thus the permutations of a, by t;, are abc, acb^ bac, bcaycahy cba. 

The permutations of I, 2, 3, are 123, 132, 213, 231, 312, 321. 

The different collections that can be made of a number of 
things, taking a certain number of things together without re- 
garding their order, are called Combinaiians, Thus the com 
binations of a, &, c, taken two together, are ab, ac, be. 

Each combination will supply as many corresponding varia- 
tions as the niunber of things it contains admits of permutations. 

VABIATIONS. 

Let V = the number of variations required. 

n =s number of different things. 

r = number of things taken. 
The following, therefore, will be th^ formula for obtaining the 
number of variations of n things, taken r together. 
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The number of yariations of n things, taken r together, is 
n(n— 1)(»— 2) [?i— (r— 1)]. 

Let a, h^ c, d^ &c., be the n things; then the number of 
yariations which can be made, taking them singly, is n, 

Lct^ n — 1 of these things, namely, ^, c, ^, &c., be taken 
singly ; then the number of their variations is n — 1 ; and, if a 
be placed before each, we shall have n — 1 variations of n things, 
taken two -together, in which a stands first. Similarly, we shall 
have n — 1 such variations in which h stands first, and simi- 
larly for all the n things; hence there will be, on the whole, 
(n — 1) variations of ?i things, taken tvxi together. 

Again, taking n — 1 of these things, namely, 3, c, d^ &o., their 
variations, taken two together, will be 7i(n — \){n — 2) ; and pro- 
ceeding as before, there Will be, in the whole, (ti — 1)(» — 2) 
variations of n things, taken three together. 

Similarly, their variations, taken four together, will be 9i(7i — 1) 
(71 — 2) (71— 3). Hence, if Fj, Fg* ^8> &c»> F^.dienote the varia- 
tions of n things, taken 1, 2, 3, &c., r, together, we have 
Fi=7i, Fj,==7i(7i— l),T8=«(n— l)(7i— 2), &o. 

?;=7l(7l— l)(7l— 2)(7l— 3) [71— (r— 1)]. 

From- the above we infer that the permutations (p) of n 
things are their variations taken ciU together ; therefore, by 
writing n for r, we shall have 

p=7l(7l— l)(7l— 2) (71— (71— 2))(7l— (71—1))=. 

7i(n— l)(7i— 2) 2.1=1.2.3 71. 

1. How many changes can be rung with 7 bells out of 10 ? 

7=:7i(7i— l)(7i— 2) (71— (r— 1) ). 

As there are 10 bells, 7i=10; and as they are taken 7 at a 
time, r=7, and r— 1=6; therefore, 7i— (r— 1)=10— 6=4. 
Hence 77=10.9.8.7.6.5.4=604800 changes. Am. 

2. How many words can be made with 4 letters out of 5 ? 

Am. 120. 

3. How often can 4 boys change their places in a class of 8 so as 
not to preserve the same order ? Arvs, 1680, 



268 ALOXBBA. 

FSBinrrATiONS. 

SOO* When a and b are different, their permutations are ab, 
ha ; but, when a=3, the j become oa. 

Let a recuf p times; 3, q times ;c, r times; and P be the 
number of permutations required. Then, if all the a's be 

changed into different letters, thej will form 1. 2. 3 p, 

permutations; and, out of each of the P permutations, we should 

form 1. 2. 3 permutations. In like manner, if all the 

b*B were changed to different letters, they would form 1. 2. 3 

q permutations ; and, therefore, there would be P. (1. 2. 

3 p. 1. 2. 3 q) permutal^ns. Now, when all the 

quantities have become different, the number of permutations is 
1. 2. 3. 4 n. by Art. 299. 

Therefore, P. (1. 2. 3 p. 1. 2. 3. ... ^. 1. 2. 3. ... r. Ac) 

t^l. 2. 8. ... 91. 

1. 2. 3. ..« 



Whence, P= 



1. 2. 3. . .^. 1. 2. 3. . . q, 1. 2. 3 r, Ac' 



4. In how many ways may the word eTOinciaticm be written ? 

. In this word there are 11 letters, of which 3 are n's and 2 
are i's ; thwefore, n=sll, ^=3, q=i2, 
„ „ 1- 2. 3. 4. 6. 6. 7. 8. 9. 10. 11 

^^^^^' ^ 1.2.3.1.2 

=3326400 ways. Ans. 

5. In how many ways may the word algebra be written ? 

Ans. 2520. 

.6. How many different numbers can be made with the follow- 
ing figures, 1225555 ? Ans. 105. 

7. How many variations may be made of the letters in the 
yurord zapknat/^paaneak? Ans. 454053600. 

COMBINATIONS. 

soil The different collections that can be made of a number 
of things, taking a certain number together, without regarding 
their order, are called their CambinaHans, 
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Thus, the oombiiiations of a, h, c, taken two together, are a5, 
oc, he* 

Each combination will supply as many oorrespondiog varia- 
tions as the number of things it contains admits of permu- 
tations. 

Each combination of r things supplies 1. 2. 3 r varia- 

tioDS of r things ; hence, if C, be the number of combinations 
of w things, taking r together, the following will be the formula. 

Cr (1. 2. 3. . . r)=7,=7i(7i-l)(7i-2) .... (»-(r-l) ). *' 

Therefore, ^ _^(^-l)(^-2> . . . . (^-(.^1) ) 
1. 2. 3. ...r 

8. Into how many different triangles may a decagon be 
divided, by drawing lines from the angular points ? 

Note. — The number of triangles will be equal to the number of lines 
that can be drawn by connecting 7 at a time of the 10 angles, with each 
angle ; taken 7 together, 

^_ yg(n-i)(^_2) (7t^(r~l)) 10, 9. 8. 7. 6. 5. 4 

1. 2. 3 r "" 1. 2. 3. 4. 6. 6. 7 

=120. Am. 

9. How many different combinations can be made with 5 
letters out of 8 ? Am. 56. 

10. From a company of 12 persons, it is proposed to ascertain 
how many parties, of ten each, can be selected, and no two 
parties to be composed of the same individuals. How many 
parties can be selected ? Arvs. 66. 

11. A company of soldiers consists of 40 men, and 6 of them 
are selected every' night to mount guard ; on how many nights 
can a different guard of 6 sentinels be made ? Atvs. 3838380. 

12. How many different numbers can be made out of one 
unit, two 2's, three 3's, and four 4's, supposing all the figures to 
be in every number ? Arts. 12600. 

13. What is the total number of combinations of 16 things, 
taken 1, 2, 3, &c., at a time ? Am. 65535. 

23* 
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SECTION XXIX. 

logabuhms.^ 

Abt. 802* Logarithms are a series of numbers in arith 
metical progression, answering to another series of numbers in 
geometrical progression. 

* (0, 1, 2, 3, 4, 5, 6, indices, or logarithms. 

' ( 1, 2, 4, 8, 16, 32, 64, geometrical progression. 

^ ( 0, 1, 2, 3, 4, 5, 6, indices, or logarithms. 

^' ( 1, 8, 9, 27, 81, 243, 729, geometrical progression. 

^ ( 0, 1, 2, 3, 4j 5, indices, or log. 

t'^' (1,10,100,1000, 10000, 100000, geomet. prog. 

From the above, it is evident that the same indices may serve 
equally for any geometrical series ; and, consequently, there may 
be an endless variety of systems of logarithms to the same com- 
mon numbers, by only changing the second term, 2, 3, or 10, &c., 
of the geometrical series of whole numbers ; and, by interpolation, 
the whole system of numbers may be made to enter the geomet- 
rical series, and receive their proportional logarithms, whether 
integers or decimals. 

It is also apparent, from the nature of these series, that, if any 
two indices be added together, their sum will be the index of 

* The inyention of Logaritluns is doe to Lord Napier, Baron of Mexv 
chiston, in SootUmd, and is properly considered as one of the most useful 
inventions of modem times. A table of these numbers was first published 
by the inyeutor at Edinburgh, in the year 1614, in a treatise entitled 
Canon Mirificum Logarithmorum, which was eagerly read by all the 
learned throughout Europe. Mr. Henry Briggs, then professor of geom- 
etry at Qresham College, soon after the discoyery went to yisit the noble 
inyentor ; after which, they jointly xmdertook the arduous task of com- 
puting new tables on this subject, and reducing them to a more convenient 
form than that which was at first thought o£ But, Lord Napier dying 
soon after, the whole burden fell upwi Mr. Briggs ; who, with prodigious 
labor and great skill, made an entire canon, according to the new form, for 
all numbers, from 1 to 20000, and from 90000 to 101000, to 14 places of 
decimals, and published it in London, in the year 1624. 
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tihat number which is equal to the product of the two terms in 
the geometrical progression to which those indices belong. Thus 
the indices 2 and 3, being taken together, make 5 ; and the 
numbers 4 and 8, or the terms corresponding to those indices, 
being multiplied tc^ther, make 82, which is the number answer- 
ing to the indez 5. 

In like manner, if any one indez be subtracted &om another, 
the difference will be the indez of that number, which is equal to 
the quotient of the two termis to which those indices belong. Thus 
the indez 6, minus, the indez 4, is 2 ; and the terms correspond- 
ing to those indices are 64 and 16, whose quotient is 4, which 
is the number answering to the indez 2. 

For the same reason, if the logarithm of any number be mul- 
tiplied by the indez of its power, the product will be equal to the 
logarithm of that power. Thus, the indez or logarithm of 4, in 
the above series, is 2 ; and, if this number be multiplied by 3, 
the product will be 6, which is the logarithm of 64, or the third 
power of 4. 

And, if the logarithm of any number be divided by the indez 
of its root, the quotient will be Qqual to the logarithm of that 
root. Thus, the indez or logarithm of 64 is 6; and, if this 
number be divided by 2, the quotient will be 3, which is the log- 
arithm of 8, or the square root of 64. 

The logarithms most convenient for practice are such as are 
adapted to a geometrical series increasing in a ten-fold ratio, as 
in the last of the above forms ; and are those which are to be 
found, at present, in most of the common tables on this subject. 
The distinguishing mark of this system of logarithms is, that the 
indez or logarithm of 10 is 1 ; that of 100, 2 ; that of 1000, 
3, &c. 

In decimals, the logarithm of .1 is — 1, and that of .01 is 
—2, that of .001 is --3, and so on. The logarithm of 1 in 
every system being 0, it follows that the logarithm of any number 
between 1 and 10 must be and some fractional parts, and that 
of a number between 10 and 100 will be 1 and some fractional 
part, and so on for any other number whatever. And, since the 
integral part of a logarithm, usually called the Indez or Charac- 
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teristio, is always ihus readily found, it is commonly omitted in 
the tables ; being left to be supplied by the operator himself, as 
occasion requires. 

SOS. Another definition of Logarithms is, that the logarithm 
is the indez of that power of some other number which is equal 
to the given number. So, if there be iY=r", then n is the loga- 
rithm of N; where n may be either positive or negative, or 
nothing, and the root, r, any number whatever, according to the 
different systems of logarithms. 

When n is = 0, then iV is = 1, whatever the value of r is, 
which shows that the logarithm of 1 is always in every system 
of logarithms. When n = 1, then N :=z'r ; so that the radix, 
r, is always that number whose logarithm is 1, in every sys- 
tem. When the radix r = 2.718281828459, &c., the indices 
n are the hyperbolic, or Napier's logarithm of numbers, N; so 
that n is always the hyperbolic logarithm of the number iV, or 
(2.718281828459)". 

304t When the radix r s= 10, then the index n becomes the 
common or Briggs* logarithm of the number N; bo that the 
common logarithm of any nuniber 10" or iV is n, the index of 
that power of 10 which is equal to the said number. Thus, 100 
being the second power of 10, will have 2 for its logarithm ; and 
1000, being the third power of 10, will have 3 for its logarithm 
Hence, also, if 50 = lO^"®^, then is 1.69897 the common 
logarithm of 50. That is, 10 has been raised to the 169897 tk 
power, and the lOOOOOd root has been extracted, which is found 
to be 50, nearly. And, in general, the following decuple series 
of terms, namely, 

10*, 10«, 10^, lOS 10«, 10-S 10-3, 10-*, 10-^, 
or 10000,1000, 100, 10, 1, .1, .01, .001, .0001, 
have 4, 3, 2, 1, 0, —1, —2, —3, —4, 

for their logarithms, respectively. And from this scale of num- 
bers and logarithms the same properties easily follow, as above 
mentioned. 

305* To compute the Logarithm to any of the Natural Num 
bers, 1, 2, 3, 4, 5, &c., we have the following 
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Rule. Take the geometrical series, 1, 10, 100, 1000, 10000, 
^c, and apjjiy it to the arithmetical series, 0, 1, 2, 3, 4, 5, i^c, 
as logarithms. 

Find a geometrical mean between 1 and 10, or bettoeen 10 and 
100, or any other, ttoo adjacent terms of the series, bettoeen which 
the number proposed lies. 

In like manner, bettoeen the mean thus found, and the nearest 
extreme, find another geometrical mean; and so an, till you 
arrive within the proposed limit of the number whose number is 
sought. 

Find, also, as many arithmetical means in the same as you 
found geometrical ones, and these will be the logarithms answer- 
ing to the said geometrical means. 

BZAMPUE. 

Calculate the logarithm of 9. 
Here the proposed number lies between 1 and 10. 
First, then, the log. 10 is 1, and the log. of 1 is 0. 
Therefore (l-{-0) -7-2=^^.5 is the arithmetical mean. 

And (10x1)^=3.1622777, the geometrical mean. 

Hence the log. of 3.1622777 is .5. 

Secondly, the log. of 10^ 1, and the log of 3.1622777 is .5. 
Therefore (l-f-.5)-^2=.75, the arithmetioal mean. 

And (10x3.1622777)^=5.6234132, the geometrical mean. 
Hence the log. of 5.6234132 is .75. 

Thirdly, the log. of 10 is 1, and the log. of 5.6234132 is .75. 
Therefore (l+.75)-^2=.875 is the arithmetical mean. 

And (10x5.6234132)i'».7.4989422 the geometrical mean. 
Hence the log. of 7.4989422 is .875. 

Fourthly, the log. of 10 i& 1, and the log. of 7.4989422 is .875. 
Therefore, (l+.875)-^2=.9375 is the arithmetical mean. 

And (10x7.4989422)^i:=8.6596431, the geometrical mean. 
Hence the log. of 8.6596431 is .9375. 
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Fifthly, the log. of 10 is 1, and the log. of 8.6596431*is .9375. 
Therefore, (l+.9375)-^2=. 96875 is the arithmetical mean. 

And (10x8.6596431)^=9.3057204, the geometrical mean. 

Hence the log. of 9.3057204 is .96875. 

Sixthly, the log. of 8.6596431 is .9375, and the log. of 
9.3057204 b .96875. 

Therefore, (.9375+.96875)-f-2=.953125 is the arithmetical 
mean. 

And (8.6596431X9.3057204)^=8.9768713, the geometrical 
mean. 

Hence the log. of 8.9768713 is .953125. 

By proceeding in this manner, after 25 extractions, it will be 
found that the logarithm of 8.9999998 is .9542425, which may 
be taken for the logarithm of 9, as it differs so little from it, and 
is sufficiently exact for all practical purposes ; and in this manner 
were the logarithms of almost all the prime numbers at first 
computed. 

806a Another method of computing logarithms is by the aid 
of a given decimal. 

BuLE. Let b be the number whose Iqgarithm is required to be 
found, and a the number n£xt less than b, so that b — a=l, the 
logarithm of a being known ; and let s deTwte the sum of the 
two numbers, a+b. Then 

1. Divide the constant decimal .8685889638 by s, and reserve 
the qiwtient ; divide the reserved qftotierU by the square of s, and 
reserve this quotient ; divide this last quotient, also, by the square 
of s, arid again reserve the quotient; and thus proceed, con- 
tinuaUy dividing the last quotient by the square of e, as long as 
division can be made. 

2. Write tliese quotients orderly, under one another, the first 
uppermost, and divide them respectively by the odd numbers, 1, 
3, 5, 7, 9, <^c., ojs long as division can be made ; that is, divide 
the reserved quotient by \, the second by 3, the third by 5, the 
fourth by 7, and so on. 
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3. Add aU these last quotients together^ and the sum wiU be 
tne logarithm of b-7-a. To this logarithm add^ also, the given 
logarithm of the said next less number, a ; the last sum toill be 
the logarithm of the number b proposed. 



EXAMPLES. 



1. Let it be required to find the logarithm of the nmnber 2. 

Here the given number & is 2, and the nezt less number a is 
1, whose logarithm is 0; also, the sum 2+1=3=;, and its 
square ^=9. Then the operation will be as follows. 



3) 


868588964 


1) 


289529654 


[ 289529654 


9) 


289529654 


3) 


32169962 { 


; 10723321 


9) 


32169962 


5) 


3574440 ( 


; 714888 


9) 


3574440 


7) 


897160 { 


[ 56737 


9) 


397160 


9) 


44129 { 


[ 4903 


9) 


44129 


11) 


4903 ( 


446 


9) 


4903 


13) 


545 


[ 42 


9) 


545 


15) 


61 


[ * 


9) 


61 









Logarithm of f =.301029995 
Add logarithm of 1=.000000000 

Logarithm of 2=.301029995 
2. Compute the logarithm of the number 3.' 
Here ^=3, the next less number a=2, and the sum a-\-bs 
6=5, whose square ^=25. 



5) 


.868588964 


1) .173717793 ( 


.173717793 


25) 


.173717793 


3) 6948712 ( 


2816237 


25) 


6948712 


5) . 277948 ( 


55590 


25) 


277948 


7) 11118 ( 


1588 


25) 


11118 


9) 445 ( 


50 


25) 


445 


11) 18 ( 


2 




18 


Logarithm of f = 






=.176091260 






Logarithm of 2 add.s: 


=.801029995 



Logarithm of 3=.477121255 
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M7i BecanBe the 011m of the logarithmfl of numbers gives the 
kgarithm of their product, and the difference of the logarithms 
gives the logarithm of the quotient of the number, we may, 
therefore, from the above two logarithms, and the logarithm of 
10, which is 1, raise a great many logarithms, as will appear by 
the following 

XZAHPLES. 

1. To find the logarithm of 4, we multiply the logarithm of 
2=:.301030 by 2, because twice 2 are 4. 
Logarithm of 2:=.301030 

2 



Logarithm of 4».6O2060 

2. Find the logarithm of 6. 

Because 2x3=6, we add their logarithms. 
Logarithm of 2=:.301030 

Logarithm of 3s=.477121 

Logarithm of 6=.778151 

3. Find the logarithm of 8. 
Because 2's=8, therefore 

Logarithm of 2=r.301030 

Multiplied by 3= 3 

Gives logarithm of 8=s.903090 

4. Find the logarithm of 9. 
Because 3'=9, therefore 

Logarithm of 3=:.477121 

Multiplied by 2= 2 

Gives logarithm of • 9=r.954242 

5. Find the logarithm of 5. 
Because 4|^=5, therefore 

From logarithm of 10=1.000000 
Subtract logarithm of 2= .301030 
Logarithm of 6. Am. .698970 
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HaTing computed by the general nde ibe logarithms of the 
other prime nmnbeis, 7, 11, 13, 17, 19, 23, &c., then, by com- 
position and division, we may easily find as many logarithms as 
we please. 

Note. — The index of erery logarithm u always one leu than the 
noinber of integral figures in the giyen number. 

808. To find in the table the logarithm of any nnmber. 

(1.) If the ^ven nnmber be less than 100, or consist of only 
two figores. 

Bmjs. Enter the first page of the tables which contains ail 
the mimbersfrom 1 to 100, artd opposite the given number vnU 
be found the logarithm with the index prefixed. 

(2.) K the given nnmber be more than 100, and less than 
1000. 

Bulb. Find the given number in the left-hand cdbimn of the 
table, and opposite, in the next column, wUl he found the loga^ 
rithm to which the index, 2, must be prefixed. 

Thns, if the logarithm of 189 were required, we find this 
number in the table, and, oppodte to it, we find the logarithm 
.276462. To tiiis we prefix the index, 2, and we have 2.276462. 

(3.) If the given nnmber be more than 1000, and less than 
10000. 

KuLE. Find the first three figures of the given number in 
the left'ha^id column, and, opposite to it, in the column marked 
at the top ttnth the fourth figure, is the logarithm required. To 
which must be prefixed the index, 3. 

Thus, if the logarithm of 3568 were required, we find opposite 
356, in the left-hand column, and under 8, found at the top of 
the column, .552425. To this we prefix the index, 3, because 
there are four figures in the given number, thus, 3.552425. 

(4.) If the given number be more than 10000. 

Bulb. Fijtd the logarithm of the first four figures as before, 
also the next greater logarithm; subtract the one logarithm 
from the other, as also their correspoTiding numbers, the one 
24 



278 ALGXBBA. 

from the other. Then say, As the difference bettoeen the two 
Ttttmbers is to the difference of their logarithimSf so is the re^ 
nuufdng part of the given number to the pr€>portio7ud part of the 
logarithm ; tehkh part, being added to the less logarithm before 
taken out^ gives the whoie logarithm nearly. 

1. Find the logariibm of 340926. 

The logarithm of 840900 is =.532627 
The logarithm of 841000 is = .532754 

The differences are = 100 127 

Then, as 100 : 127 : : 26 : 33, the proportional part This 
added to the first logarithm (.532627+88) gives .532660. To 
this we prefix the index 5, becanse the given number had six 
figures. 

(5.) To find the logarithm of a number consisting of an in- 
teger and decimal. 

BuuL Find the logarithm of the nurnber the same as if aU its 
figures were integral ; then this, having prefixed to it the proper 
index, will give the logarithm required; remembering that the 
index wHl be one less than the number of integral figures. 

Thus the logarithm of 42.25 is 1.625827. 

(6.) To find the logarithm of a proper firaction. 

EuLE. Subtract the logarithm of the denominator from the 
logarithm of the numerator, and the remainder unit be the 
logarithm sought ; which, being that of a decimal fraction^ must 
always have a negative index, 

2. What is the logarithm of f{ ? 

Logarithm of 37 =1.568202 

Logarithm of 94 =1.973128 

Logarithm of ff =—1.595074 

(7.) To find the logarithm of a mixed number. 
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Bulb. Reduce the mixed number to an wvpr&per frcuAwn,^ 
and find the difference of the logarithms of the numerator and 
denomijuitor in the same manner as above, 

3. What is the logarithm of 17^1 ? 
First 17it=W. Then, 
Logarithm of 405 =2.607455 

Logarithm of 28 =1,361728 

Logarithm of 17 i^ =1.245727 

(8.) To find the logarithm of any decimal. 

Bulb. Find the logarithm of the decimal as of an integer, 
and if the first significant figure in the decimal occupy the place 
of tenths, the index wUl be -rl. Thus the logarithm of .376 
vM be —1.574031. If the first decimal place occupy the place 
of hundredths, the index vnU ie — 2. Jjf the decimal is preceded 
by two ciphers, the index will be —3, and so on. 

Thus the logarithm of .234 = —1.369216 

of;0234 = —2.369216 

of .00234 = -3.369216 

of .000234 = -4.369216 

of .0000234 c=s -5.369216 

EXAMPLES. 

1. What is the logarithm of 1728 ? Ans. 3.237544. 

2. What is the logarithm of 23.56 ? Ans. 1.372175. 

3. What is the logarithm of 89632 ? Ans. 4.952462. 

4. What is the logarithm of H ? Ans. —1.261966. 

5. What is the logarithm of ^fr • ^^' —2.447737. 

6. What is the logarithm of 19^^ ? Ans. 1.279987. 

7. What is the logarithm of .3076 ? Ans. —1.487986. 

8. What is the logarithm of .00016 ? Aiis. —4.204120. 

9. What is the logarithm of .0000006 ? Ans. -7.778151 
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IM. To find the naiond munber to any ^yen logarithnu 

This is* to be found in the tables by the reverse method to th^ 
fqpier, by searching for the proposed logarithm among those in 
the table, and taking out the corresponding nnmber by inspeo- 
tion, in which the proper number of inters is to be pointed 
off, that is, one more than the index. For, in finding the 
number answering to any given logarithm, the index always 
shows how fax the first figure must be removed firom the place of 
units to the left hand, or integers, when the index is affirmative, 
but the right hand, or decimals, when it is negative. 

Thus the number to the logarithm 1.532882 is 34.11. 

And the number of the logarithm — .1.&82882 is .3411. 

But, if the logarithm cannot be exactly found in the table, wo 
adopt the following 

Bulb. Take <nU the next greater and the next less, subtract' 
ing one of these logarithms from the other , as also their natural 
nurnbers the omefrom the other, and the less logarithm from the 
logarithm proposed. Then say. As the difference of the first, or 
tabular logarithms, is to the difference of their natural numbers, 
so is the difference of the given logarithm and the least talndar 
logarithm, to the corresponding numeral difference ; which, being 
annexed to the least natural number above taken^ gives the 
natural number sought, correspoTiding to the proposed logarithm. 

1. What is the natural number answering to the given loga- 
rithm 1.532708 ? 

Next greater, 532754; its number, 341000 j given log., 532708 
Next less, 532627 ; ite number, 340900 ; next less, 532627 

127 100 81 

Then, *as 127 : 100 : : 81 : 64, nearly the numeral differ- 
ence. Therefore, 340900 f 64=34.0964, marking off two in- 
tegers, because the index of the given logarithm is 1. 

Had the index been —1.532708, its corresponding number 
woiild have been .340964, wholly a decimal 
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tfUUnPUCATION BT LOGABITHMS. 

HuLsi Take out the logarithms of the factors from the taMe^ 
then add them together, and their sum vnU be the logarithm of 
the product required. Then take out from the table the natural 
number aanswering to the sum for the product sought. Add 
what is to be carried from the decimal part of the logarithm to 
the affirmative index or indices, or else subtract it from the 
negative. Also, adding the indices together, when they are of 
the same kindy both affirmative or both negative; but subtracting 
the less from the greater when the one is affirmative and the 
ether negative, and prefixing the sign of the greater to the re- 
mairvder. 

EXAMPLES. 

1. Multiply 23.14 by 5.062. 

Namben. LognrithxnB. 

23.14 = 1.364363 

5.062 == 0.704322 



Product, 117.1343 = 2.068685 

2. Multiply 2.581926 by 3.457291. 

Numbers. Logarithms. 

2.581926 = 0.411944 

3.457291 = 0.538736 



Product, 8.92647 = 0.950680 

3. What is the continued product of 3.902, 597.16, and 
.0814728? 

Numbers. Logarithms. 

3.902 = 0.591287 

597.16 = 2.776091 

.0314728 =-2.497935 



Product, 73.335 =r 1.865313 

Here the — 2 cancels the +2, and the 1 to carry from the 
decimal is set down. 

24* 
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5. What is the oontinned prodaot of 8.586, 2.1046, 0.8372i 
and 0.0294? 

Nnmben. LogarithmB. 

8.586 s= 0.554610 

2.1046 = 0.823170 
0.8872 = —1.922829 
0.0294 = -2.468847 



Product, 0.1857615 = -1.268956 

Here the 2 to carry cancels the —2, and there lemanis —1 to 
Bet down. 

DIVISION B7 LOGABITHHS. 

Bulb. From ike logarithm of the dividend mbtract the 
logarithm of the divisor^ and the nurnber ansioering to the Te* 
mainder tmll be the quotient required. Change the sign of the 
index of the divisor from affirmative to negative, or from negative 
to affirmative ; then take the sum of the indices, if they he of the 
same name, or their differeriee, when of different signs, toith the 
sign of the greater, for the index to the logarithm of the quotiejit. 
And also, when 1 is borrowed in the left-hand place of the decimal 
part of the logarithm, add it to the index of the divisor when 
that index is affirmative, but subtract it when negative ; then let 
the sign of the index arising from hence be changed, and worked 
unth as before, 

BXAMPLBS. 

1. Divide 24168 by 4567. 

Logarithm of 24168 = 4.888151 

Logarithm of 4567 «= 8.659681 



Quotient, 5.29078 = 0.728520 

2. Divide 87.149 by 528.76. 

Logarithm of 87.149 = 1.569947 

Logarithm of 528.76 = 2.719182 



Quotient, .0709275 = —2.850815 
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8. DiYide .06814 by .007241. 

Logarithm of .06814 = —2.800805 
Logarithm of .007241 = —8.859799 

Quotient, 8.71978= 0.940506 

Here 1 carried from the decimals to the — 8 makes it become 
—2, which, taken from the other —2, leaves remainder. 
4. Divide .7438 by 12.9476. 

Logarithm of .7438 = -1.871456 

Logarithm of 12.9476= 1.112189 

Quotient, .057447 = -2.759267 

Here 1 taken from the —1 makes it become —2 to set down 

810« To find the Arithmetical Complement of the logarithm 
of any number. 

EuLB. Subtract the logcerithm of the number from the loga 
fithm ofl, ivMch is zero (0). 

XXAMPLES. 

1. What is the arithmetical complement of 1.462898 ? 

0. 
1.462398 



-2.537602 
2. What is the arithmetical complement of —1.897940 ? 
0. 
-1.397940 



0.602060 
3. What is the arithmetical complement of —8.678914? 
0. 
-8.678914 



2.321086 
4. What is the arithmetical complement of 3.614582 ? 
0. 
8.614582 



-4.385418 
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5. Wbat IB the arithmetical eomplement of —4.821617 ? 

Am. 3.678383. 

6. What is the arithmetical complement of 0.781562 ? 

Am. —1.218438. 

7. What is the arithmetical complement of 5.321463 ? 

Am. —6.678537. 

8. What is the arithmetical complement of 3.456321 ? 

Am. —4.543679. 

The pupil will understand the rationale of this rule, by 
observing that the product of a, multiplied by b, is the same as 

a divided by ^. 

Thus, aX^=«^» or a-5-r=a^. 

o 

Or, 12 multiplied by 5 is the same as 12 divided by |. 

Thus, 12X5=60; or 12-j-i=60. * 

The same by logarithms. 

Logarithm of 12, =1.079181 

Logarithm of 5, =0.698970 

Logarithm of the product, 60=1.778151. 

Or. 

Logarithm of 12, =1.079181 

Logarithm of t=.2=— 1.301030 Arith. Com. =0.698970 



Logarithm of the product, 60, =1.778151. 

Silt Any number may be divided by adding the arithmetical 
complement of the divisor to the logarithm of the dividend. 
Their sum will give the logarithm of the quotient. 

9. Divide 1728 by 12. 

Logarithm of 1728, =3.237544 

Logarithm of 12=1.079181 Arith. Com. =—2.920819 

Am. 144=2.158363 
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10. What is the Take of a; in the foUowing equation ? 

1728x144x6 

•'^^ 86X1«X12 • 
Log. 1728 = 3.237544 

Log. 144 » 2.158362 

Log. 6 = 0.778151 

Log. 36=1.556303 Arith. Com. =—2.443697 

Log. 18=1.255273 " « =-2.744727 

Log. 12=1.079181 " « =-2.920819 

Am. 192=2.283300 

11. What is the yalne of z in the following equation? 

_ 48XJ5X72X.0625 . 
*"" .027X120 
Log. 48 = 1.681241 

Log. .75 =—1.875061 

Log. 72 = 1.8§7332 

Log. .0625 =-2.795880 

Log. .027=:-2.431364 Arith. Com. = 1.568636 
Log. 120= 2.079181 « " =-3.920819 * 

Am. 50=1.698969 

12. What is the yalne of z in the following equation ? 

654X820X.3691 ' 

87X9X.045 • -*«• 2192.28. 

13. What is the value of a; in the following equation ? 

.69X7.5X32.71X.003 ^_000813. • 
87X8968X.0008 .vwoxo. 

14. Multiply three hundred twenty-eeyen ten-thousandths by 
three hundred twentyHseren thousand. Ans, 10692.9. 

15. What is the product of one thousand and twenty-five, 
multiplied by three hundred twenty-seven ten-thousandths ? 

Am. 33.5175. 

16. Multiply .0716 by 1.326. Am. .0949416. 

17. Multiply .0009 by .009. Am. .0000081. 



ALOIBBA. 
nVTOLUnON by LOGABIIXaiB. 

B17I.B. Take out the logarithm of the given mimber from the 
table. Multiply the logarithm thus found, by the index of the 
power proposed. Find the numher answering to the product^ 
and it vnU he the power required. 

KoTK. — In multiplying a logarithm with a negative index by an affirm- 
ative number, the product will be negative ; but that which is to be 
carried from the decimal part of the logarithm will be affirmative : and, 
therefore, their difference will be the index of the product, and ia always 
to be made of the same kind with the greater. 

XZAMPLES. 

1. What is the square of 2.579 ? 

Logarithm of 2.579 = 0.411451 

2 



Ans. 6.651 = 0.822902 
2. What is the third power of 32.16 ? 

Logarithm of 82.16 =: 1.507316 

3 



Am. 83261.9 := 4521948 

8. Beqttired the fourth power of .09168. 

Logarithm of ' .09163 = —2.962088 

• 4 



Ans. .000070494 = —5.848152 
Here 4 times the negative index being —8, and 8 to cany, 
the differenoe — 5 is the index of the power. 

EYOLUnON BT LOGABITHMS. 

Bulb. Take the logarithm of the given mimber out of the 
table ; divide the logarithm thus found by the index of the root/ 
then the number answering to the quotient toill be the root. 

When the index of the logarithm to be divided is negative^ 
and does not exactly contain the divisor without some remainder ^ 
increase the index by such a number as wHl make it exactly 
dioisihle by the index, carrying the units borrowed, as so many 



BYOLUTIOir BT XiOeABITHMB. 



287 



tens, to the Uft-hand place of the decimal, and then divide as m 
whole numbers. 









1. 


What is the square root o£ 865 ? 






Logarithm of 365 — 


2.562293(2 




Ans. 19.10409 = 


1.281146^. 


2. 


What is the third root of 12340 ? 






Logarithm of 12340 = 


4.091315(8 




Ans. 23.108 = 


L363771f. 


8. 


What is the seventh root of 6 ? 






Logarithm of 6 =3 


0.778151(7 




Ans. 1.2917 = 


0.111164f. 


4. 


Find the tenth root of 9. 






Logarithm of 9 — 


0.954243(10 




Am. 1.245 e=: 


0.095424^. 


5. 


Find the square root of .083. 






Logarithm of .083 = 


-2.919078(2 




Ans. .28809 = 


-1.459539. 


6. 


Find the cube root of .00059. 






Logarithm of .00059 = 


-4.770852(3 




Ans. .083872 = 


—2.923617. 



Here the divisor 3, not being exactly contained in —4, it is 
augmented by 2, to make up 6, in which the divisor is con« 
tained just 2 times; then the 2 thus borrowed, being carried 
to the decimal figure 7, makes 27 ; which, being divided by 3, 
gives 9, &c. 

7. What is the value of re in the following equation ? 



/27X38X15.61 
A .36X1 



15.61\* 

37~; • 
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Log. 27 Bsl.481364 

Log. 88 =1.579784 

Log. 15.61 =1.193403 

Log. .86=-1.556808 ^tL Com. =0.443697 

Log. 1.37= 0.186721 « «« =-1.863279 

4.511527 



13.534581(4 
Ant. 2419.05=3.383645 

8. Find the value of z in ihe follo^ring equation. 

9. What is the value of re in the following equation ? 

10. Find the value of z in the following equation. 

845 /872X.0065\* . -..._ 
'=4i7' l038x 4685 ) ' ^""^ '^^^- 

11. What ifl the Take of 2 in the following equation ? 

12. What is the value of x in the folloving equation ? 

17 /13.78X.0706\^ . , ,„_. 

18. Find the value of x in the following equation. 

,_/ 88.47X-463 ^^ 

^=V .037X676 ; • ^'"' -^'^^^ 

14 Required the value of a: in the following equalaon. 

^^^475X829X1728 >^* ^^ ^^3^ 



OOMPOirirD IKTIBXST. 

SECTION XXX. 

COMPOUND INTBBBST. 

Abt. 312. Compound Interest is interest charged not onlj 
on the principal, but also on the interest of preceding years. 

Let p z= principal. 

r = rate per cent., considered as a decimal, or hundredths. 
t =^ time in years. 
A = amount. 

Then 1+r will represent the amount of $1, or 1£, for ^one 
year. 

And p (1+r) will be the amount of any principal {p) for 1 
year. 

The amount for two years will bo p (1+r) . (l+r)= 
p{l-\-rY; the amount for 3 years will be p{l+ry . (1+r) 
=:p(l+r)^ ; for 4 years it will be p{l+rf . (l+r)=;>(l+r)*. 

Hence, for any number of years, it will be ^(1+r)"; or 
v(l+rY. 

Putting A for amount, we have the following formula foy 
ascertaining the amount of any principal at any rate per cent., 
for any definite time, at compound interest. 

A=p{l+r): 

This equation contains four quantities. A, p^ r, and t ; any 
three of which being ^ven, the other may be obtained. 
Thus, we hare the following 

fOBUULS. 

<4.) ^og. (1+r) 
From tite finrt foimula, th» pupil will perceive the following 
25 
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Bule may be dedaoed for finding the amonnt of any sum at oom- 
pouid interest 

RxTUB. Add 1 to the ratio^ then raise this sum to a power 
whose exponent is eqtud -to the time^ muUiply this power by the 
prindpalt and the prodtut is the anunmt. 

By logariihmg the operation is mnch &cilitated, especially 
when the time is of mnch length. 

1. What is the amonnt of $78.89 for 8 years, at 6 per cent 
oomponnd interest? 

OPXEAXION BT THE FIB8T rOBMULA.. 

il=;^l+r)'=78.39(l+.06)». 
Log. {l+r)=1.06 = 0.025306 

Multiply by t=8, 8 



(l+ry=(1.06)« = 0.202448 

Log. i>=78.39 = L894261 

il=$124.94. Ans. =2.096709 

2. What is the amonnt of $144 for 6 years, 9 months, at 
oomponnd interest, at 5 per cent, f 

Log. (l+r)=1.05 = 0.021189 
Multiply by t, 6 

(l+r)'=(1.05)' = 0.127134 

Log. 17=144 =2.158362 

Log. of amount for 6 years = 2.285496 

Log. (1.0375) = 0.015988 

il=$200.21. Am. =2.301484 

We have just found the logarithm of the amount for 6 years, 

and to this we have added the logarithm of 1.0375, it being the 
amount of $1 for 9 months, at 5 per cent 
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3. What is tiie amount of $500 for 9 years, at 6 per cent 
per axmmn, the interest to be paid semi-annnaUj ? 

As the time, ^, is to be calculated in half-years, and as r is 
considered the interest of $1 for one year, therefore 2t will 

represent the time, and ^ the interest of $1 for half a year. 



The formnk will therefore be 




^-<i+i> 


=500(1+.08)". 


I^g. (l-|-^)=1.03 


= 0.012837 


Multiply by 18 hatf-yeaw, 


18 


Log. (l+0" 


as 0.231066 


Log.i>=500 


= 2.698970 


^=$851.21. Ant. 


= 2.930036 



4. What principal, at oomponnd interest, will amonnt to 
$4000 in 10 years, at 6 per oent. ? 
This question must be performed by the second formula. 
A 4000 

^— (l+r)'~(1.06)^' 

Log. 1.06=0.025306 
10 



0.253060 Ariih. Com. = -1.746940 
Log. il=:4000 =: 3.602060 

:P=$2233.57. Ans. =3.349000 

5. At what rate per cent, must $2233.57 be, at compound 
interest, to amount to $4000 in 10 years? 

This question should be performed by the third formula. 

\pJ ^2233.57^ 



Log. ^=4000 » 8.602060 

Log. pz=22SSA1 « 8.849000 

0.258060(10 

Log. (l+r)=1.06 = 0.025806 

1 

.06, that is, 6 per cent. Ans, 

6. Li wbat time will $2283.57, at oompound interest, at 6 
per cent., amount to $4000 ? 
This question is solved by the fourth formula. 

^^' \^) J^^' V2238.57y _ Log. 4000--log. 2238.57 
*""Log.(l+r) Log, (1+.06) Log. (1+.06) 

Log. ilr=4000 = 3.602060 

Log. jir=r2288.57 = 3.349000 

0.253060 



I^g- (l+r)=1.06 0.026806 

253060 
Therefore t= .,^^^ sslU years. Am. 
zoovo 

The yalue of this fraction can be ascertained by logarithms. 
Thus, Log. 253060 =5.403223 

Log. 25306 = 4.403223 

1.000000 
tsss 10 years, as before. 

7. What will $16 amount to in 80 years, at 5 per cent, com- 
pound interest ? Ans. $69.15. 

8. What will $2000, at compound interest, amount to in 11 
years, at 8 per cent. ? Ans. $4663.31. 

9. What will $27.18 amount to in 8 years, 8 months, at 4 per 
eent. compound interest ? Ans. $37.56. 



COMPOUND INTJSBBST. 

10. What is the compound interest of $1728 for 8 years, 6 
months, at 6 per cent, per annnm, the interest to be paid every 
8 months? Ans. $1138.74. 

11. What is the amount of $18.29 for 8 years, 8 months) 12 
days, at 4 per cent ? Ans, $25.73. 

12. What som, at compound interest, will amount to $800 in 
7 years, at 5 per cent, compound interest ? Am. $568.54. 

13. What sum wlQ amount to $500 in 9 years, at 6 per cent, 
per annum, the interest to be paid every 3 months ? 

Ans. $292,545. 

14. At what rate per cent, will $800, at compound interest, 
amount to $1609.76 in 12 years f Ans. 6 per cent. 

15. In how many years will $3726 amount to $5007.43, at 8 
per cent, compound interest ? Ans. 10 years. 

16. How many years will it require for any sum to double 
itseli^ at 6 per cent, compound interest ? 

Let 2p= the amount. 
Then, 2p=jp(l-j-r)'. 
And 2= (1+r)'. 

_Log^ 
'•"Log.(l+r)- 
Log. 2 =0.301030 

Log. 1.06 s=0.025S06 

Therefore %y^3#=11.89 years. Ans. 

17. How many years will it require any sum to triple itself, 
at 5 per cent, compound interest ? Ans. 22 years, 188 days. 

18. Li 1840, the number of inhabitants in the United States 
was 17,068,666; in 1850, the number was 23,267,498. What 
was the gain per cent, per annum ? Ans. .08146 per cent. 

19. At the same rate as in the last question, in what year 
will there be 100,000,000 inhabitants ? Ans, May 8d, 1897. 

Note. — This answer ia on the presumption that the census is taken the 
first day of May. 

25* 



294 ALGBBBA. 

20. Required the oompoond interest upon $165, fc»r 9 yean, 
at d^ per cent Ans. 56.24+. 

21. Required the amount of $820 for 2^ years, at 4^ per 
oent. per annum, the interest being paid half-yearly. 

Am. $916.49+. 

22. What sum at compound interest, for 2^ years, at 4t^ per 
cent., the interest payable eveiy six months, will amount to 
$458.25? Ans. $410.02. 

23. At what rate per cent, will $2000, at compound interest, 
amount to $4663.31 in 11 years ? Am, 8 per cent. 

DISCOUNT AND PRESENT YALT7E AT GOMPOUND INTBBEST. 

SlSi Let ^ = the present yalue. 

s =s the sum due. 

^ s= the time. 

c2 = the discount. 
Then, by principles before explained, we hare the following 

FORMULA. 

,1.) p=^. ,2.) ^=<1--I^> 

EXAMPLES. 

1. What is the present worth of $600, due 3 years hence, at 
6 per cent, compound interest ? Am. $503.77. 

2. John Smith, Jr., owes me $312.50, which is due 2 years 
hence, at 4^ per cent, compound interest. What sum will now 
discharge the debt ? Am. $286.16. 

3. What is the present value of $1000, due 4 years hence, at 

5 per cent, compound interest ? Am. $822.70. 

4. What is the discount on $3700, due 10 years hence, at 6 
per cent, compound interest ? Am. $1428.51. 

5. What is the present worth of $8456, due 5 years hence, at 

6 per oent. compound interest? Am. $2582.52. 
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6. What is the diacoant on $1000, due four yean hence, at 
6 per c^t. compound interest? Ans. $207.91. 

7. Eented a house for 5 years, at $400 a year, the rent to be 
paid quarterly. What is the present woriJi of this rent, at 8 
per cent. c(»npound interest ? Ans. $1658.47. 

8. Loaned 9k friend $100 for one year, at 2 per cent, per 
month, compound interest ; that is, the interest is to be added 
to the principal each month. What is the amount at the close 
of the year? Ans. $126.82. 

9. Which is the greater present value, $400 due three years 
hence, at 5 per cent, compound interest, or $500 due 4 years 
hence, at simple interest ? Ans. $500 is better by $71.13. 

10. What sum shall I put into the Savings Bank, which pays 
5 per cent, compound interest, that shall in 6 years amount to 
$1000 « Am. $746.21. 



SECTION XXXI. 

DEPOSITS. 

Abt. 814« a deposit is a sum of money lodged in the hands 
of some person or corporation, for safe keeping. 

1. Deposited annually in a Savings Bank, which pays 6 per 
cent, compound interest, $144 for 20 years. How much money 
shall I have in the bank at the end of the 20th year ? 
Let a ssst the sum annually deposited, 

r = the rate of interest, 
f s= the time, 
il r= the amount. 

By the rule of compound interest, the sum first deposited will 
amount to 144(1 -f-.06)*, or a(l4-r)'; for the second year. 
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144(l+.06)» or fl(l+r)^M for the "third year, 144(l+.06)« 
or a(l+r)*-^ ; for the last year, 144(1+.06)S or a(l+r)\ 

815a We have now a regular series in Geometrical Progres- 
sion, where the extremes are a(14-r)* and a(l+r)S the ratio 
l-f-''} to find the snm of the series. 

Hence, by Art. 276, we have the following formula for obtain- 
ing the amount of the deposits. 



A='. 


z(l+r)[(l+r)'- 

r 


-1] 




OPBRi 

Log. (l+r)=1.06 
Multiply by ^=20 


uaoH BT uxuaxaaa. 

8.207 
1 


=0.025306 
r= 20 


Log. (l-|-r)*=a> 
Subtract 


=0.506120 


Log. 2.207 

Log. (l+r)=1.06 

Log. a— 144 

Log. r=.06=— 2.778151 Arith. Com. 


=0.343802 
=0.025306 
=2.158362 
=1.221849 



Ans. $5614.60=3.749319 

2. A gentleman has a daughter, who is 10 years old; and he 
wishes to give her, as soon as her age shall be 21 years, $2000. 
What sum must he deposit annually in a bank, which pays 5 
per cent, compound interest, to be able to accomplish it ? 

316i The question given above may be solved by the follow- 
ing formula, which is obtained from the last by transposition, 

&C. 

Ar 2000X.05 



a= 



(l+r)[(l+r)'-l].-(1.05).[(l+.05)«-l]- 



OPKBATION BT LOaABITHMS. 



Log. 2000 
Log. .05 



3.301030 

-2.698970 

From 2.000000 







DXPOSITB. 




Log. 


1.05:= 
1.71= 


sO.021189 
11 








=0.233079 






1 








Log. 


.71 




rs. 


-1.851258 


Log. 


1.05 




«= 


0.021189 



207 



Take — 1.W2447 



Ans. $134.14. r= 2.127553 

3. A gentleman, when his daughter was 10 years old, de- 
posited for her, annually, $134.14 in a bank, which* paid 5 per 
cent, compound interest. This sum remained until.the time of 
her marriage; the amount then was $2000. What was then 
her age ? 

317a The formula for the operation of the above question is 
obtained firom ike former by transposition, &c. 

^ - / ^r ,-\ ^ / 2000X.05 
^=^^g-U-(I+;)+V =^^8\ l&4.14(l+ .05 l- 
Log. 



Log. (1+r) 

Log. 2000 

.05 



)5l+0 



(1.05) 

=3.301030 
=-2.698970 



From 2.000000 



Log.,1.05 
Log. 134.14 



0.71 
1 



=0.021189 
=2.127553 



Take 2.148742 



=:-L851258 



1.71 
.232996-J..021189 s 
ia4.11»21 years. 



=0.232996 



! 11 years, nearly. 
Ans. 
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4. A certain town in the United States, at the beginning of 
1840, had 1000 inhabitants. There has been an emigration to 
this town each successive year, on the 1st of January, of 1000 
additional inhabitants. Now, supposing the population each 
year to gain 3 per cent., how many inhabitants would there be 
in this town at the end of 10 years ? Atvs, 11,807. 

5. A gentleman, at the time of his marriage, deposited in a 
savings' bank, for the use of his wife, the sum of $150. This he 
continued to do for every six months until she was fifty years 
old. Now, if the bank pay a semi-annual dividend of 2 per 
cent, compound interest, and the gentleman's wife at the time 
of her marriage was 25 years old, what is the amount of the 
deposits ? Am. $12,939.97. 

6. If a man deposits annually in a bank $47, in how long 
time will it amount to $400, at 6 per cent, compound interest ? 

Am. 6 years, 273 days. 

7. A gentleman has a son who is 15 years old, and a daughter 
who is 10 years old. He intends that each of them, at the age 
of 21, shall have $5000 in a savings' bank, which pays an 
annual dividend of 4^ per cent. What sum shall he deposit 
annually for each ? 

Am. $712.48 fbr the son, $345.71 for the daughter. 

8. Deposited annually, in a bank which pays 4 per cent, com- 
pound interest, a certain sum, which in 10 years amounted to 
$300. What was the annual deposit ? Am. $24.02,8. 

9. A certain young lady deposited $10 in a saving?' bank, 
and this she continued every three months. Now, if the bank 
pays 1^ per cent, compound interest at the end of each quarter, 
what will be the amount of her deposits in 10 years ? 

Am. $550.81. 

10. Now, if the lady in the last question had deposited $40 
annuaUy at the commencement of each year, and had received 6 
per cent, compound interest, would her deposits at the end of 
10 years have been more or less than before ? 

Am. $8.02 more. 
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SECTION XXXII. 

EXPONENTIAL OR TRANSCENDENTAL EQUATIONS. 

Art. 318t To what power mtist 7 bo raised to amount to 
2401 ? 

Let X be the power. 

Then 7'=2401. 

The second power of 7 is found by mnltiplying the logarithm 
of 7 by 2 ; and the fifth power of 7 is found by multiplying the 
logarithm of 7 by 5, see Art. 300 ; therefore the a:th power of 
7 is found by multiplying the logarithm of 7 by x. 

We have, therefore, the following equation, the logarithm of 7 

being 0.845098, and the logarithm of 2401=3.380392. 

a;X0.846098=3.380392. 

^ ^ 3.380392 . . . 

Therefore, x^ ^ 845098 ^^ power. Ans. 

The value of z is obtained by dividing the numerator by the 
denominator. 

The value of the logarithms may also be obtained by sub- 
tracting the logarithm of the denominator from the logarithm of 
the numerator, and finding the value of the remainder. Thus. 
Log. 3.380392 = 0.528967 

Log. 0.845098 =—1.926907 

Ans. 4th power, as before, = 0.602060 

319a If the form of the equation be sr'ssa, the value of x 
may be found by the following 

KuLE. First, Jind by trial two numbers as near the true 
value of X as possible, and siibstifiUe them for x separately. 
Then say, As the difference of the results is to the difference of 
the tivo assumed numbers, so is the difference of the true result, 
and either of the former, to the difference of the true number and 
the supposed one bdonging to the result last used. Add this dif 
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f^en» to the st^spoied number, or suhtraafrom it, according as 
it may be either too little or too great, and it toiU give the true 
wdue nearly. 

BXAMPLKS. 

1. What is the value of z in the following equation, x'slOO? 

Here «Xlog. a:=log. 100=2. 

We find the value of 2, upon trial, to be between 3 and 4. 

Log. 8= 0.477121 

Log. 4= 0.602060 

Log. 3X3=0.477121X8 =1.431363 

Log. 4X4=0.602060X4 =2.408240 

Difference of results =0.976877 

2.000000 
1.481368 



Difference from the true result = .568637 

Therefore, .976877 : 1 : : .568637 : .582 

84-.582=8.582=2; nearly. 
This value of :c is found, on trial, to be too small, and 8.6 is 
found to be too great ; therefore, by substituting each of these, 
we have 

Log. 8.582 =0.554126 

Log. 8.6 =0.556808 

Log. 3.582X8.582=0.554126X8.582=1.984879 

Log. 8.6 X86 =0.556808X8.6 =2.002690 

0.017811 
8.6-3.582=.018 ; 2.000000-1.984879=0.015121. 

Then .017811 : .018 : : 0.015121 : .0152. 

Therefore, .0152+8.582=8.5972, very nearly. 

2. Given af =10 to find x. 
Tirst, let z^2.5. 
Then log. 2.5 =0.897940.^ 
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And 0.397940X2.5 = .994850. 

Secondly, let a;=2.6. 

Then log. 2.6 sO.414973. 

And 0.414973x2.6 s=L078929. 

1.078929-.994850 = .084079. 

1.-.994850=.005150; 2.6-2.5=.l. 
Then .084079 : .1 : : .005150 : .006, 
2.5+.006=2v506, nearly. 

3. Required the value of a; in the following equation : 

a:'=256. . Ans. a:=4. * 

4. Given af^^ to find the value of a:. Ans, ar=s 2.129. 

5. Required the value of x in the following equation : 

7'=343. Ans. a;==3. 

6. Find the value of x in the following equation : 2:'=3125. 

Ans. ar=s5. 

320t Thifi rule will apply to solving questions in geometrical 
progression, when we wish to obtain the number of terms. 

EXAMPI£S. 

7. If the first term is 5, the last term 405, and the ratio 8, 
what is the number of terms ? 

Li Art. 274, we find L=ai^''\ and this equation, by trans- 
position, &c., is 



^_ ^^' \ a) . i^ J^Qg' L—^g' 



a 



" Log.r ' 

Log. 405 
Log. 5 


Log. 

0FERA9X0N. 


r '*• 

ss 2.607455 
= 0.698970 


Log. 8=0.477121 
Log. 1.908485 
Log. 0.477121 


1.908485 

« 0.280688 
=-1.678628 



4 = .602060 
44-ls=5, the number of terms. Ans. 
26 
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8. If the first term is 4, the ratio 8, and the sum of the series 
484, what is the number of terms ? 
In Art. 278, we find 

Therefore, by transposition,' we have 
Log. [g+(r--l)S]-Log. fl ^ Log. [4+ (3 -1)484] -Log. 4 
Log. r Log. 3 

Log. 972 = 2.987666 

Log. 4 = 0.602060 

2.385606 
Log, 3=.477121 

Log. 2.385606 = 0.377598 

Log. .477121 =-1.678628 



= 0.698970 
Am. 5, the number of terms. 

9. How long must $78.39 be at compound interest, at 6 per 
cent., to amount to $124.94 ? ^ Ans. 8 years. 

10. January 1, 1840, lent my friend John Brown $2000, at 
8 per cent, compound interest, and he agreed to pay me in 5 
years; but, owing to certain circumstances, he could not pay 
until the amount of the note was $4663.31. When was the note 
paid ? Ans. January 1, 1851. 

11. How long will it require $800, at 6 per cent, compound 
interest, to amount to $1609.76 ? Ans. 12 years. 

12. Loaned $2000, at compound interest, for 11 years, and 
received, interest and principal, $4663.31. At what rate per 
cent, was the money lent? Ans, 8 per cent. 

13. A gentleman agreed with another to board him for a 
certain number of days, on the following terms : he was to pay 
3 cents for the first day's board, 9 cents for the second day, 27 
cents for the third day, and so on in this ratio. The amount of 
the gentleman's bill was $295.23. How many days was the 
gentleman boarded ? Ans. 9 days. 



ANNUITIES. SOS 

SECTION XXXIII. 

ANNUITIES. 

Art. 321 • ADnuitj is a term used for any periodical income 
arising from money lent, or firom tenements, land, salaries, 
pensions, &c., payable firom time to time, but generally by 
annual payments. 

322t Annuities are divided into those that are in Possession, 
and those that are in Keyersion ; the former meaning such as 
have commenced, and the latter such as will not begin till some 
particular event has happened, or till after some certain time 
has elapsed. 

323i When an annuity is forborne for some years, or the 
payment is not made for that time, the annuity is said to be in 
arrears. 

324^ An annuity may also be for a certain number of 
years ; or it may be without any limit, and then it is called a 
perpetuity. 

325. The amount of an annuity, forborne for any number of 
years, is the sum arising from the addition of all the annuities 
for that number of years, together with the interest due upon 
each after it became due. 

326t The present worthy or value of an annuity, is the price 
or sum which ought to be given for it at the present time. 

EXAMPLES. 

1. A man is desirous to bequeath his son a certain sum of 
money, which shall be deposited in an annuity office, that pays 
6 per cent., that his son may receive, at the close of each year, . 
$100 for the term of 12 years, at which time the principal and 
interest shall be exhausted. What is the sum bequeathed ? 

Let A = the sum put at interest. 

q, = the sum taken out annually, 
r = the rate per cent, 
t = the time. 
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827f The amount of the sum, a, taken oat at the dose of 
Hie first year, would be, at the. end of the time, 100(l-f .06)^, 
or a(l'^r)'~^; that taken out at the ^lose of the second year 
would amount to 100 (l+.06)«», or a(l+r)'-«; that taken 
out at the end of Hie third year would be 100(1 -f .06)*, or 
a(l-f-r)'~'; that taken out at the end of the 12th year would be 
only a, or $100 without interest. 

Hius, we have a regular series in Geometrical Progression, 
where we have the extremes, a and a{l'\-r)^\ and the ratio 
(I+r), ^yen to find the sum of the series. 

Therefore, by Art. 277, we find the sum of the series to be 

r r r 

of all the sums deposited. This, by the hypothesis, must be 
equal to A{l+ry. 

Therefore, A(l+rY^^^^^±^\ 

By division. Ass '•^ "P ., j= sum put at interest. 
•^ r(l+r)' '^ 

We, therefore, have the first of these formulas for finding the 
amount of the sums drawn out annually, or at stated periods ; 
and the last formula for ascertaining what sum must be de- 
posited, or put at interest. 

a[(l+r)'-l] 100r(1.06)"-^l] 
— r(l+r)' "" .06(l+.06)" * 

OFEBAXIOir BT UMIlBITHia. 

Log. l+r=1.06i=0.025306 
12 



2.0122 =0.303672 
1 



Log. 1.0122 =0.005266 

Log. 100 =2.000000 



Item 2.005266 
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Log. (14.r)'=(1.06)« =0.303672 

Log. r= .06 =-2.778151 



Take -1.081823 



$838.38. Am. =2.923443 

2. A gentleman deposited, in an annuity office, $2000. How 
much can he receive annually, if the annuity continue 15 years, 
at 5 per cent, compound interest ? 

By transposition, &c., of the last formula, we obtain the fol- 
lowing for ascertaining the value of the annuity, a, 

Ar(\+rY 2000x.05(1.05)« 



"{l+r)'-l* "" (1.05)^-1 
Log. l+r=1.05= 0.021189 

15 



(l+r)'=2.0789= 0.317835 

1. 



Log. 1.0789=0.032981 Arith. Com. =—1.967019 
Log. (-4)=2000 = 3.301030 

Log. (r)=.05 =-2.698970 

Log. (l+r)'=(1.05)i« = 0.317835 

a=$192.68. Ans. = 2.284854 

In the operation of ihe above question, we find it more con- 
venient to commence with the denominator of the formula. 

3. A gentleman deposited in an annuity office, which pays 5 
per cent, compound interest, $8000; in how many years will 
this sum be exhausted, if he draw out, annually, $850 ? 

328, From the equation, ^-- ^U -r-r) — J ^ ^^ obtain, by 
transposition, &c., 

•^g{^r) _ ^^SSO^SxM} 
""Log. (1+r) • "^ Log. (1.05) 

26* 
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Log. (^)a850 82.928419 

^=8000X-05ss400 
Log. (850— 400)»450 =2.653213 

0.276206 

Log. (l-|-r)=1.06 =0.021189 

276206 
Therefore, -^5^.^^=18.036=13 years, 12 days. Ans. 

S29« Bat the same result will be obtained by subtractiDg 
the logarithm of the denominator from the logarithm of the 
numerator, and finding the number corresponding with the re- 
mainder. Thus, 

Log. 276206 »5.441233 

Log. 21189 =4.326110 

An£. 13.035=18 years, 12 days, =1.115123 

4. John Smith, believing he shall live 20 years, has purchased 
an annuity, which affords him $500 eadi year. What sum has 
he deposited in th^ annuity office, which pays for deposits 5 per 
cent, compound interest ? The principal and interest are to be 
exhausted at the close of the 20th year. Ans. $6230.81. 

5. If John Smith die at the end of 10 years, what sum will 
remain in the office? Am. $3850.27. 

6. Or, if the office have agreed, for his deposit, to give him, 
at the close of each year, $500, and if Smith should live 80 
years, what will the office lose ? Ans. $6289. 

7. A gentleman bequeathed to his wife $1728, which she 
deposited in an office which pays 4 per cent, compound interest. 
How large a sum shall she receive, annually, firom the office, that 
the annuity may continue 10 years ? Ans. $213.09. 

8. A certain Savings Bank will pay 1^ per cent, compound 
interest, semi-annually. If I deposit in this bank $4000, and 
take from it, at the end of every six months, $500, in what time 
shall I have withdrawn all my money from the bank ? 

Ans. 4 years, 106 days. 



INYOLUTION 0:V BINOMIALS. 807 

9. What sum Bhall I deposit in an annnitj ofSice, that I may 
draw on it eveiy 8 months for $90 ? The bank pays on deposits 
1 per cent, each quarter of the year, and I wish to continue 
drawing on the bank for 10 years. An;s. $2954.84* 



SECTION XXXIV. 

INVOLUTION OP BINOMIALS. 

Abt. 330* A binomial or residual quantity may be raised 
to any power, without the trouble of continual involution, by the 
following 

KuLB. 1. To^W ^Ae ^er^Tij uTi^^ot^ i^Ae co6^£cie7i^s. 

The iridez of the firsts or leading quantity ^ begins toith the 
index of the given power ; and^ in the succeeding terms, decreases 
conthmaUy by 1, in every term, to the last ; and in the second, 
or following quantity , the indices of the terms are 0, 1, 2, 3, 4, 
^c, increasing by 1. That is, the first term vnU contain only 
the first part of the root, with the same index as the required 
power. The last term of the series unU contain only the second 
part of the given root, raised to the intended power ; but all the 
other intermediate terms will contain the produet of some powers 
of both members of the root, that the powers or indices of the first 
or leading member toill always decrease by 1, whUe those of the 
secoTid member toill increase by 1. 

2. To find the coefficients. 

The first coefficient is always 1, and the second is the same as 
the index of the required power ; to obtain the third coefficient, 
TnuUipiy that of the second term by the index of the leading letter 
in the same term, and divide the product by 2, and so on ; that 
is, multiply the coefficiejU of the term last found by the index of 
the leading quantity in that term, and divide the product by the 
number of terms to that place, and it wHl give the coefficient of 
the term next fclUowing, In this manner all the coefficients toill 
be obtained. 
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Non 1. — The whole number of terms will be one more thmn the index 
of the given power ; and, when both terms of the root are -■{-, all the terms 
of the power will be -{- > hut, if the second term be — , all the odd terms 
will be -{~t ^^'^ <^U the even terms — , which causes the terms to be -|~ 
and — idtematelj. 

Note 2. —The sum of the two indices in each term is always the same 
number, that is, the index of the required power ; and, reckoning from 
the middle of the series, both ways, or towards the right and left, the 
indices of the two terms are the same figures at equal distances, but 
mutually changed places. Also, the coefficients are the same numbers at 
equal distances from the middle of the series towards the right and left ; 
so, by whatever numbers they increase to the middle, by the same, in the 
reverse order, they decrease to the end. 

EXAMPLBS. 

1. Let a'\-x be involved to the 5th power. 

The terms without the coefficients, by the first rule, will be 

a*, a*x, e^a^f aV, oa?*, x*, 
The coefficients by the second rule will be 

. . 5X4 10X3 10X2 5X1 _ 

1, 5, 10, 10, 6, 1. 
There&re, the fifth power with the coefficients is 
a»+5£r*a?+10a»a:2^.i0aV+5ar*+aJ^. 

2. Involve a — x to .the sixth power. 

Ans, The terms with the coefficients will be, 
a6-6a»a:+15aV-20a8a:»4-15aV-6aa:«+a». 

3. Required the tenth power of a+ar. 

( ai°+10a^a:+45a8z2+120aV+210fl«a^+252a»2;* 
^^* ( +210a!^+120(^a^+4.ba^3?+10a2^+x^'. 

4. Eaise x-^-y to the seventh power. 

Ans, 3F+73^y+2l2^f+SbtY+Zba^+2lxY+7zi^+t/. 

5. What is the ninth power of a—b ? 

( a»-9a«3+36a^32-84a«3»+126a*3*-126a*i«+84 
^^' ( a83«-36a»3'+9a38-3». 



INVOLUTION 01* BINOMIALS. 809 

The coefSicients of the first twelve powers will be found in the 
following 

TABLE. 
First power^ 1, 1 

Second " 1,2,1 

Third " 1,3,3,1 

Fourth « 1,4,6,4,1 

Fifth " 1, 5, 10, 10, 5, 1 

Sixth *' 1,6,15,20,15,6,1 

Seventh " 1,7,21,35,35,21,7,1 

Eighth «f 1, 8, 28, 66, 70> 66, 28, 8, 1 

Ninth « 1, 9, 36, 84, 126, 126, 84, 36, 9, 1 

Tenth " 1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1 

Eleventh " 1, 11, 55, 165, 330, 462, 462, 330, 165, 55, 11, 1 
Twelfth " 1, 12, 66i 220, 495, 792, 924, 792, 495, 220, 66, 12, 1. 

By examining the preceding table, we readily perceive the 
law by which the coefficients are obtained. 

If we wish to obtain the coefficients of the 6th power, we 
add together the coefficients of the 5th power, two and two. 

Thus, 1+5=6; 5+10=15; 10+10=20; 10+5=15; 
5+1=6. By this process we obtain all the coefficients of the 
6th power, except the first and last, which are always 1 in every 
power. 

To obtam the coefficients of the 10th power, we add those of 
the 9th. Thus, 

1+9=10; 9+36=45; 36+84=120; 84+126=210; 126 
+126=252; 126+84=210; 84+36=120; 36+9;=45; 9 
+1=10. 

We therefore find the coefficients to be, 

1, 10, 45, 120, 210, 252, 210, 120, 45, 10, 1. 

6. Baise a+43 to the third power. ' 
Let n=:43. 

Then a+n=a+43. 

The third power of a+», by Art. 330, = 
a?+8a87i+3an?+7i?. 
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Siabstituiing 4b for n, we have 

a»+3a'(4*)+3a(4^)''+(43)«= 
fl»+12a*i+48flA«+64&^ Ans. 

7. What is the third power of a-^-b+c ? 
Let n=b-\-c. 
Then a-|-n=fl+i-f-c. 

The third power of ez+nsro'-l-Sa^n-f-SaTi'+w*. 
Sabstituting the values of n, we have 

( a»+3a«*-f.3a2c+3a^+6a3c4-3flc» 

8. What is the 8d power of a+b+c+d ? 
Let x=ia-^b, and ^z^c-f-^. 
Then (x4-y)»=(a4-^+c+<i)«. 

And (a:+^)»=(a:»+3a:«y + Szf+f). 

Substituting these values of x and y, we have 

{a+by+Z{a+b)\c+d)+B{a'^b){c+df+ {c+d)^= 
^+2(;^b+2aIi'+l/'+(Ba^+Qab+^{c+d)+(Ba+Sb){c'+2cd 

a»-i.3a»3+3ai»+i»+3a«c+6a3c+3*2c+3a«i+6aM+ Zb'd + 
8ac*+6aa/4-W'+3*c«+6c3<i+33(?+c»+3c«i+3a?+ ^«5. 

9. What is the 3d power of 2a^b+<^ ? Ans. 

10. What is the 5th power of 4a— 53 ? Am. 

11. What is the 6th power of 3a«--238:? Ans. 

12. What is the 4th power of iw+w— p ? Ans. 

13. What is the 8th power of m^+n^ ? Ans. 

14. What is the 7th power of l+a^ ? Ans. 

15. What is the 2d power of ez-j-i+c+^-H+Z? Ans. 

16. What is the 10th power of a*+3» ? Am 

17. What is the nth power of a+3 ? Am. 

18. What is the 6th power of a-^b-^-c ? Am. 

19. What is the 4th power of a*— x ? Am. 

20. What is the 8d power of 2a«— 3^ ? Am. 
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SEOTION XXXV. 

BINOMIAL THEOREM. 
Art. 331 f The Binomial Theorem is a general algebraical 
expression or formula, bj which any power or root of a given 
quantity, consisting of two terms, is expanded into a series ; the 
form of which, as it was first proposed by Sir . Isaac Newton, 
being as follows : 

(P+p«)LAi+=«-+^(=£^)«H^(=S=)('"-^)«H^('^") 

mm o • 

where P is the first term of a binomial, Q the second divided by 
the first, - the index of the power or root, and A, B, C, &c., the 
terms immediately preceding those in which they are first found, 
including their signs -f- or — 

. 332. This theorem may be applied to any particular case, by 
substituting the numbers or letters in the given example for P, Q, 
m, and n, in either the above formulae, and then finding the result 
according to the rule. 

m 

Note 1. — In expanding any power or root of a binonuial, as (a-|-«)", it is 
more oonyenient to reduce one of the terms to unity ; hence we change 

(a+»)" to the form a'"(l-f^)". Substituting P for a, and Q for * we have 
a a 

ffn fn fli m 

1^(1+Q)"=(P+PQ)"' The only difficulty consists in expanding (1+Q)"; 

for, after that is expanded, .we have only to multiply the result by P". By 
processes of reasoning too intricate and extended to be here introduced, it can be 

proredthat(lW=l-t^+^(!^)«'4^(^)(^)Q'+*«>-.what 
erer be the ralne of ~, whether positive or negative, integral or fractional. 

m n% n tn n fit 

Hence(P+PQ)^==P"(l+Q)"==J=^[l+!?Q+!2fZ!^^^ 

lA m ffn Ti m 

+^(*!;r?)p^Q34.Ac Here ?^P^Q=KX-Q» -C^)P^Q*=--P'^QX^ 
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Q, Ste, Using A for the first term of the series, B for the seoond, C for the third. 



Ac, we obtain (P4-PQ)"=P"+^ilQ-K^5Q+Ao., which isamore conven- 
ient form for practical nse. 

2. By sobstituting for P and Q their values in the general expression 

(*fr)! w. .bUin (a4Hr)"«,-+?,-f+?(?^)<.=^«i'+^-~L+ 

m 

^^^:?^ a" afi^&Q,, a 'general expression of the binomial theorem. If - rep- 
resent a positive integer, put ^l=m, or n=l, and we have (a-f-«)»"s=a'« -|-«i 

«•*-» ,.>»('»-^)am>i ^_j_w(m-lXm>-2)^^ ^^j^_^^ ^^^^^ ^^ ^^^^^ numbers 

'2 2.8 * 

in>|-l terms, it will be fonnd that the OQeflBcient of the next term would contain 
the factor m — fii=K> ; hence that coefficient, and all following it, would become 
0, and the series will terminate with m^-l torms. The last term of the series ' 
will become a"*~*"'«"*s:a^, and the sum of the exponents in each term is equal to 
m. All the principles contained in Art. 330 may be derived from this fonnula ; 
hence the preceding section contains the application of the binomial theorem, 
when the index of the binomial is a positive whole number. When the index 
is negative or fractional, as in the following examples, the series will proceed 
on ad injifdtum. It may be observed, however, that when the index is a nega- 
tive integer, the power may be expressed by the reciprocal of the expansion 

1 
of the same binomial with a positive index. Thus, (a-f^)"~ ° — » | « r T~^ 

3. If Q<X, then (?<Q, (^<Q^, Ac. As Q=^, the series will become 

a 

more convergent the less the second term of a binomial is with respect to the 
first. Hence the larger term should be placed first, and made equal to P, as in 
examples 3 and 5. 

EXAMPLES. 

1. It is required to convert (a'-|-a;)4 into an infinite series. 
Let P=:^*, ^=Ja» ^==i» ^^ "^^^ *"^ '•=2. 
Then P?=(o2)r=-(a2)*=«=:^. 

"^r^^ — r^2i^a* — 23^"-^* 
-c« — a"'^ 2l5'^«~2X6r--^- 

8 '^ 2.4.606'^ a« 2A.«.8aT"" 
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jg<>^^-«v/_ 8&g^ sy»^ 8.5 jag* 
6n ^ 10 ^ 2.4.6.8a7 a^ 2.4.e.8.10o»~" 

Oierefore (aH-a:)4=fl-f *-- fL+-if! gjg* 3.5.7^ 

^ I '. »2a 2.4a?» "^a-A-eafi 2.4.6.8a7 ' 2.4.6,8.10a» * °* 

2. Beqxdred the development of * in a series. 

Hew --^=a?2(x«-y)-i, P=x2, Q=-|j, «i=-l, and n=2. 

Hence Pn ={x^)n^{x^— 9^tz= ji. 

2=^co=rl=!v ^y' V— y— ^•*^"— 71 

3n ^ 6 '^2.4**^ »a~"2Xto7~' 

4n ^ 8 '^2.4.«ar7^ ««~"2.4.6.8»ft""'^" 

Therefore, -J-,=JL+lL+.^J-i:^+_M:V. J. &« 

* (»a-y)i « • 2aH»~2.4d:»^2.4.«»T 1^2.4.6.8«» ^' ®°* 
(«2-y)* '^2»^2.4ar» ' 2.4.6«6^2Z6:8^T^' "°- 

This last equation is obtained from the former by multiplying 
each teijn of the equation by x^. 
8. Required the cube root of 9. 
Here, 9i=:(8-fl)J. 

Therefore, P=8, Q=:J, ia=l, and «=8. 

m m 1 

Whence, P«=8»=8-=2=wff. 

5^Q=4X2XL=^J». 

2n ^ 6 ^O'^P 0:2*"" 

2l±5.CQ=t:?v L_vl—— L_— n 

8» ^ 9 '^ 8.6.2*'^2» 3.6.9.27"^ 

2=±i2) Q=i=? V <^ yl fi-8 _ XT 

4n ^ 12 '^ S.6.9.27'^2» 8.6.9.12.210""^* 

Therefore, 9^==^+^- L-f -_i ?i? l, &c 

^3.22 8.8.2*~8.6.9.2' 8.6.9.12.210' » 

4. What is the square root of a-\-b? 

Here, !!t=i., P:=a, and Q==^. 

n 2 a 

Then, P^=ai=:.tf. 

27 
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m— n -_1— 2 a-ib h_ g-^y_ g-fS* ^ 
"2n ^~ 4^2 ^a~ 8« "" 8 ~*" 

3« ^~ 6 ^ 8 ^a~ 48a "" 16 ~^' 

^-to-^^=-8-x-Tr><«=-i2&r=— 128 — ^• 

Therefore, (a+by=a'+-^ §""^'16 128"' *"" 

5. Wbit is the cube root of 7 ? 

. o _1 1 5 5.8 

* 3.2* 8.6.2* 3.6.9.2' 3.6.9.12.2"* ' 

6. Expand (1— ar i^^^ <^n infinite series. 

. . 2a 2.8a» 2.8.8.0? . 
^«. i__________,&o. 

7. It is required to convert ;, or its equal (1-f-*)"^. 

into an infinite series. 

. , « , 6a:» 6.1Li:» , 6.11.16«« . 
^"'' ^~Pra~5.10.15 I 5.10.15.20"'*"^ 

8. It is required to convert (a—b)* into an infinite series 



Am. a 



/ » 3y 3.7.y 3.7.11&* . \ 
\ 4a 4.8a» 4.8.12a« 4.8.12.16a* '^°'J 

INDETSBMINATB GOEFPICIENTS. 

333* This is a general method of obtaining a series £rom frac- 
tions, and other expressions, without either performing the division 
or extracting the root. 

Buus. Assume a series with unknown hit constant toeffi/^ 
dents of x, increasing or decreasing in the same way as if 
the operation was per formed, at length ; then make this series 
equal to the given expression^ andj clearing the equation of 
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fractions^ bring all the terms to (me side, so as to make the 
equation = ; ruext make the first term of the coeJicieTits of 
the several powers of z each = 0, and there will arise as many 
indenendent equatums as there are wiknovm coefficients^ fr<nn 
which their values may he found and substituted for them m the 
assumed series, 

EXAMPLES. 

1. Let it be required to expand r-r-- into a series. 

Assume jL+Bx-^Ca^+D3^-\-&e. ; then, multiplying 

b-^z 

both sides by ^-{-2;, and transposing a, we obtain Ab—a-\' 
{Bb+A)x+(Cb+B)2^+{Db+C)3i^+&c.=zO, an equation which 
must be true, whatever be the value of x. Now, making 
the first term, and the coefficients of the several powers of 

Xy each = 0, we have Ab — a=0, or -4=t; Bb-\'Az=Oj or 

B=~^~; Cb+B=0, or C=-|=+J; D3+C=0, or 

C a 

D= — -.=:__-, &c. And, substituting these values of -4, B. 

ax^ aSb 

--x- — TT-+ &c., in which, it is obvious, that the signs are 
. Ir b* 

alternately 4- ^^^ — > ^^^^ ^^ exponents, both in the numer 
ator and denominator, increase continually by 1, that of x in 
the numerator being always 1 less than that of b in the de- 
nominator. 

a' 

2. Expand , ^^_ « into a series. 

2x ba^ Vtx? 

Ans. 1 H — 5- :r+>&c« 

a a^ 0? ' ' 

3. Expand a/ {a* ^2^ into a series. 

oj2 /jj^ 2i~ 
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4. Expand . .^^ into a series. 

Am. l+32:+4a:»+7x»+lIc*+l&r»+, &c. 

This is a recurring series, in which each of the coefficients, 
after the second, is the sum of the two preceding ones. 

5. Expand //(l—a) into ja series. 

a a« 3(i» 3.5g* 3.5.7g» 
• 2""23 2.4.6""23:6:8 2.4.6.8.10 ' ^^ 

6. Expand ^ o^^^o^ ^^ ^ series. 

Ans. l+a:+5a:*+13«'+41x*4.121a:*+365a^, &c. 

7. What is the expansion of {a^b)^ ? 

. if b 83* 8.7y 8.7.11&^ . \ 

8. It is required to e3q[>and (a-f-^:)"*. 

9. It is required to expand 



{a+2xf 
. 1 6a; , 24r« 80a:» ^ 



10. It is required to find the expanmOn of 



{c+xf 

11. It is required to find the expansion of , qxvs * 

12. Wltat is ihe value of r in a series? 

yl l—la. ^ 8.5z' , 8.5.7a« 
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SECTION XXXVI. 

SUMMATION AND INTERPOLATION OP SEMBS. 

Abt. 331* The Siunmation of Series is the method of finding 
a terminated expression equal to the whole series. 

Interpolation is the method of finding any term of an infinite 
series, without producing all the rest. 

DIFFERENTIAL METHOD. 

335* The Differential Method consists in finding, from the sue- 
cessiye differences of the terms of a series,' any intermediate 
term, or the sum of the whole series. 

Problem I. 

336* To find the several orders of differences. 

Let a-[-3-}-c+£i+c+, &o., be any series; subtract each term 
from the one following it, and the differences — a4-3, — ^-|-c, 
— c+dy — ^i+c, &c., will form a new series, called the Jlrst 
order of differences. Again, subtract each term of this new 
series from the one that follows it, and the differences a — 2b-\-c, 
h — 2c-|-^> c — 2d-\'ef &e., will form another series, called the 
second order of differences. Proceed in like manner for the 
third, fourth, fifth, &c., order of differences, until they at last 
become equal to 0, or are carried as far as is required. 

337* When the sereral terms of the series continually in- 
crease, the differences will all be positive ; but, when they 
decrease, the differences will be alternately negative and posi- 
tive. 

1. Bequired the several order of differences of the series 1, 6, 
20, 50, 105, 196, &c. 

1, 6, 20, 50, 105, 196, &o., the given series. 
5, 14, 80, 55, 91, Ac, 1st differences. 
9, 16, 25, 36, &c., 2d 

7, 9, 11, &c., 3d « 
2, 2, &c., 4th « 
0, &c., 5th " 
27* 
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2. Beqnized ibe seTeral order of differences of the j9eries of l'» 
2», 8", 4« 5«, &o. 

1, 4, 9, 16, 25, &o.t &A giyen series. 
8, 5, 7, 9, &G., 1st differences. 
2, 2, 2, Ac., 2d « 
0, 0, &o., 3d " 

8. Required the several order of differences of the series of 
cubes, r, 2», 8», 4», 5«. ^tw. 

4. Find the order of differences in the series ^, ^, i, -jV* 

Pbobusm n. 

S38* To find the first term of any order of differences. 

Let ^, d^\ d'*\ d!"\ &e., represent the first terms of the Ist, 
2d, 3d, 4th, Ac, order of differences ; then ers=— a+^, d'*^a 
— 23+c, (i'"=-.a+3^-3c+rf, d'^'^za^U+Qc-^M+e, Ac; 
from which it is obyions that the coefficients of the several terms 
of any order of differences are respectively the same as those of 
the terms of an expanded binomial, and are obtained in the same 
manner ; for the terms that are subtracted are actually added, 
but with contrary signs. Hence we infer that e^", or the first 

71^1 

difference of the nth <«der of differences, is ±a7nd±n. — ^- 

n—1 n— 2 
c^n . — ^ . — ^(?db» Ac, to w+1 terms ; in which formula the 

upper signs must be taken when ?i is an even number, and ilie 
under when n is an odd number. 

5. Bequired the first of the fifth order of differences of the 
series 6, 9, 17, 85, 63, 99, 148, Ac. 

Let a, b, c, d, e,/, Ac. = 6, 9, 17, 35, 63, 99, 148, Ac, and 
»=5. Then 

a\nb ^(^-1) , . ^(^-l)(^-2) n(n^l)(n-2)(n->3) 
^ 2 "^ 2.3 2.3.4 

^ ^(n-l)(n-2)(n^3)(n^4) ^ 5.4^ , 5.4.3^ 
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494-491=+3. Am. 

6. Beqaired the first of the sixth order of differences of the 
series 3, 6, 11, 17, 24, 86, 60, 72, &c. Am. -14. 

Pboblsm ni. 

339« 70 find the nth term of the series a, b, c, d, e,/, &c. 

As we have found in the last problem that J'=— a-{-^, there- 
fore b=ia-^d\ and, in the same manner, we find cs=:a-{-2e2'4-^"i 
d==a+M+Sd:'+d"\ e^a+4d' + Qd"+W+d'"\ &c. ; 
whence the nth term is 

, n— 1 -, , n— 1 n — 2^,, , n— 1 n— 2 n— S 



1 -- » 1 • 2 ^^IT" 2 ' 3 

7. Eeqnired the 7th term of the series 3, 5, 8, 12, 17, &o. 

3, 5, 8, 12, 17, &c., the given series. 
2, 3, 4, 5, 1st difference. 
1, 1, 1, 2d difference. 
0, 0, 3d difference. 
Here d'=2, (f"=l, rf"'=0, and n=7. 

Therefore a+'^d'+^ . !?=Htf '=3+^ . 2+ 

^ . ^^ . l==3+12-f 15=30= the 7th term. 
1 Jt 

8. Eeqnired the 9th term of the series 1, 5, 15, 35, 70, &e. 

Am. 495. 

9. Eeqnired the 10th term of the series 1, 3, 6, 10, 15, 
21, &o. Am. 55. 

Pboblkm lY. 

310« To find the sum of n terms of the series a, b, c, d^ e, &c. 

If we add the values of a, b, c, &o., as found in the last 

problem, we obtain 2a+d^sssa+b, 3a+3^4-rf"i=a+3+c, 4a+ 
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W+4d:'+d:"aza+b+c+d, &c. Wherefore it is evident that 
the sam of n terms most ba 

&c. 

Sll* When the differences become at last = 0, any term, or 
the sum of any nmnbers, can be accorately found ; but, when the 
differences do not vanish, the formulae in this and the preceding 
problem give only an approximation, which will come nearer the 
truth as the differences diminish. 

10. Bequired the sum of 8 terms of the series 2, 5, 10, 17, &o. 
Here 7iss8, a=2, if =8, d"=z2, and ^''=0. 

Hence, wa+« . ^(f +n . ^ . ^(f'=8 . 2+8 . ^ . 3+ 
8 . ^ . g . 2»16+84+112=212=5 the sum of 8 terms. 

11. Bequired the sum of 100 terms of the series 1, 2, 3, 4, 
6, &e. 

Here 1, 2, 8, 4, 5, 6, &c., given series. 
1, 1, 1, 1, 1, &c., 1st difference. 
0, 0, 0, 0, &c., 2d difference. 
Here nssslOO, a=l, and ds=zl. 

na+n . ^^=100+100 . Q^^) 1=5050. Am. 

12. Bequired the sum of 12 terms of the series, 1, 4, 10, 
20, 85. Am. 1365. 

13. Bequired the sum of n terms of the series P, 2^ 3^ 4S 
5«, 6«, 7«, &c. 

Here 1, 4, 9, 16, 25, 36, 49, &o., given series, 
8, 5, 7, 9, 11, 13, &c., 1st difference. 
2, 2, 2, 2, 2, &c., 2d difference. 
0, 0, 0, 0, &c., 8d difference. 
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Let a=:l, cfasS, and <r=:2. 

Tten na+^-^^'l "(>^1)("-2)^.^>»(H-1).(2«+1). 

14. Bequired the sum of n times of the series 

1\ 2», 3», 4», 5», 6», &c. ; 1, 8. 27, 64, 125, 216, &c. • 
Here 1, 8, 27, 64, 125, 216, &c., given series. 
7,19,37, 61, 91, &c., 1st difference. 
12, 18, 24, 30, &c., 2d difference. 
6, 6, 6, &c., 3d difference. 
0, 0, &c., 4th difference. 
Let a=l, (^=7, i"=12, (^"'=6. Then 

Jt J.o ^.o.4 

, 7»(n— 1) 12n(w--l)(n— 2) , 6n(n— l)(n— 2)(n— 3) 

•— **+ 2 T 2 .3 "^ 2 .3.4. 

7^«_7n ,^ . n *^67i»+lln«-6n 
=^H 9 (-27r — 67i^+47i-J ~ =s= 

4n , IM-^-lAn ^ 87i«-.24w»+16« , «*-67i»+ll?i«-6« 

4-+ 4 f- 4 + 4 = 

- * — = ^ ' — ^c= sum of n terms, as required. 

15. What is the number of cannon-shot in a square pile, the 
bottom row consisting of 25 shot^ ? Ans> 5525. 

16. I have 10 square house-lots, whose sides measure 5, 6, 7, 
8, 9, &c., rods, respectiyely. What is their yalue, at 25 cents 
per square foot ? Art^, $67,041,56|. 

* Shots and shells are generally piled in three difEerent forms, called 
triangular, square, or oblong piles, according as their base is either a 
triangle, a square, or a rectangle. 

A aqtiare pile is formed by the oontinaal laying of square, horizontal 
courses of shot, one aboTe another, in such a manner as that the sides of 
their courses decrease by unity £ix>m the bottom to the top row, which 
ends also in one shot 
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17. There are 5 onbioal blocks of marble, whose sides meas- 
ure, respectiTelj, 2, 3, 4, 5, and 6 feet? What is their value 
at $2.75 per cubio foot ? Ans. $1210. 

18. What is the number of shot in a square pjramidical pile, 
whose side at the base contains 100 shot ? Am. 338350. 

19. What is the sum of 20 terms of the series 1«, 2«, 3^, 4% 
5»,6»,&c.? Ans. 44100. 

20. What is the sum of 20 terms of the series IS 2^, d\ 4S 
5*, 6*,&o.? Ans. 722666. 

Problem V. 

312« To find a fraction that will express the yalue of a 
geometrical series to infinity. 

In Art. 284 we find that the sum of an infinite series is 
obtained by the following formula : 

and, by this formula, we may find the sum of algebraic series. 

JSXAMJPJJSB. 

1. What is the sum of the series l+a+a'+fl'+d*, &c., 

carried to infinity ? ^1 

Ans. 



1-a 
By the above formula, the first term of the series will be the 

numerator of the fraction, and the denominator is obtained by 

subtracting the second term from the first. 

2. What fraction will express the exact value of the series 

1+5+25+125, &c., to infinity? , 1 

AflS, 4 =. 

1—5 
8. What j&action will express the infinite series 1 — a+a^ — a* 

1 
1+a 



+tf*— «», &c. ? ^ 1 

Ans, 



4. What firaotion will express the series -+^+^+> &c-> to 
infinity? Ans. -^. 



'summation of sbbibs. 

5. What is the sum of the series — hia+rs+li+> ^^-j *^ 

X Xi 3* 3» 

infinity? Am, =-. 

a;— 1 

6. What fraction will express the series l-f-2-[-44-8-[-16, &c., 
to infinity ? Ans. yZ^' 

1 a* ar* 2* 

7. What fraction is equal to the series — ^-^ I . — =+, &o.. 

to infinity ? Ans, 



8. What fraction will express the Take of 1+1+1-J-l, &c., 
to infinity ? Ans, y^-r. 

9. Express by a fraction the yalue of the series xA 1--3 

a cr 

s^ ox 
4A+> &o., to infinity. Ans, ^ . 

X 3^ 3^ 

10. What is the value of the series 1 h-s— :i+i &c. 

to infinity? -Atw. — r— . 

•^ a+a; 

11. Required the sum of the series T7>+o-o+Q-r+> &o«> 

l.iS iS.O 0.4 

continued to infinity. Ans, 1. 

This question may be performed by separating the factors of the 
denominators so as to form two series, and then subtracting the 
less from the greater, as follows : 

Let l+i+J+i» ^^' = *^® greater series. 

And ^+^4"^' ^^* ^= ^^ ^^^ series. 

Then 1 = the sum of the series. 

Note. — Another method may be found in the Key.. 

12. Required the sum of the series rr+ o 5 I q 6 "^4T^' 
&0., to infinity. Ans, ^. 
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SECTION XXXVII. 

OOBIO EQUATIONS, CONTAININa ONLY THE THIRD AND 
SECOND POWERS. 

Aet. S43« Any numerical equation, containing only the third 
and second powers of the unknown quantity, and having one 
rational root, may be reduoed by rendering both of its members 
perfect squares, and extracting the square root of both sides ; 
completing the operation by former rules. The only difficulty 
lies in multiplying the equation by such a number that, after 
adding to each side the fourth power of the unknown quan- 
tity, and the second power with a coefficient easily determined, 
both sides will be perfect squares. This multiplier must be 
ascertained by trial; for, though a general formula might be 
^yen for obtaining it, yet it would be so complicated as to be of 
no practical use. It may be either an integer or a fraction, and 
is positive or negative according to the sign of the known 
quantity. 

Thou^ there always is such a multiplier whenever the un 
known quantity has one rational value, yet, when the numbers 
are very large, or the equation is very complicated, it may 
not be readily found, ^md the process of trial may become too 
tedious to be of service. Whenever the equation does not con- 
tain too large numbers, the pupil will find little difficulty, if he 
thoroughly understands the following 

Rule. Divide hath sides of the equation by the coeffident of 
the unknaum cube^ if it have any expressed. Place the third 
power of the unknown quantity on one side of the equation, and 
the second power, with the known qtumtity, on the other, Mul' 
tiply both sides by the number nearest to unity which wiU make 
the known quantity a positive square; or, which is the same 
thing, separate the known number into tivo factors, one of which 
shall he the greatest square contained in it, and multiply both 
sides by the other factor. 

Multiply the last equation by 4 ; add the fourth power of the 



OUBIO IQVATXONS. 825 

tmicTUJwn quantity, omd the second power, with a coefficieTU equal 
to the square of half the coefficient of the third power, to each 
side ; and extract the square root of both sides, if possible. By 
taking like signs of the tux) memhers of the equation in evolving, 
we shall obtain one root ; and, by taking urdike signs, tlie other 
ttoo may be found by quadratic equations. 

But, if that mjemler of the equation which contains the known 
quantity is not a perfect square, sicbstitute 1, 9, 16, f , f , ^, ^, 
or some other square number, in the place of 4, and proceed 
as above, tUl, by trial, a number is found which wHl accomplish 
the object, 

NoTB. — 1. The sum of the three values of the unknown quantity should 
always be equal to the ooefficient of the second power in the original 
equation, after dividing by the coefficient of the cube, and placing it on 
the same side with the known quantity, opposite the positiye cube ; hence, 
if two values were known, the other might easily be found. 

2. When one of the values is known, the others might be found by the 
usual method ; bringing all the terms of the original equation to the same 
side, and dividing i>y tke difference between the unknown quantity and 
its known value, reducing, by quadratic equations, the equation thus pro- 
duced. But the three values wre here given directly, by using the different 
signs in evolving, thus rendwing the solution shorter, and more satisiao- 
tory. It is evident that, in extracting the square root of an equation, 
both sides may be considered positive, or both negative, or either on? 
positive and the other negative. Thus the square root of the equation 
4a«-^ft+46^c2+2c«^H3, is -|-(2a— 2A)==+(c-H), or — (2fl— 2*) 
=— (c-f<i), or 4-(2a— 26)=— (c-H), or — (2a^26)=*+.(c-f<i). But, 
if both sides take like signs, the result will be the same, whether they are 
both positive or both negative, as the signs of both sides of an equation 
may always be changed; while, if they take unlike signs, a different equa- 
tion will be produced, it making no difference which side is positive. 
Hence, there are but two results that can be obtained, and we have pre- 
ferred to express them, in the fbllowing examples, by the same method as 
In quadratic equations ; prefixing the sign ^f^ ^ tiie right-hand member 
of the equation produced by evolution. 

8. By observing whether the root of the known quantity is greater or 
less than half the coefficient of the second power on the same side, if we 
also notice the sign, we may usually know whether the multiplier we have 
used is too small or too large. When there are two rational values of the 
unknown quantity, of course the third will be rational, and there will be 
three different multipliers, which wiU answer our purpose, thus giving 
three different solutions Ibr the same example. 
28 
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EXAMPLES^ 

1. Wliat are the yalues of a; in the equation ar^— a:*=4 ? 
Here the multiplier, which would make the known quantity a 

perfect square, is unity ; therefore we transpose, and multiply 
by 4, 4x»=4a:»+16. 

Adding a?* and (^a? to each side, ar*+4c8+4a:'=:a:*+8a:«-f-16. 

Evolving, 7?+2x=z±{pi?+^.) 

Taking the positive sign and cancelling, 2x=z^, 

Dividing, x=s2. 

Taking the negative sign, a;*-|-2z= — a^ — 4. 

Transposing and dividing, x^-\-x=i —2. 

By quadratics, a:= ^ 

Hence a;=2, or W~~' '^^* 

The sum of their values, 2+ ""^"^y^ + '^-^""yz I, is 1 

2. What are the values of 2; in the equation 42:^-|-10a:^=9 ? 

Conditions, 4x»+10a:*=9. 

5 9 
Dividing by 4 and transposing, a?=— ^x2+-. 

9 

J being a square, multiply by 4, 4a:^=— 10a:*+9. 

Adding a^ and (|)"«*, 3^+4a:»4.4a:'=:a:*— 6a:3+9. 

Evolving, a:»+2a:=±(a:»— 3). 

Taking the positive sign and cancelling, 2a;=:— 3. 

Dividing, a:=c:— ^. 

Taking the negative sign, ^ f-23rs?— a:^+8. 
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Q 

Transposing and dividing, 2:^-j-a;s=s^, 

By quadxatioa. «=^^^ 

„ 3 -l±VT . 
Hence a;=— ^, or , il?«. 

5 

The sum of these roots is — ;r. 

3. Given 3a:»— 2a;*=931 to find the values of a:, 
(1.) Conditions, 3a:»— 2a:«=931. 

(2.) Dividing and transposing, a'ss-^— | — 5-. 

o o 

(3.) The greatest square in -^ is -^ ; 

^. , 931 49^^19 

therefore —ssyX-g-. 

„,,.,... 76a« 152x» ,'70756 

Multiptying by 4, ~8~— ~8 — ' — 9~~" 

Evolving, a;s+_=±^a:»+_j. 

Taking the positive sign and cancelling, 38x=266. 
Dividing, a:=7. 

Taking the negative sign, 7?'\ — 5^=— a:" 5-. 

o o 

Transposing and dividing, a;*-] — 5-= — ^. 

By quadratics, «= ^ • * 

Hence a:=7, or =-^ . The sum of these is 5. 

o 9 
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4. Oiven 2'=sl2a;'— 81 to find the values of x. 
Conditions, a*=:122?—Sl. 

By multiplying both sides by —1, —81 

becomes a positiye square, — aj'ss— 12a;^+81. 

We find that neither 4, 9, 16, nor 25, 

will answer our purpose, and we 

multiply by 36, -36a;»=: -432a:»+2916. 

Adding a?» and (^Va:*, a?*-36z»+324a:«=a^-108a:»+2916. 

Evolving, a:>-18a:==fc(a:«-54). 

Takingthepositivesignandcanoelling, — 18z=— 54. 

Ohanging signs and dividing, 2=8. 

Taking the negative sign, a;"— ISxss— a:'+54. 

Transposing and dividing, a:"— 9a:=27. 

81 81 189 

Completing the square, a:«— 9a:-}--j-=27+-j-=-j-- 

9 3V^ 
Evolving, ^""2~ — 2 — ' 

^ . 9±3V^ 
Transposing, ^= 2 • 

Hence «s=3, or ^^ ^ The sum of these is 12. 

5. Given a^+a^=: —4 to find the value of x. ^ 

Am. —2, or — ^ . 

6. Given 7a:^=a;*+36 to find the values of a:. 

Ans, x=Q, or 3, or —2. 

7. Given a:*— 4a:*=— 9 to find tiie values of a:. 

Ans. a;ss3, or ^ — . 

8. Given 2z»c=399— 5a;* to find the values of a:. 

_ll-t,,/3r[i3 



Ans, a;=:3, or 



4 



9. Given 4ai»+10aAesl25 to find the values of a:. 

Ans. a;s=2j^, or -^ • 
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10, Given ar^=8a:»+363 to find the yalues of a;. 

Am, a;=ll, or ==-^ . 

11. Given 37a:*=7a:^+144 to find Hie values of a:. 

Ans. a:=4, or 3, or —1^. 

OUBIO EQUATIONS CONTAINING ONLY THE THIED AND FIBST 
POWERS. 

Abt. 3l4f Any numerical equation containing only the third 
and first powers of the unknown quantity, and having one 
rational root, may be reduced by multiplying both sides of the 
equation by the unknown quantity, and adding the second power 
to each side, with such a coefficient as, after adding a number 
readily determined, will make them perfect squares. The only 
difficulty lies in finding this coefficient, which must be ascer- 
tained by trial ; though, by adopting the following rule, it can 
readily be found, unless the equation is so complicated, or the 
numbers so large, as to render the operation tedious. 

In this and also the preceding case, the rule might perhaps be 
so firamed as to obtain the roots without reducing the coefficient 
of the cube to unity, the two methods bearing somewhat the 
same relation to each other as the two in quadratic equations. 
But we have preferred to use factions occasionally, rather than 
render the rule more complicated. 

BuLE. Divide hath sides of the equation by the coefficieTVt of 
the unknown cube^ if there he any expressed. Place the ttoo 
powers of the wnlmown quantity on one side^ and the known 
quxmtity on the other ^ and midtiply both sides by the unknown 
quantity tvith such a sign as s/iaU render the fourth power 
positive. 

Separate the coefficient of the first power of the unknown 
quantity in the equation, thus produced, into two factors, and add 
the second power, with a coefficient equdi to the square of one of 
these factors, umdRy the smaller, to each side. If it make the 

* Until the fiictors are found, it is sometimes better to ^ve the known 
quantity and the first power a common denominator, even though the 
fbrmer might be redaced to a whole number. 
28* 
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coefficient of the square^ on the same side as the fourth power 
equal to the other factor ^ add the square of half this coefficient to 
each side^ and extract the square root of both memhers, completing 
the operation hy former rules. 

Butt if the above coefficicTtt be not equal to the other factor, 
separate the same number into tujo other factorSy or perhaps ex- 
change the same, and proceed in tJte same way till tJie right 
ones are found, 

NoTB 1. — The mm of the three values of the unknown quantity should 
always be 0, as there ia no second power in the original equation ; hence, 
if two are known, the third wiU be equal to their sum, with the sign 
changed ; and there must always be one positiye and one negative value, 
the other being sometimes positive and sometimes negative. 

2. We obtain the three values by the same method as in the preceding 
case, prefixing the sign ^ ito the right-hand member of the equation in 
evolving. Taking the po^tive sign, we obtain either one or two values, and 
the negative sign gives the remaining values or value. When one of the 
values is known, the others might also be found by bringing all the terms 
of the original equation to the same side, and dividing by the difference 
between the unknown quantity and its known value. 

8. When two of the values are rational, the third will of course be 
rational ; and there may be three different methods of separating into 
fakctors, each of which will answer the purpose, thus giving three different 
solutions of the same equation. 

EXAMPIIES. 

1. Given 3^—Sx=2 to find the values of x. 
Conditions, ar*— 3a:=2. 

Multiplying by x, ar*— 3ar^s=2x. 

Separating the coefficient of 2^; into factors, 2x1* 
Adding (l)^^:* to each side, x^—2x^=za^+2x. 

Add (|)^ x'--2x'+l=:x'+2x+l 

Evolving, a:*— l=±(aJ+l). 

Taking the positive sign, and transposing, a^ — a;= 2. 
By quadratics, a:=2, or — 1. Ans. 

The sum of these is 1 ; hence the other value is — 1, and the 
equation has two equal roots, —1, and — 1. 
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2. Given 10:i;=a:*+3 to find the yalues of a:. 
Conditions, 10a:=a:'-|-3. 
Transposing, —3?'{'10x=S. 
Multiplying by —a:, a^— 10a:*=— 3ar, 
Separating into &ctors, 3=3 Xl* 
Adding (3)V to each side, a^— a:'=9a:»— 3a:. 
Since coef. of a:* = the other factor, 

add {i)^ «<— a:«+i=9a:«— 3a;+i. 

Evolving, a:'-i=±(3a;-i). 

Taking the positive sign, and cancelling, a:^=3a;. 
Dividing, a:=3. 

Taking the negative sign, a:^— ^= — 3a;-f-i. 

Transposing, a:'+3a:=l. 

By quadratics, zs=z ~ — . 

Hence, a;=3, or ^ — . The sum of these is 0. 

3. Given 4a:'+3a:=182 to find the values of a;. 
Conditions, 4a:»+3a:=182. 

Dividing by coefficient of a;', a^'^'—=z- 



Multiplying by z, a?*- 



4"" 4 • 
3a:« 182a: 



o ^ 182_ ^ ^ 182 14^^,^ 

Separating -J- mto factors, "T^^X^^* 

Adding f — j a:^ to each side, x*+lB3ir=^ — l""?^* 

Since coefficient ofa^ = the other factor, 

add [j) , a^+13a-+(^) ;=_.+_+(^_j 

131 1 • ^ . 13 /7a: , 13\ 

Evolving, :,:»+_=±(^_4_j. 

7x 
Taking the positive sign and cancelling, a^=-^. 
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7 
Diyiding, *~o' 

Taking the negatiye sign, ^+"2^ — 2 — 2' 

Transposing, a^-^-^=-~l^, 

n w *v ^ , 73: , 49 -^,49 159 

Completing the square, *^+V+i6~"" '^ig'^ — 16 ' 

Evolving, a:4-j=± — j . 

Transposing, a;= 7 . 

The sum of these values is 0. 

4.' Given 2^—7x=^ to find the values of a;. 

Am. a:=3, or — 1, or —2. 

5. Given 2"s=:37a;-|-84 to find the values of 2;. 

Am. a?=7, or —8, or —4. 

6. Given 2x'+7a:=474 to find the values of a:. 

Am. a:=6, or ^ . 

7. Given 9a:"=169a:+280 to find the values of a:. 

7 8 

Am. x=z5, or — ^, or —5. 

o o 

8. Given a:»^3ars=:322 to find the vakies of a:. 

. ^ ,_7 _ -7d=3A/ =I5 
Am. as=7, or ^ . 

Pboblems. 

1. There is a cubical block of marble ; and if 50 be added to 
the number of square feet in half its surface, it will be equal 
to the number of cubic feet in its contents. What are the solid 
contents of the block ? 

Let a; flB the side of the cube. 

Then, st^ = the contents of the block. 

And a:' = the superficial contents of one side of the 

block. 
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Then, Sa^ = the superficial contents of one-half the 

surface of the block. 

Therefore, a*=Sx^+bO. 

Multiplying both sides by 8, 8a:»=24a:«+400. 

Adding a?* and square of 4i;, a^+Sa^+lQa^=^+^0a^+4:0O. 
Evolving, x^+ix=x^+20. 

Cancelling, 42;=20. 

Dividing, x=5. 

Therefore the contents, 2^=125 cubic. 

2. A gentleman having asked a lady her age, she replied, 
that if 29 times the square of her age were subtracted from 
twice its cube, the remainder would be 225. What was the 
lady's age ? 

Let a;= lady's age. 

Then, 2a:*— 29a:»=225. 

Transposing, 2a:»=29a:2+ 225. 

Adding a^ and the square of a:, a;*+2a:»+a:»=:a:*+30a:»+225. 
Evolving, a^-i-x z=a^-\- 15. 

Cancelling, a;=15 years. 

3. A boy, being asked what he gave for his books, replied, 
that if 51 times the square of the number of dollars he gave for 
them were subtracted &om 6 times the cube of the number, the 
remainder would be 900. What was the price of the books ? 

Ans. $10. 

4. A man, being asked how many dollars he had in his pockets, 
replied, that if three times the cube of the number he had in 
his pockets were added to five times the square of the number 
which he had, he should have 272. Beqoired the number 
he had in his pockets. Ans. $4. 

5. A boat has been sailing two hours, witii a Ught breeze, 
against a strong current ; nineteen times the number of miles it 
has sailed is equal to the cube of that distance, added to thirty 
mfles. How far has it sailed ? Ans. It has gained either 8 
miles or 2 miles, or it has lost 5 miles. 
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MISCELLANEOUS QUESTIONS. 

1. Multiply 7 V5+5V?— V^ by OV^. An^. 

2. Multiply a^+P by at*- J-*. Am. tr^^^a^b-^. 

8. Multiply a*+3" by a^+ir^. 

Ans. er^+a^i^+arb-^+1. 

4. Multiply a/ox by — a/«^« -4w*« — «ar. 

5. Divide — o by —3a. Am. ^. 

6. Piyide a^"^ by a". -Aw. at*. 

7. Divide 0*+^ by a+a:. Ans. et*— a'x+aV— oz'+a:*. 

8. Multiply ^+^ by y—x. 

9. Multiply i-^^, by :.-+nax-+^. 

10. Diyide 1— «* by 1—x. 

Ans. l+x+3?+3?+3*+a!'+a/'+3?. 

11. Multiply Zt^x^^ by 4V?=a. 

Jin*. 124/'(?— 3ffl«»— 2a'a:'-|-8a*j;*+6a«x»+a(V— «ftE»— 6aV 
— 8«'a;»+2a»a:+3af'a:'— a'.) 

12. Given _j^___=^j _J to find the 

value of 2. -An*. z=4. 

13. Given V«+9==l+v^ to find the value of a:. 

ilw. a:=16. 

,. '. 3—2a: 5-.2a: - 4a:«— 2 ^ ^ , ^, , 

14. Given ^-— _^=l-.^__^ to find tie value 

of a:. Am. a:=— J. 

15. Given (Viq:58)(A/5+B)=s(VFFSB)(V5^ to find 
the value .of x. Ans. x=:4. 
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16. Giyen («— 1)a/2x— afe=J to find z. 

v^ 

17. Given a:--2Vx+J=l+/y?=SE+2 to find x. 

Am. x=9±4V7, or ?^^. 

18. Given VaHFS==5y?=5SxTy to find the value of a:. 

la 

19. Given ^==fl?+te to find the value of a:. 

ilnj. a:= — - — , 
o 

20. Given ^(ar— a)— ^(23:— 3i)=10a-f-113 to find the value 
of a:. Ans. x=2ba+24b. 

„, ^. Sac . ax . (2arl-b)bx Zcx .x ^ is -. ^, 

21. Given -tt+ / . rxa + / . t\a = t + *o find the 

value of a:. . . a3 

Ans. x=: — -—. 

22. Given (g+g) +(a-a;) ,j- ^ g^^ ^^ ^^^ ^^^ 

(a+;c)*-(a-a:)* 

- 2alfi 

Ans. a;== — y. 

1+i 

. 23. Given (f±f-L+ (?i:^==ar* to find the value of x. 
x^ x^ 

Ans. a;=4(a— 1). 

24. Given (i+^V-^^— iVssc* to find the value of a:. 

25. A gentleman travelled 252 miles. The first day he rode 
4 miles, the last 128, and each day's joumej was double the 
preceding one. How many days was he performing the journey ? 

Ans. 6 days. 

26. A gentleman dying left his sons an estate of $13,187.50. 
He bequeathed to his youngest son $1000, to the oldest $5062.50, 



886 AI.CIBB&A. 

and ordered that each son's portion should exceed the next 
younger bj the ratio of 1^. How many sons had he ? 

Ans. 5 sons. 

27. The first term in a geometncal progression is 3, the last 
term ^, and the sum of the series 4|. What is the numbw of 
terms? Am. 4. 

28. The first term in a geometrical series is ^, the ratio 7, and 
the last term 3861f . What is the number of terms ? Am, 6. 

29. What are the three ariUunetical means between ^ and ^ ? 

80. Required the sum of 200 terms of the series 1, 3, 5, 7, 
9, &0. Am. 40,000. 

81. Th6 first term of an arithmetical series is —7, the tenth 
term is 12. What is the sum of the series ? Am. 25. 

32. If a man travel 20 miles the first day, and 15 miles the 
second, and so continue to travel 5 miles less each day, how &r 
will he have advanced on his journey the 8th day ? 

Am. 20 miles. 

33. The first term of an arithmetical series is 5, the number 
of terms 20 ; what must the common difference be, that the sum 
of the series shall be 123 j. ? Am. ^. 

34. If a man travel 20 miles the first day, 19 the second day, 
18^^^ the third day, and so on in a geometrical progression, in 
how many days will he have travelled 400 mUes ? Am. J. 

35. A merchant, having mixed a certain number of gallons 
of wine and water, found that if he had mixed 6 gallons more of 
each, there would have been 7 gallons of wine to eveiy 6 gallons 
of water ; but, if he had mixed 6 gallons less of each, there 
would have been 6 gallons of wine to every 5 gallons of water. 
How much of each did he mix ? 

Am. 78 gallons of wine with 66 of water. 

36. A person bought 2 cubical stacks of hay for £41 ; each 
of them cost as many shillings per solid yard as there were 
linear yards in a side of the other, and the greater occupied 
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9 0qaare yards of ground more than the less. What was the 
price of each ? Ans, £25 and £16. 

37. A certain man owes $1000. What sum shall he pay 
daUj, so as to cancel the debt, principal and interest, at the end 
of the year, reckoning simple interest at 6 per cent. ? 

Am. $2.81974. 

38. A and B travelled on the same road, and at the same 
rate, from Portland to Boston. When A was at 50 miles' dis- 
tance from Boston he overtook a drove of geese, which were pro- 
ceeding at the rate of 8 miles in 2 hours ; and, two hours after- 
wards, met a stage-wagon, which was moving at the rate of 9 
miles in 4 hours. B overtook the same drove of geese when he 
was 45 miles distance from Boston, and met the stage-wagon 
exactly 40 minutes before he arrived within 31 miles of Boston 
Where was B when A arrived at Boston ? 

A7ts, 25 miles from Boston. 

39. A gentleman has two sons, John and Nathan. John is 

10 years old, and Nathan is 15. He wishes to divide $1000 
between his sons, in such a manner that each, by depositbg his 
share in a savings' bank which pays 5 per cent, compound in- 
terest, shall have the same amount in the bank when he is 21 
years old. What sum shall each deposit ? 

Ans. John, $439.30; Nathan, $560.70. 

40. My garden is 100 feet square, and I wish to raise its 
sur&ce 2 feet with the soil taken from a ditch with which I 
intend to surround it. ^is ditch is to be 5 feet deep, and out- 
side the garden ; what should be its width ? A?is. 9.1-f- feet. 

41. A engaged to reap a field for $10, whidi he would do in 
10 days; but after he had labored 2 days he engaged B, by 
whose aid he supposed he could finish the field in 3 days. But, 
B proving to be a very inefficient workman, A was obliged to hire 
C the last two days, who proved to be a superior laborer; the 
field was completed in 5 days. Now, if he had not hired C, 
and A and B had completed the work themselves, B would have 
received $1.08|f in addition to his services for his 3 days' 

29 
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labor. How long would it have reqiured B and 0, each, to 
reap the field ? 
Ans, B could haye reaped it in 11^ days, C in 8^| days. 

42. A man trayelled 105 miles, and then found that if he had 
not trayelled so &st by 2 milecr an hour, he would haye been 6 
hours longer in performing the same journey. How many miles 
did he go per hour ? Am. 7 miles. 

43. The difference between the hypothenuse and base of a 
right-angled triangle is 6 feet, and the difference between the 
hypothenuse and perpendicular is 3 feet. What are the sides 
of the triangle ? Am. 15, 12, and 9 feet. 

44. In a parcel which contains 24 coins of silyer and copper, 
each silyer coin is worth as many pence as there are copper 
coins, and each copper coin is worth as many pence as there are 
silyer coins, and the whole is worth 18 shillings. How many 
are there of each ? Am, 6 of one, and 18 of the other. 

45. The income of a certain estate is to be sold for a term of 
7 years. A offers to pay $300 doum, and $300 at the end of 
each year; B offers $800 eUnvn, and $250 at the end of each 
year; C offers $1300 down, and $200 at the end of each year; 
D will pay $2500 " cash down,^* Which has made the best offer, 
if interest is to be reckoned at 6 per cent, compound interest ? 

t Value of A's offer, $1974.71.4. 
Am. ) B's offer, $2195.59.5 ; C's offer, $2416.47.6. 
( D's offer, $2500. Hence D's offer is the best. 

46. A gentleman being asked the age of his two sons, replied, 
that if the sum of their ages were multiplied by the age of the 
elder, the product would be 144 ; but if the difference of their 
ages were multiplied by that of Uie younger, the product would 
be 14. What was the age of each ? Am. 9 and 7. 

47. The sum of two numbers is 20, and the sum of their 
cubes is 2060. What are the numbers ? Am. 9 and 11. 

48. If the product of two numbers be added to the square of 
the larger, the sum will be 112 ; but, if the square of the less 
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Ve taken from their product, the remainder will be 12. Re- 
quired the numbers. Ans. 8 and 6. 

49. What number is that whichj being added to twice its 
square root, equals 24 ? Ans. 16. 

50. If a man owe $2000, what sum shall he pay daily, so afl 
to cancel the debt, principal and interest, at the end of the 
year, reckoning the interest at 6 per cent. ? Ans, $5.6394. 

51. I have M^ square feet of plank, that is 8 inches thick. 
How large a cubical box can be made from it ? 

Ans, Each side measures 48 inches. 

52. From 62f f feet of plank, that is 2^ inches thick, I wish 
to make a box whose length shall be four times its width, and 
whose height and widtii shall be equal. What are its dimen- 
sions ? Ans, Length 8 feet^ width and height 2 feet. 

58. There was a cask containing 20 gallons of wine ; a cer- 
tain quantity of this was drawn off into another cask of equal 
size, and this last filled with water, and afterwards the first cask 
was filled with the mixture. It now appears that, if 6§ gallons 
of the mixture be drawn off from the first into the second cask, 
there will be equal quantities of wine in each. What was the 
quantity of wine drawn off at first ? Ans, 10 gallons. 

54. After A had trayelled for 2^ hours, at the rate of 4 miles 
an hour, B set out to overtake him ; and, in order thereto, went 
four miles and a half the first hour, four and three-quarters the 
second, five the third, and so on, gaining a quarter of a mile 
eyery hour. In how many hours would he overtake A ? 

Ans, 8 hours. 

55. The sum of the first and second of four numbers in geo- 
metrical progression is 15, and the sum of the third and fourth 
is 60. Required the numbers. Ans, 5, 10, 20, 40. 

56. Tlie sum of the squares of the extremes of four numbers 
in arithmetical progression is 200, and the sum of the squares 
of the means is 1^6. What are the numbers ? 

Ans. 14, 10, 6, 2, 
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57. A tailor haof^i a piece of doth for £147, from which he 
cut off 12 yards for Mb own use ; he sold the remainder for 
£120 5^., guning 5 shilling? per yard. How many yards were 
there, and what did it cost him per yard ? 

Am, 49 yards, at £3 per yard. 

58. In a mixture of rye and wheat, the difference between 
the quantities of each is to the quantity of wheat as 100 is to 
the number of bushels of rye, and the same difference is to the 
quantity of rye as 4 to the number of bushels of wheat. How 
many bushels are there of each ? 

Ans. 25 busheb of rye, and 5 of wheat. 

59. It is required to find two numbers, such that the product 
of the greater into the square root of the less shall be equal to 
48, and the product of the less into the square root of the 
greater may be 86. Ans. 16 and 9. 

60. If the differ^ice of two numbers be mulUplied by the 
greater, and the product divided by the less, the result will be 
48; but, if the difference be multiplied by the less, and the 
product divided by the greater, the result will be 3. What are 
the numbers ? Ans. 16 and 4. 

61. Find two numbers, such that the square of the greater, 
multiplied by the less, shall be equal to 448; and the square 
^ the less, multiplied by the greater, shall be 392. 

Atis. 8 and 7. 

62. If two numbers be each multiplied by 27, the first pro- 
duct is a square, and the second the square root of that square ; 
but, if each be multiplied by 8, the first product is a cube, and 
the second the cube root of that cube. What are the numbers ? 

Ans. 243 and 3. 

63. A fimner has two cubical stacks of hay ; the side of one is 
3 yards longer than the siae of the other, and the difference of 
their contents is 117 solid yards. Required the side of each. 

Ans. 5 and 2 yards. 

64. A gentleman started from Boston for New York ; he trav- 
elled 20 miles the first day, 18 miles the second day, and 16 
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miles the third day, so continuing to travel two miles less each 
day than the former. How &f was the gentleman from Boston 
at the end of the twentieth day ? 4^- 

65. A certain &rm is a parallelogram, and a diagonal line 
from one corner to the opposite is 60 rods, and the longer side 
is to the shorter as 4 to 8. Required the contents of the farm. 

Ans. 10 Acres, 3 Boods, 8 Poles. 

66. A gentleman asking a lady her age, she replied, If you 
add the square root of it to half of it, and subtract 12, there will 
remain nothing. Required her age. Ans, 16. 

67. What number is that to which if 1, 7, and 19 be seyer- 
ally added, the first sum shall have the same ratio to the second 
that the second has to the third ? Atis. 5. 

68. The sum of two numbers is 12, and they haye the same 
ratio to each other that their difference has to 40. What are 
the numbers ? Ans. 2 and 10. 

69. There are two numbers whose product is 54, and the 
greater is to the less as their sum is to 10. What are those 
numbers ? Ans, 9 and 6. 

70. Divide 20 into two such parts that the square of the 
greater shall be to the square of the less as 9 to 4. What are 
those parts ? Ans, 12 and 8. 

71. Let 24 be divided into two such parts that the quotient 
of the greater divided by the less shall be to the quotient of the 
less divided by the greater as 9 to 1. Ans, 18 and 6. 

72. Divide 14 into two such parts that their squares shall be 
to each other as 9 to 16. Ans, 6 and 8. 

73. Divide 12 into two such parts that the sum of their 
squares shall be to the difference of their squares as 5 to 3. 

Ans, 4 and 8. 

74. There are two numbers, whose product is 12, and the 
sum of whose cubes is to the cube of their sum as 91 to 343. 
What are the numbers ? Ans, 3 and 4. 
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75. The product of two numbers b 120 ; and, if the greater 
be increased bj 8 and the less by 5, the product of the two num- 
bers will be 300. What are the numbers ? Am. 10 and 12. 

76. A, B, and C, make a joint stock ; A puts in $60 less 
than B, and $68 more than 0, and the sum of the shares of 
A and B is to the sum of the shares of B and C as 5 to 4. 
What did each put in? 

Ans. A put in $140, B $200, and C $72. 

77. A and B engage in speculation, with different sums ; A 
gains $150, B loses $50. Now A's stock is to B's as 3 to 2 ; 
but, had A lost $50, and B gained $100, then A's stock would 
have been to B's as 5 to 9. What was the stock of each ? 

Ans. A's, $300 ; B's, $350. 

78. Find two numbers in the ratio of 5 to 7, to which two 
other numbers, in the ratio of 3 to 5, being respectively added, 
the sums shall be in the ratio of 9 to 13, and the difference of 
the simis shall be 16. . ( First two numbers, 30 and 42. 

( Last two numbers, 6 and 10. 

79. A merchant mixes wheat, which costs 10 shillings per 
bushel, wiUi barley, which costs him 4 shillings per bushel, in 
such proportion as to gain 43|^ per cent., by selling the mixture 
at 11 shillings per bushel. Required the proportion. 

Ans. He must mix 14 bushels of wheat with 9 of barley. 

80. A and B can dig a cellar in a days, A and C can do the 

labor in b days, and B and C can do the same in c days. In 

what time would each perform the labor, and how long would it 

require A, B, and C, to complete the work ? 

. J. . 2abc , _ . 2abc . ^ . 

Ans, A m — r-; r days, B m , . , days, G in 

ac-\-oc—ab ^ ab-^-bc^ac "^ 

days, and A, B, C, in -— — - days. 



ab^^ac—bc ^ ' » » » ab+ac+bc 

81. A and B made a joint stock of $833, which, after a suc- 
cessful speculation, produced a clear gain of $153. Of this B 
had $45 more than A. What did each person contribute to the 
stock ? Am, B $539, and A $294. 
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82. A gentleman haying asked a lady her age, she modestly 
replied, that if she were four years yonnger, and he were fonr 
years older, his age would be twice that of hers ; but, if she were 
four years older, and he were four years younger, their ages 
would be the same. What was the age of each ? 

Ans. Gentleman's age, 28 years ; lady's age, 20 years. 

ALQSBRA APPLIED 10 GBOMSIST. 

83. Suppose a tree, 48 feet in height, to stand on a hori- 
zontal plane. At what height from the ground must it be cut 
off, so that the top of it may fall on a point 24 feet firom the 
bottom of the tree, the end, where it was cut off, resting on ilie 
stump ? Ans, 18 feet. 

84. A certain man, owning a farm lying in a circle, gave it 
in his will to his wife, four sons, and four daughters, as follows : 
to his sons he gave four circles, as large as could be drawn 
within the circumference of the farm ; to his daughters he gavjS 
the four spaces lying between the son's circles and the circum- 
ference of the farm, and to his wife he gave the part remaining 
in the centre, which contained Just one acre. How much did 
the whole farm contain, how much did each son have, and how 
much did each daughter have ? 

/ The farm contained 21 Acres, 1 Rood, 12 Poles. 

Ans. } Each son had 3 Acres, 2 Roods, 25^ Poles. 

( Each daughter had 1 Acre, 1 Rood, 27 J Poles, 

85. A gentleman has a garden in the form of an equilateral 
triangle, lie sides whereof are each 100 feet. At each comer of 
the garden stands a tower; the height of the irst tower is 40 
feet, tiiat of the second 45 feet, and that of the third is 55 feet. 
At what distance from the bottom of each of these towers must a 
ladder be placed, tiiat it may just reach the top of each tower ; 
and what must be the length of the ladder, the ground of the 
garden being horizontal ? 

Ans. From the foot of the ladder to the base of the first 
tower, 63^73+ feet; second tower, 59.820+ feet; third tower, 
50.779+ feet; length of the ladder, 74.856+ feet. 
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86. If c be the hjpoUieimse of a right-angled triangle, b the 
bifle, and a the perpendionlar, it is required to find the segments 
made bj a perpendionlar drawn from the right angle to the 
hypoihenase. . P-j-^—a* , a^+<^^li^ 

2c ' 2c • 

87. From a point within an equilateral triangle, there are 
drawn three perpendicolars to the several sides ; the length of 
the first is 20 feet, the second 80 feet, and the third 36 feet. 
Aeqnired the length of the sides of the triangle. 

Am. 99.304-f- feet. 

88. A sphere of gold, whose diameter is one inch, weighs 10 
(nmoes, and each onnoe^is yalued at $16. What is the yalue 
of 6 spheres of gold, whose several diameters are 1, 2, 3, 4, 
and 5 indies? Ans. $36000. 

89. There is a loaf of bread, which is half a sphere, whose 
diameter measores 12 inches. How thick must the crost be 
baked, that the remainder shall be half the contents of the loaf? 

Ans. .8038+ inch. 

90. There are two towers of unequal heights, situated on a 
plane, near each other. A line extending from the base of the 
less to the top of the larger is 100 feet ; and a line from the 
base of the krger to the top of the less is 80.27 -f feet; a per* 
pendioular l^t fall from the point where the lines cross each 
olher, to the surfiice of the plane, is 32 feet. Required the 
height of the towers, and their distance from each other. ' 

f Height of the larger tower, 80 feet. 
Am. } Height of the less, 53 J feet. 

( Distance between the towers, 60 feet. 

91. There is a conical glass, 6 inches deep ; the diameter at 
the top is 5 inches, and it is •} full of water. If a ball 4 inches 
in diameter be put into this glass, how much of its axis will 
be immersed in the water ? Am. .546 inch. 

92. How many balls 1 inch in diameter can be put into a 
cubical box whose sides measure each one foot in the clear ? 

Am. 2151 balls. 
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Kombera fi»m 1 to 100 and their Logatithma, 'with their Indioea. 



No. 


Log, 


Na 


Log. 


No. 


Log. 


No. 


Log. 


No. 


Log. 


1 
2 
3 

4 
5 


0.000000 
0.301030 
0.477121 
0.602060 
0.698970 


21 
22 
23 
24 
25 


1.322219 
1.342423 
1.361728 
1.380211 
1.397940 


41 
42 
43 
44 
45 


1.612784 
1.623249 
1.633468 
1.643453 
1.653213 


61 
62 
63 
64 
65 


1.785330 
1.792392 
1.799341 
1.806180 
1.812913 


81 
82 
83 
84 
85 


1.908485 
1.913814 
1.919078 
1.924279 
1.929419 


6 

• 7 

8 

9 

10 


0.778161 
0.845098 
0.903090 
0.954243 
1.000000 


26 
27 
28 
29 
30 


1.414973 
1.431364 
1.447158 
1.462398 
1.477121 


46 
47 
48 
49 
50 


1.662758 
1.672098 
1.681241 
1.690196 
1.698970 


66 
67 
68 
69 
70 


1.819544 
1.826075 
1.832509 
1.838849 
1.845098 


86 
87 
88 
89 
90 


1.934498 
1.939519 
1.944483 
1.949390 
1.954243 


11 
12 
13 
14 
15 


1.041393 
1.079181 
1.113943 
1.146128 
1.176091 


31 
32 
33 
34 
35 


1.491362 
1.505150 
1.518514 
1.531479 
1.544068 


51 
52 
53 
54 
55 


1.707570 
1.716003 
1.724276 
1.732394 
1.740363 


71 
72 

73. 
74 
75 


1.851258 
1.857332 
1.863323 
1.869232 
1.876061 


91 
92 
93 
94 
96 


1.969041 
1.963788 
1.968483 
1.973128 
1.977724 


16 
17 
18 
19 
20 


1.204120 
1.230449 
1.255273 
1.278754 
1.301030 


36 
37 
38 
39 
40 


1.556303 
1.568202 
1.679784 
1.591065 
1.602060 


66 
67 
68 
69 
60 


1.748188 
1.756875 
1.763428 
1.770852 
1.778151 


76 
77 
78 
79 
80 


1.880814 
1.886491 
1.892095 
1.897627 
1.903090 


96 
97 
98 
99 
100 


1.982271 
1.986772 
1.991226 
1.995635 
2.000000 



Note. — In the following part of the Table the Indices are omitted, as they 
can be yery easily supplied l>y the directions giyen in Section xxiz., p. 270, on 
Logarithms. 
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-5- 


-r- 


-T- 


-1- 


"1" 


"T" 


6 


T- 


8 


9 


"CT 


nss 


SS999Q 






oSISoT 




002166 




003029 


003461 


003891 


Too 


1 


4321 


4761 


6181 


6609 


6038 


6466 


6894 


7321 


7748 


8174 


428 


2 


8600 


9026 


9451 


9876 


010300 


010724 


011147 


011570 


011993 


012415 


424 


S 


012837 


013259 


013680 


014100 


4521 


4940 


6360 


6779 


6197 


6616 


420 


4 


7033 


7451 


7868 


8284 


8700 


9116 


9632 


9947 


020361 


020775 


416 


6 


021189 


021603 


022016 


022428 


022841 


023262 


023664 


024075 


4486 


4896 


412 


6 


6306 


5716 


6125 


6533 


6942 


7350 


7767 


8164 


8571 


8978 


408 


7 


9384 


9789 


030195 


030600 


031004 


031408 


031812 


032216 


032619 


033021 


404 


8 


033424 


033826 


4227 


4628 


6029 


6430 


6830 


6230 


6629 


7028 


400 


9 


7426 


7825 


8223 


8620 


9017 


9414 


9811 


040207 


040602 


040998 


397 


rio 


041393 


041787 


042182 


042676 


042969 


043362 


043755 


044148 


04454a 


044932 


393 


1 


6323 


6714 


6105 


6495 


6885 


7275 


7664 


8053 


8442 


8830 


390 


2 


9218 


9606 


9993 


050380 


050766 


061153 


061538 


051924 


052309 


052694 


386 


3 


053078 


063463 


053846 


4230 


4613 


4996 


5378 


6760 


6142 


6524 


383 


4 


6906 


7286 


7666 


8046 


8426 


8806 


9185 


9663 


9942 


060320 


379 


6 


060698 


061075 


061452 


061829 


062206 


062582 


062958 


063333 


063709 


4083 


376 


6 


4458 


4832 


6206 


6580 


6953 


6326 


6699 


7071 


7443 


7815 


373 


7 


8186 


8557 


8928 


9298 


9668 


070038 


070407 


070776 


071145 


071514 


370 


8 


071882 


072250 


072617 


072986 


073352 


3718 


4085 


4451 


4816 


5182 


366 


9 


5547 


6912 


6276 


6640 


7004 


7368 


7731 


8094 


8457 


8819 


363 


120 


079181 


0^9543 


079904 


080266 


080626 


080987 


081347 


081707 


082067 


082426 


360 


1 


082785 


083144 


083603 


3861 


4219 


4576 


4934 


6291 


5647 


6004 


357 


2 


6360 


6716 


7071 


7426 


7781 


8136 


8490 


8846 


9198 


9552 


355 


3 


9905 


090268 


090611 


090963 


091315 


091667 


092018 


092370 


092721 


093071 


352 


4 


093422 


3772 


4122 


4471 


4820 


6169 


6518 


5866 


6215 


6562 


349 


6 


6910 


7257 


7604 


7951 


8298 


8644 


8990 


9335 


9681 


100026 


346 


6 


100371 


100715 


101059 


101403 


101747 


102091 


102434 


102777 


103119 


3462 


343 


7 


3804 


4146 


4487 


4828 


6169 


6510 


5851 


6191 


6531 


6871 


341 


8 


7210 


7549 


7888 


8227 


8565 


8903 


9241 


9579 


9916 


110253 


338 


9 


110590 


110926 


111263 


111599 


111934 


112270 


112605 


112940 


113275 


3609 


335 


130 


113943 


114277 


114611 


114944 


116278 


115611 


115943 


116276 


116608 


116940 


333 


1 


7271 


7603 


7934 


8265 


8595 


8926 


9256 


9586 


9915 


120245 


330 


2 


120574 


120903 


121231 


121560 


121888 


122216 


422544 


122871 


123198 


3525 


328 


3 


3852 


4178 


4604 


4830 


6156 


5481 


6806 


6131 


6456 


6781 


325 


4 


7105 


7429 


7763 


8076 


8399 


8722 


9045 


9368 


9690 


130012 


323 


6 


130334 


130665 


130977 


131298 


131619 


131939 


132260 


132580 


132900 


3219 


321 


6 


3539 


3858 


4177 


4496 


4814 


5133 


5451 


6769 


6086 


6403 


318 


7 


6721 


7037 


7354 


7671 


7987 


8303 


8618 


8934 


9249 


9564 


316 


8 


9879 


140194 


140508 


140822 


141136 


141450 


141763 


142076 


142389 


142702 


314 


9 


143015 


3327 


3639 


3951 


4263 


4574 


4885 


6196 


5507 


5818 


311 


140 


146128 


146438 


146748 


147058 


147367 


147676 


147985 


148294 


148603 


148911 


309 


1 


9219 


9527 


9835 


150142 


150449 


150756 


151063 


151370 


151676 


151982 


307 


2 


152288 


152594 


152900 


3205 


3510 


3815 


4120 


4424 


4728 


5032 


305 


3 


5336 


5640 


6943 


6246 


6549 


6852 


7154 


7457 


7759 


8061 


303 


4 


8362 


8664 


8965 


9266 


9567 


9868 


160168 


160469 


160769 


161068 


301 


6 


161368 


161667 


161967 


162266 


162564 


162863 


3161 
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